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Abstract

Here we study the univariate fuzzy fractional quantitative approxi-
mation of fuzzy real valued functions on a compact interval by quasi-
interpolation arctangent-algebraic-Gudermannian-generalized symmetri-
cal activation function relied fuzzy neural network operators. These ap-
proximations are derived by establishing fuzzy Jackson type inequalities
involving the fuzzy moduli of continuity of the right and left Caputo fuzzy
fractional derivatives of the involved function. The approximations are
fuzzy pointwise and fuzzy uniform. The related feed-forward fuzzy neural
networks are with one hidden layer. We study also the fuzzy integer deriv-
ative and just fuzzy continuous cases. Our fuzzy fractional approximation
result using higher order fuzzy differentiation converges better than in the
fuzzy just continuous case.
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1 Introduction

The author in [1] and [2], see chapters 2-5, was the first to derive quantitative
neural network approximations to continuous functions with rates by very specif-
ically defined neural network operators of Cardaliaguet-Euvrard and ” Squash-
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ing” types, by employing the modulus of continuity of the engaged function or
its high order derivative, and producing very tight Jackson type inequalities.
He studied there both the univariate and multivariate cases. The defining these
operators ”bell-shaped” and ”squashing” function are assumed to be of compact
support.

The author inspired by [28], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [10], [13] - [20], by
treating both the univariate and multivariate cases.

Continuation of the author’s works ([17], [18] and [19], Chapter 20) is this ar-
ticle where fuzzy neural network approximation based on arctangent-algebraic-
Gudermannian-generalized symmetrical activation functions is taken at the frac-
tional and ordinary levels resulting into higher rates of approximation. We
involve the fuzzy ordinary derivatives and the right and left Caputo fuzzy frac-
tional derivatives of the fuzzy function under approximation and we establish
tight fuzzy Jackson type inequalities. An extensive background is given on
fuzzyness, fractional calculus and neural networks, all needed to present our
work.

Our fuzzy feed-forward neural networks (FFNNs) are with one hidden layer.
About neural networks in general study [35], [38], [39].

2 Fuzzy Fractional Mathematical Analysis Ba-
sics

(see also [19], pp. 432-444)
We need the following basic background

Definition 1 (see [43]) Let pu: R — [0, 1] with the following properties:

(i) is normal, i.e., 3 xg € R; p (o) = 1.

(it) p(Az + (1 =A)y) > min{p(z),p ()}, V 2,y € R, VA € [0,1] (s
called a convex fuzzy subset).

(iii) p is upper semicontinuous on R, i.e. V zg € R and V & > 0, 3 neigh-
borhood V (x¢) : p(z) < p(xo) +&, Vo eV (o).

(iv) The set supp (1) is compact in R (where supp(p) := {x € R: p(z) > 0}).

We call i a fuzzy real number. Denote the set of all p with Rx.

E.g. X{z0y € Ry, for any xo € R, where xy,,y is the characteristic function
at xg.

For 0 <r <1 and p € Rr define

W= {z e R: () >}



and

0] :={w €R: p(x) = 0}.

Then it is well known that for each r € [0,1], [u]" is a closed and bounded
interval on R ([34]).

For u,v € Ry and A € R, we define uniquely the sum u @ v and the product
A®u by

wev]” =" +v]", Mou =", Yrelo,1],

where
[u]” 4 [v]" means the usual addition of two intervals (as substes of R) and
A[u]” means the usual product between a scalar and a subset of R (see, e.g.
[43]).
Notice 1 ® v = u and it holds

UPV=VDUANQOU=UO .
If 0 <r; <ry <1 then
[u]™ C [u]™ .
Actually [u]” = {u@, ugf)}, where 1" < u(l), u(f), u({) eR,Vrel0,1].
For A > 0 one has /\ui_f) =(\0® u)g), respectively.
Define D : Ry x Rx — Rz by

u) — o)

7

D (u,v) := sup max {’u(_r) — "
rel0,1]

3

where
(r) , (r)

[v]" = [07 vy ] 5 u,v € Ry,
We have that D is a metric on Rg.
Then (Rz, D) is a complete metric space, see [43], [44].

*

Here ) stands for fuzzy summation and o := X{o} € Rz is the neural
element with respect to @, i.e.,

u@ﬁzﬁ@u:u, VueREg.

Denote

D*(f,g9) = GS;IéRD (f.9),

where f,g: X — Rg.
‘We mention



Definition 2 Let f : X C R — Rz, X interval, we define the (first) fuzzy
modulus of continuity of f by

WO (f0)y = sup D(f(2),f(), 6>0.

zyeX, |z—y|<8

When g : X CR — R, we define

w1(g,0) =wi(9,0)x = sup lg (z) —g(y)l.
z,yeX, |z—y|<d

We define by CY (R) the space of fuzzy uniformly continuous functions from
R — Ry, also Cx (R) is the space of fuzzy continuous functions on R, and
Cy (R,Rz) is the fuzzy continuous and bounded functions.

We mention

Proposition 3 ([5]) Let f € C¥ (X). Then wgf) (f,0)x < o0, for any 6 > 0.

By [9], p. 129 we have that C¥ ([a,b]) = Cx ([a,b]), fuzzy continuous func-
tions on [a,b] C R.

Proposition 4 ([5]) It holds

limw(™ (£,8)y = o (£,0)5 =0,

iff fe Cg (X), where X is a compact interval.

Proposition 5 ([5]) Here [f]" = [f“), @], r€0,1]. Let f € Cr (R). Then
fg) are equicontinuous with respect to r € [0,1] over R, respectively in =+.
Note 6 It is clear by Propositions 4, 5, that if f € C¥ (R), then f(ir) € Cy (R)

(uniformly continuous on R). Also if f € Cy(R,Rx) implies ff_p € Cp(R)
(continuous and bounded functions on R).

Proposition 7 Let f : R — Rg. Assume that wi (f,0)y, wi (fy),(S)X,

w1 (fir),é)x are finite for any 6 > 0, r € [0,1], where X any interval of
Then

wg}-) (f,0)x = sup max{wl (f&r),é)x,wl (fJ(:),é)X}.

ref0,1]

Proof. Similar to Proposition 14.15, p. 246 of [9]. m
We need



Remark 8 (/3]). Here r € [0,1], J:Z(-T),yl(r) eR,i=1,...m € N. Suppose that

sup max (mﬁ”,yy)) ER, fori=1,....m
ref0,1]

Then one sees easily that
m

sup max (Zx Zy(r)> < Z sup max( ()’yl(r)) (1)

r€[0,1] ‘=3 ref0.1]

We need

Definition 9 Let x,y € Rr. If there exists z € Ry : x = y ® z, then we call z
the H-difference on x and y, denoted x —

Definition 10 (/42]) Let T := [zg,x0 + 8] C R, with 8 > 0. A function f :
T — Ry is H-differentiable at x € T if there exists an f' (x) € Ry such that
the limits (with respect to D)

i L&) *f(z)} lim
h—0+ h h—0+

f@)=f@=h)
: 2)

exist and are equal to f'(x).
We call f' the H-derivative or fuzzy derivative of f at x.

Above is assumed that the H-differences f (x + h) — f (z), f () — f (z — h)
exists in Rz in a neighborhood of z.

Higher order H-fuzzy derivatives are defined the obvious way, like in the real
case.

We denote by CX (R), N > 1, the space of all N-times continuously H-
fuzzy differentiable functions from R into Rz, similarly is defined C¥ ([a,b]),
[a,b] C R.

We mention

Theorem 11 (/36]) Let f : R — Rz be H-fuzzy differentiable. Let t € R,
0<r<1. Clearly

Fer=[re” rof cr

Then (f (t))(ir) are differentiable and



Remark 12 (/4]) Let f € C¥ (R), N > 1. Then by Theorem 11 we obtain

o] =[(r00)” (o).

fori=0,1,2,.... N, and in particular we have that

()= ()"
for any r €10,1], alli=0,1,2,..., N.

Note 13 ([4]) Let f € C¥ (R), N > 1. Then by Theorem 11 we have fj(:) €
CN (R), for any r € [0,1].

Ttems 11-13 are valid also on [a, b].

By [9], p. 131, if f € Cx([a,b]), then f is a fuzzy bounded function.

We need also a particular case of the Fuzzy Henstock integral (§ (z) = 2),
see [43].

Definition 14 (/33], p. 644) Let [ : [a,b] — Rx. We say that f is Fuzzy-
Riemann integrable to I € Ry if for any € > 0, there exists 6 > 0 such that for
any dwvision P = {[u,v]; &} of [a,b] with the norms A (P) < 4, we have

D(Z(v—u)@f(f),[) <e.

P

We write

b
I:= (FR)/ f(z)dx. (3)
‘We mention

Theorem 15 ([34]) Let f : [a,b] — Rz be fuzzy continuous. Then

b
(FR) / () dz

exists and belongs to Rr, furthermore it holds

b r b b
Mﬂ/f@%-W/@@MM/UWmmL

v relo,1].

For the definition of general fuzzy integral we follow [37] next.



Definition 16 Let (Q,%, 1) be a complete o-finite measure space. We call F :
Q — Rz measurable iff V closed B C R the function F~1 (B) : Q — [0,1] defined

by
F~Y(B)(w) := SlelII;F (w) (x), allw € N

is measurable, see [37].

Theorem 17 ([37]) For F : Q — Rg,

F(w) = {(F@ (w), F") (w)) 0<r< 1} :

the following are equivalent
(1) F is measurable,
(2)¥ relo0,1], F") F_E_T) are measurable.

Following [37], given that for each r € [0,1], FET), FY) are integrable we
have that the parametrized representation

{(/A F£T>du,AFiT>du> 0<r< 1} (4)

is a fuzzy real number for each A € X.
The last fact leads to

Definition 18 (/37]) A measurable function F : Q — R,
F(w) = {(FS’”) (w), F") (w)) 0<r< 1}

is integrable if for each r € [0,1], Fj(:) are integrable, or equivalently, if Fj([O) are
integrable.

In this case, the fuzzy integral of F' over A € X is defined by

/ Fdp = {(/ Fir)du,/ FYW) 0<r< 1}.
A A A

By [37], F is integrable iff w — ||F' (w)|| £ is real-valued integrable.
Here denote
ul| - := D (uo) , YueRg

We need also

Theorem 19 ([37]) Let F,G : Q@ — Rz be integrable. Then
(1) Let a,b € R, then aF + bG is integrable and for each A € ¥,

/(aF—l—bG)du:a/ qu+b/ Gdy;
A A A



(2) D (F,G) is a real- valued integrable function and for each A € X,

D(/ qu,/Gdu) §/D(F,G)d/¢.
A A A
H/ quH S/ 1| £ dpa.
A F Ja

Above p could be the Lebesgue measure, with all the basic properties valid
here too.
Basically here we have

[ / qu} - [ / F®ap, / Ff)duy (5)
A A A
(r)
(/ qu) :/ Fdp, vrelo1].
A + A

Definition 20 Let v > 0, n = [v] ([-] is the ceiling of the number), f €
AC™ ([a,b]) (space of functions f with f"~1) € AC ([a,b]), absolutely continu-
ous functions). We call left Caputo fractional derivative (see [29], pp. 49-52,
[32], [40]) the function

In particular,

i.e.

We need

1

D, f (z) = T(n—v)

/ 1 (z— )" (1) dt, (6)

Y x € [a,b], where T' is the gamma function T' (v) = fooo e~ ttv=ldt, v > 0.
Notice DY, f € L1 ([a,b]) and D%, f exists a.e. on [a,b].
We set D°,f (x) = f (z), V z € [a,b].

Lemma 21 (/8]) Let v > 0, v ¢ N, n. = [v], f € C" ' ([a,b]) and f™) €
Lo ([a,b]). Then DY, f (a) = 0.

Definition 22 (see also [6], [31], [32]) Let f € AC™ ([a,b]), m = [B], 5 > 0.
The right Caputo fractional derivative of order f > 0 is given by

b
Df fla)= 1 / (¢ — o)™ =L £om) () g, (7)

V z € [a,b]. We set DY _f(z) = f(z). Notice that Dl/if € Ly ([a,b]) and Dbﬁif
exists a.e. on [a,b].

Lemma 23 (/8]) Let f € C™ ' ([a,b]), f™ € Ly ([a,b]), m = [B], B > 0,
B¢ N. Then DJ_f(b) =0.



Convention 24 We assume that

Dfxof () =0, forz < mo, (8)
and
Dfrf () =0, forzx > xq, (9)

for all z,zy € [a,b].
We mention

Proposition 25 (/8]) Let f € C" ([a,b]), n = [v], v > 0. Then DY, f (z) is
continuous in z € [a,b] .

Also we have

Proposition 26 (/8]) Let f € C™ ([a,b]), m = [B], 8 > 0. Then Dbﬁ_f(x) is
continuous in x € [a,b].

‘We further mention

Proposition 27 ([8]) Let f € C™ ' ([a,b]), f™ € Lo ([a,b]), m = [A],
£ >0 and

B z) = 1 * v — m—B-=1 ¢(m)
DEf )= pgmmy [ =0 I (10)

for all x,x¢ € [a,b] : x > 0.
Then D, f (z) is continuous in xq.

Proposition 28 ([8]) Let f € C™ ' ([a,b]), f'™ € Ly ([a,b]), m = [B],
B >0 and

DS _f(x)=

for all x,x0 € [a,b] : < 2.
Then Dfoff (x) is continuous in xg.

‘We need

Proposition 29 (/8]) Let g € C ([a,b]), 0 < c < 1, xz,x¢ € [a,b]. Define

L) = [ @@= g(O)dt, for s>, (12)
zo
and L (z,x0) =0, for z < .

Then L is jointly continuous in (x,z0) on |a,b]”.



‘We mention

Proposition 30 (/8]) Let g € C ([a,b]), 0 < c< 1, z, 29 € [a,b]. Define

Koo = [ (=01 g(Q)dC, Jora <o (13)

0

and K (x,29) =0, for x > xo.
Then K (x,x0) is jointly continuous from [a,b]2 into R.

Based on Propositions 29, 30 we derive

Corollary 31 ([8]) Let f € C™([a,b]), m = [B], B >0, 8 ¢ N, z,29 €
[a,b]. Then D2, f (), Dfoff(m) are jointly continuous functions in (x,xo)
from [a,b]* into R.

We need
Theorem 32 (/8]) Let f : [a,b]” — R be jointly continous. Consider
G(x) = w1 (f('ax)v(s)[m7b]a (14)

0>0,z¢€lab].
Then G is continuous in x € [a,b].

Also it holds
Theorem 33 (/8]) Let f : [a,b]° — R be jointly continous. Then
H (‘r) = w1 (f (,l’) 75)[(171-] ’ (15)
x € [a,b], is continuous in x € [a,b], § > 0.

So that for f € C™ ([a,b]), m = [8], 8 >0, 8 ¢ N, x,2¢ € [a,b], we have
that w; (szf, h){ o w1 (D_f_f, h){ | are continuous functions in z € [a, b],
h>0is fixed. ’

We make

Remark 34 (/8]) Let f € C" ' ([a,b]), f™ € Lo ([a,b]), n = [v], v > 0,
v ¢ N. Then we have

£ v
DY < — "% __(xr—aq)" . 1
IDLf (2] € g gy (2 )" Vw € ol (16)
Thus we observe
w1 (DY f,0) = sup [DI,f(z)— DI f ()] (17)
z,y€(a,b]
|z—y|<o

10



< sup M (1- _ a)n*’/ 4 M (y N a)nfu
" eyelan \I (R —v+1) C(n—v+1)
lz—y|<§
2017l -
STm-vspn 0”9 (18)
Consequently
T P Ll NP
w1 (DY, f,6) < Tin—v+1) (b—a)"". (19)

Similarly, let f € C™ 1 ([a,b]), f™ € Ly ([a,b]), m = [B], B >0, 8 ¢ N,
then (m)

_ 2
“T'(m-p8+1)

So for f € C™ 1 ([a,b]), f™ € Lo ([a,]), m=[B], 8> 0, B ¢N, we find

wi (Dﬂ f, 5) b—a)" ", (20)

2[| £ _
g _TW oo (p_ gy P
JCoseu[s’b]w1 (Dl £ 5)[380713] STm-5+1) (b—a) ; (21)
and
92 Hf(m)” -
g b _W oo (p_ g\ P
sup wi (D%_f, 5) az] — L (m— B +1) (b—a)"". (22)

zo€[a,b]
By Proposition 15.114, p. 388 of [7], we get here that D2, f € C ([x,b]), and
by [12] we obtain that Dfoff € C([a,z0))-
We need

Definition 35 ([11]) Let f € Cx ([a,b]) (fuzzy continuous on [a,b] CR), v >
0.
We define the Fuzzy Fractional left Riemann-Liouville operator as

v o 1 i _ v—1
JUf(x) = ) @/a (x—=t)"""of{)dt, z€la,b], (23)
10 = .
Also, we define the Fuzzy Fractional right Riemann-Liouville operator as
I”f()'—1®/b(t— )"t f(t)dt, € la,b) (24)
p—J (L) = T (1/) . T , T a, 0|,
I _f=f.

‘We mention

11



Definition 36 ([11]) Let f : [a,b] — R is called fuzzy absolutely continuous
iff Ve >0, 39 >0 for every finite, pairwise disjoint, family

(ckrdi)jey C (a,b) with > (dx —cx) <6
k=1

we get

> D (f(dr), fex)) <e (25)
k=1

We denote the related space of functions by ACx ([a,b]) .
Iff € AC}‘ ([a’v b])7 then f €eCr ([a7b]) :

It holds

Proposition 37 (/11]) f € ACr ([a,b]) < £\ € AEC([a,b]), ¥ 7 € [0,1]
(absolutely equicontinuous).

We need

Definition 38 ([11]) We define the Fuzzy Fractional left Caputo derivative,
x € [a,b].
Let f € C%([a,b]), n=[v], v >0 ([-] denotes the ceiling). We define

1

DT f(x) = N / S-S @y ar (26)

—{(ui_w/fw - 1( ) a

)

So, we get

[DY7 f (2)] = KF(nl_V) / (@ — )" (f@)(") () dt,

ﬁ /:(m_t)n—v—l (fp)(”)(t)dtﬂ, 0<r<i  (28)

That is
1) = 5y [ @m0 (1) @ae= (0 (1)) @),

12

0<r<1
0<r<1



see [7], [29].
Le. we get that

(D71 @)Y = (02 (1) @), (29)
YV x € [a,b], in short
(D7 NS =2 (1), vrep. (30)
We need
Lemma 39 ([11]) D%7 f (z) is fuzzy continuous in = € [a,b].
We need
Definition 40 ([11]) We define the Fuzzy Fractional right Caputo derivative,

x € [a,b].
Let f € C%([a,b]), n=[v], v > 0. We define

Dgff (x) := (;l)ny . /b (- x)n7V71 o f(") () dt
_1\" b -
B { <F((n1_) ) / (t—a)" " (f“”)(f) (t) dt,
(_1)” ’ n—v—1 n (r)
F(n_’/)/m (t — ) (f( ))+ (t)dt) |0§r§1} (31)

Ny —

)
r((;l)ny) /: (t—a) 7 ( Y))(n) () dt) 0<r< 1} .

— n b n
D7 f )] = [(P((nl_) 5 [ e (1)

That is

i1 )! = 1 e (10) 0 a= (o (1)) @),




see [6].
Le. we get that

(D71 @)y = (D (12))) @), (32)
¥ @ € a,b], in short
(DZ NS =i (1), vre). (33)
Clearly,
DY (f@) <Dy ( Y)) . Vrelol].
We need

Lemma 41 ([11]) Dy” f (z) is fuzzy continuous in x € [a,b].

3 Real neural network approximation

3.1 About the arctangent activation function neural net-

works
We consider the s g
arctanx = / 727 z €R. (34)
o 1422
We will be using
2 T 2 [ dz
h (l‘) = ; arctan (593) = ;A m, x € R, (35)

which is a sigmoid type function and it is strictly increasing. We have that

h(0)=0, h(-z)=—h(z), h(+00) =1, h(—occ)=—1,

and
! = 11 R.
h' (z) e >0, allz € (36)
We consider the activation function
1
wl(a:):zi(h(m—kl)—h(x—l)), z € R, (37)
and we notice that
Yy (=) =9 (2), (38)

it is an even function.
Sincez+1>x —1,then h(z+1) > h(x—1), and ¢; (x) >0, all z € R.

14



We see that 1
¥y (0) = = arctang ~ 18.31. (39)
™

Let = > 0, we have that
1
Vi(e) =7 (W (z+1) = b (2 - 1)) =

—Ar2y
(4 +7m2(z+ 1)2) (4 + 72 (x— 1)2>

< 0. (40)

That is
¥y (z) <0, for x > 0. (41)

That is ¢, is strictly decreasing on [0,00) and clearly is strictly increasing on
(—O0,0], and 1/)/1 (O) =0.
Observe that

lim ¢, (x) = § (h(4+00) — h (400)) =0,

r——+00

and (42)
lim o, (2) = & (b (—00) — h(—o0)) =0.

r— —00

That is the z-axis is the horizontal asymptote on ;.
All in all, ¢, is a bell symmetric function with maximum ¢, (0) 2 18.31.
We need

Theorem 42 ([20], p. 286) We have that

i¢1(x—i):1,Vw€R. (43)

i=—00

Theorem 43 ([20], p. 287) It holds

/:’O Yy () dx = 1. (44)

So that 1, (x) is a density function on R.
We mention

Theorem 44 ([20], p. 288) Let 0 < a < 1, and n € N with n*=* > 2. It holds

> Y, (nz — k) < . e (a,n).  (45)

15



Denote by |-] the integral part of the number and by [-] the ceiling of the
number.
We further mention

Theorem 45 ([20]) Let x € [a,b] C R and n € N so that [na] < [nb|. It holds

S o ¥ T <T@ S0 Vaelad. o
We make
Remark 46 (/20]) (i) We have that
[nb]
Jim >0 i (nz—k) £ 1, (47)

k=[na]

for at least some x € [a,b] .
(ii) For large enough n we always obtain [na] < |nb|. Also a < £ <b, iff
[na] <k < |nb|. In general it holds (by (43)) that

[nb]

> v (nz—k) <L (48)

k=[na]
We give
Definition 47 (/20]) Let f € C([a,b]) and n € N : [na] < [nb|. We define
the real positive linear neural network operator
Zlganna] ( ) ’(/}1 (mc - k)
S gt (= k)

Clearly here 14, (f,z) € C([a,b]). In [20] we studied the pointwise and
uniform convergence of 1 A4, (f,x) to f (z) with rates.
We mention

A, (f,x) = € [a,b]. (49)

Theorem 48 (/20]) Let f € C ([a,}]), 0 <a<1,neN:n'"® >2 z € [a,b].
Then
i)

1, (7.0) = £ )] £ 00868 e (£, ) 4 b loe =i (), (50)

and
i)
[An (f) = fllos < o1 (f) - (51)
We notice that lim A, (f) = f, pointwise and uniformly.

n—oo

16



‘We mention

Theorem 49 ([20]) Let f € CV ([a,b]), n,N € N, 0 < a < 1, = € [a,b] and
nl=® > 2. Then

i)

+ (52

n® g2 (nl-e—2)

N £ (g Y
1An(f»$)—f(x)|<0.0868{z|fj!()|[1 L _2(b-q)

Jj=1

[M(fm),l) L +4Hf(N)HOO(b_a)N]}21711(f756),

n® ) neNN| Nln? (nl-a —2)

ii) assume further f9) (z0) =0, j = 1,..., N, for some o € [a,b], it holds

WA, (f, o) — f (z0)] < 0.0868-

{wl(ﬂm’l) 1 +4||f(N’||oo(ba)N}_Wu(f)’ 5

n® ) neNN! Nlz? (nl=o —2)

and

iii)

ned - g2 (pl-o —2) +

N () Y
||1An(f)_f||m§0-0868{zw>ol1‘_|_ 2(b—a)

j=1

lm(f“”,l) 1 +4Hf(N)||°°(ba)N]}ZI’hs(f). (54)

n® ) neNN! Nlr? (nl=o — 2)

Again we obtain lim 1A, (f) = f, pointwise and uniformly.

n—oo
We also mention the real valued fractional approximation result by neural

networks.

Theorem 50 (/20]) Let « >0, N = [a], a ¢ N, f € CV ([a,b]), 0 < B < 1,
x € la,b],n € N:n'=# > 2. Then

i)
N-1 ,;
f9) () j
()= X A ((=2)7) (@) - f @) <
(0.0868) (wl (DS f, 77) gy T w1 (DS #)p,bﬂ
F(Oé—|—1) naﬁ +
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2 a
2 (P _2) (HDg—fHoo,[a’z] (z = a)* + 1D% flloo oy (0 — ) )} =611 (f,2),
(55)
i) if fO) (z) =0, forj=1,..,N — 1, we have
(0.0868)
1A (f,2) = f(z )|_m
{ (QJl (Dg—f’ n%)[a,m] + w1 (D*aff’ #)[z,b}) n
nab
2 o
g (105 Aoy (0= 0" 1Dy 0= 2)°) = 612 1),
(56)
iii)
1 An (f,2) — f(2)] < (0.0868) -
N—-1 ;
fO) (z) 1 ; 2
{Z e R I
j=1
1 (Wl (D?ff’ #)[w] w1 (Dfmf, #)[m,b])
T(at 1) b *
2 a
=gy (108 Ml oy (= @ 4105 g 0= 2)7) b =610 (112,
(57)
Yz €la,b,
and
i)
[1Anf = fllo < (0.0868) -
N—-1
f (4) j 2
{ H H {nﬁy +(b—a) 7r2(n1ﬁ_2)}+
j=1
1 Iiﬁlpb]‘” (D21 577) . +a;§[lfb]wl (D f nlﬁ)[x,b]>
T(a+1) noB T

2
——————(b—0a)* | sup ||DI_f + sup || D% Sl ra =:014 (f)-
T2 (’I'Ll*ﬁ — 2) ( ) < b || Hoo,[a,:v] vcla ] || || i[z,b] 14( )

z€[a,b)
(58)
Above, when N =1 the sum Z;V;ll -=0.
As we see here we obtain the real valued fractionally type pointwise and
uniform convergence with rates of 1A, — I the unit operator, as n — oo.
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3.2 About the algebraic activation function neural net-
works

Here see also [21].
We consider the generator algebraic function
B x
90 (SL') - QW’
which is a sigmoidal type of function and is a strictly increasing function.
We see that ¢ (—z) = —¢ (x) with ¢ (0) = 0. We get that

1
o' ()= ————5—>0, VzER, (60)

(1+x2m) 2m

meN, zeR, (59)

proving ¢ as strictly increasing over R, ¢’ () = ¢’ (—z). We easily find that
lim p(x)=1, p(+o0)=1,and lim p(z)=-1, p(—o0) = —1.
xr— 400 xr— —00
We consider the activation function

Yo (@) = 1 lp@+1) —p (o 1)]. (61)

Clearly it is ¥y (z) = 95 (—2), V & € R, so that 1, is an even function and
symmetric with respect to the y-axis. Clealry ¢, () >0,V = € R.
Also it is

1
0) = ——=. 62
v2(0) = s (62)
By [21], we have that 1} (z) < 0 for x > 0. That is 1, is strictly decreasing
over (0, +00).
Clearly, 1, is strictly increasing over (—oo, 0) and % (0) = 0.
Furthermore we obtain that
. 1
lim v, (z) = - [p (+00) — ¢ (+00)] = 0, (63)
T—+00 4
and )
lim 9, (2) =  [p (~00) — o (~00)] =0. (64)
That is the z-axis is the horizontal asymptote of ,.
Conclusion, 1, is a bell shape symmetric function with maximum
1
0)=——=, meN. 65
v2(0) = 5 (65)
We need
Theorem 51 ([21]) We have that
Y ylz—i)=1, VzeR. (66)

1=—00
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Theorem 52 (/21]) It holds

/ ¥y (x) dz = 1. (67)
Theorem 53 ([21]) Let 0 < a < 1, and n € N with n'=* > 2. It holds
- 1
Z Yy (nz —k) < =:cg(a,n), meN.

4m (ni-o —2)*"

k=—o0
:nw — k| > ntme

(68)

Theorem 54 (/21]) Let [a,b] CR and n € N so that [na] < [nb|. It holds

! <2(W1+47m) = ag, (69)

Lnd]
> Yo (nz—k)

k=[na]
vV z € [a,b], m e N.
‘We make

Remark 55 ([21]) (1) We have that
L]

lim Z Yy (nx — k) #1, for at least some = € [a,b]. (70)
k=[na]

(2) In general it holds that

Lnb)
>y (nz—k) <L (71)
k=[na]

We mention

Definition 56 (/21]) Let f € C ([a,b]) and n € N: [na] < |nb|. We introduce
and define the real positive valued linear neural network operator

[nb]
> f (%) ¥y (nx — k)

k=[na]
A =
2 n (f? ‘T) Lan

> Yy (nz—k)

k=[na]

, T € [a,b]. (72)

Clearly here 2 A, (f,z) € C ([a,b]).
We mention here about the pointwise and uniform convergence of 2 A, (f, z)
to f (x) with rates.
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Theorem 57 ([21]) Let f € C ([a,b]), 0<a<1,neN:n'"®>2 z € [a,b],
m € N. Then

i)

e e N R e ]

m(nl—* —2)
(73)
and
i)
l2An (f) = flloo < P2 (f)- (74)
We get that nlLIglo 2 A, (f) = f, pointwise and uniformly.

In the next we mention the high order neural network real valued approxi-
mation result by using the smoothness of f.

Theorem 58 ([21]) Let f € CN ([a,b]), n, NNm €N, 0 < a <1, z € [a,b] and
n'=% > 2. Then

i)

J

N A£G (g
2 Ay (f,2) — f (2)] < (X1 +4m) {Z I/ ‘!< )l

j=1

1y _2 ™ e-9
[W1 (f(N)’ 'IW) naNN! + N'm (nl—a _ 2)2m =721 (f,.Z‘) )

ii) assume further f9) (z0) =0, j = 1,..., N, for some zo € [a,b], it holds

2An (f,0) — f (z0)| < (PV/T+4m)- (76)

(™) b—a)y
[aq (f(N)’1> nal%fN! + Hf HOO( Y ] =t Y2 (f),

n Nim (nl—o —2)*™

and

iii)

_l’_
2m (nl-o — 2)>™"

1y 2 ™Ml =™ _
lwl (f(N)’ na) oV N + Nlm (nl—o — 2)2m =723 (f)- (77)

We derive that lim 2A, (f) = f, pointwise and uniformly.

N 4) h— J
laAn (F) = flloo < (VT F47) {Z”fj,”oo lnﬂ (b-a)
j=1
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The corresponding fractional approximation result follows:

Theorem 59 (/21]) Let « >0, N = [a], a ¢ N, f € CV ([a,}]), 0 < B < 1,
meN, z € la,b),neN:nt=F>2 Then

i)
N-1 :
O (x) .
BRI (c-2) @) - f@)| <
2 () [ (w1 (D £.0) oy + e (DS 0) )
T(at 1) e i
1
p B (P2l g oy (@ = @+ 1Dl oy (b — )" )} =: 0o (f,),
(78)
i) if fU)(z) =0, forj=1,..,N — 1, we have
2( %Y1 +4m
o () £ @) < 2L
{ (1 (DS 1.3y + 1 (Pef o) |
nob
g (1P =0 1Py 0 ) | = 6 1)
(79)
i)
l2An (f,2) = f (@) < 2 (W1 +47)-
N—-1 j
|f<” 1 (b-a)’
{j—l I (n'=8 —2)"™" !
1 [ (DL )y + o (D))
I'(a+1) nop
1
g (1P o= 0 1Py 0 ) = 60 1),
(80)
YV x€la,b],
and
iv)

loAnf = fllo <2 (V1 +4m)-
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Z

—1 ) PRY
r\f{\\w{y+ - a) }+

<! P 4m (n1-8 — 2)*"

<.
Il

Sup wi (Dg—f’ n%)[a,x] + sup w; (D?Tf’ T#)[x,b])

1 z€[a,b] z€[a,b] n
I'(a+1) nop
(b—a)®
— | sup ||Dg_f + sup || D%l rs =: 094 (f).
4m (nt=8 — 2)2 z€[a,b] H HDO’[“"’“] w€[a,b] | oo 24 (f)

(81)
Above, when N =1 the sum Z;V;ll -=0.
As we see here we obtain the real valued fractionally type pointwise and
uniform convergence with rates of o A, — I the unit operator, as n — oo.

3.3 About the Gudermannian activation function neural
networks
See also [22], [41].

Here we consider gd (x) the Gudermannian function [22], which is a sigmoid
function, as a generator function:

x vodt
o (z) = 2arctan (tanh (§)> = /0 bl = gd(z), z e R. (82)

Let the normalized generator sigmoid function

f(w);:éa(x):ﬁ/w dt 8/0w1dt, seR. (83)

T m Jo cosht et +e-t

Here
4

mcoshx

f'(z) = >0, Vx€eR,

hence f is strictly increasing on R.
Notice that tanh (—2) = —tanh « and arctan (—z) = — arctanz, z € R.
So, here the neural network activation function will be:

Ya(@) =@+~ f-D], 2R (34)
By [22], we get that
Uy () =y (~0), Yo eR (55)

i.e. it is even and symmetric with respect to the y-axis. Here we have f (+o00) =
1, f(—=o0) = =1 and f(0) = 0. Clearly it is

fl=z)=—f(z), Yz eR, (86)
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an odd function, symmetric with respect to the origin. Since z4+1 >z —1, and
fx+1)> f(x—1), we obtain ¢35 (z) >0,V z € R.
By [22], we have that

2
¥3(0) = Zgd (1) = 0.551. (87)
By [22] 14 is strictly decreasing on (0, +00), and strictly increasing on (—oo,0),
and 95 (0) = 0.
Also we have that

lim gy (x) = lim gy () =0, (88)

r— 400

that is the z-axis is the horizontal asymptote for 5.

~

Conclusion, 15 is a bell shaped symmetric function with maximum )4 (0) =
0.551.
We mention

Theorem 60 (/22]) It holds that

iwg(:c—i)zl, VazeR. (89)

1=—00

Theorem 61 ([22]) We have that

/ Py (x)dz = 1. (90)
So 14 () is a density function.

Theorem 62 (/22]) Let 0 < a < 1, and n € N with n' =% > 2. It holds

= 4 4¢?
Z Yg (ne — k) < a3 T e = G (a,n). (91)
. e e
= —00
{: Inz — k| >nl—®

Theorem 63 (/22]) Let [a,b] C R and n € N so that [na]| < |nb]. It holds
1

i < 2.412 =: as, (92)

Y. Ys(nx—k)

k=[na]
vV z € la,b].

We make
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Remark 64 ([22]) (1) We have that

[nb]
lim Z Vg (nx — k) #1, for at least some x € [a, b]. (93)
e k=[na]

(2) In general it holds

[nb]
> y(nz—k) <L (94)
k=[na]
Definition 65 (/22]) Let f € C([a,b]) and n € N : [na] < [nb|. We define
the real positive valued linear neural network operator

[nb]

k_Z f (%) Vg (nz — k)
3An (f,.T) = *M‘L”ibj

> Yy (nz—k)

k=[na]

, « € la,b. (95)

Clearly here 34, (f,z) € C ([a,b]).
We mention here about the pointwise and uniform convergence of 3A,, (f,x)
to f () with rates.

Theorem 66 (/22]) Let f € C ([a,}]),0<a<1,neN:n'"®>2 z¢€[a,b].
Then

j
oo (1) £ @) £ 2402 o (1) + W T, o0)
and
i)

I34n (f) = flloo < p3(f)- (97)
We get that lim 3A, (f) = f, pointwise and uniformly.

In the next we mention the high order neural network real valued approxi-
mation result by using the smoothness of f.

Theorem 67 ([22]) Let f € CV ([a,b]), n,N € N, 0 < a < 1, z € [a,b] and
n!'=® > 2. Then

i)

|3An (fo2) = f (z)] < 24124 e

) (4 o)
| '!( )| [nij 7:17@521*“—)% +(98)

j=1
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1 1 8{lFM b —a)™
(N) .
l ' (f ’ na> nalN N1 Nlre(r™—==2) = Ya1 (f,2),

ii) assume further f9) (zo) =0, j = 1,..., N, for some zo € [a,b], it holds

lsAn (f,70) — f (z0)| < 2.412.

{wl(fm’l) L +8Hf<N)Hoo(b—a)N}::MU)’ (99)

ne ) naNN| Nlren'=>-2)
and
i)
[3An (f) = flloo <2 E:IT a7 T ey | T
iz
1y 1 8| b-a)"
[wl (f(N)’ n&) noNNT HN!wl’(nl"‘2) = s (). (100)

Again we obtain lim 34, (f) = f, pointwise and uniformly.
n—oo

We also mention the following real valued fractional approximation result
by neural networks.

Theorem 68 (/22]) Let « >0, N = [a], a ¢ N, f € CV ([a,}]), 0 < B < 1,
x € [a,b], n € N:n'=F > 2. Then

i)
N-L () )
sy (f) = 3 2 aa, ((2)) ) - ) <
j=1 ’
satz [ (w01 (D) o+ o1 (DLF5), )
4 e a @
) (HD?—fHoo,[a,w] (= a)” + [ID% flloo,z,p) (b — @) )} =631 (f,2),

(101)
i) if fO)(z) =0, forj=1,..,N — 1, we have

2.412
lsAn (f,z) = f(2)| < TatD)

noh

{ (1 (DS 1.3y + 1 (Pef o) |
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4 . X
m (HDw_fHoo,[a,z] G ) + D% f” NES b]( - )} =132 (f, ),
(102)
i)
IsA, (f,2) — f(z)] < 2.412.
N- 1‘f<1> 1 4 1
_ Ny
° {nﬁj +(b—a) We(nl—ag)}‘F
j=1
(Dg_f. %) 10 T w1 (D f, %)
1 R S A (et AT SOV
F(Oé+]_) nobB
4 . X
W(HD o oy @ = @ 1Dl gy (0= 2)%) = 033 (f,),
(103)
V€ la,b],
and
iv)
l3Anf — fllo < 2.412-
120 4
N Y
- j! {nﬁj +(b a) ﬂe(nla—2)}+
Jj=1
sup w D f’n + sup w D*mfa n
1 (mewbl 1 7)o z€[a,b] ( e +
F(O[+1) naﬁ
4 «
remay (0@ | sup ||D ooy e D% f |l o0 =: 834 (f) .
mel ) rela, ] ecla,
(104)

Above, when N =1 the sum Z;V:_ll -=0.
As we see here we obtain real valued fractionally type pointwise and uniform
convergence with rates of 3A,, — I the unit operator, as n — oo.

3.4 About the generalized symmetrical activation func-
tion neural networks
Here we consider the generalized symmetrical sigmoid function ([23], [30])
x

filx)=——, p>0,zeR. (105)
(1 [z]")"
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This has applications in immunology and protection from disease together with
probability theory. It is also called a symmetrical protection curve.

The parameter p is a shape parameter controling how fast the curve ap-
proaches the asymptotes for a given slope at the inflection point. When p =1
f1 is the absolute sigmoid function, and when p = 2, f; is the square root
sigmoid function. When g = 1.5 the function approximates the arctangent
function, when p = 2.9 it approximates the logistic function, and when p = 3.4
it approximates the error function. Parameter p is estimated in the likelihood
maximization ([30]). For more see [30].

Next we study the particular generator sigmoid function

x

fa(z) = —————, Ais an odd number, z € R. (106)
A
(1+121)

We have that f2 (0) =0, and

>

f2(=2) = —fa (), (107)

so fo is symmetric with respect to zero.
When z > 0, we get that ([23])
, 1
f2 (ZL') = 1 0, (108)
(1+z*) >

that is fo is strictly increasing on [0, +00) and fs is strictly increasing on (—oo, 0].
Hence fs is strictly increasing on R.

We also have f; (+00) = fa (—o00) = 1.

Let us consider the activation function ([23]):

Ya(w) = 1@+ 1)~ folw—1) =

i (x+1) _ (x—1) § (109)
(1+|5£+1|A)A (1—|—|:c—1|)‘>A
Clearly it holds ([23])
Ga(2) = (—2), VT ER, (110)
and 1
01 (0) = 3. (11)

and ¢, () >0,V x € R.
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Following [23], we have that 1), is strictly decreasing over [0, +00), and 9,
is strictly increasing on (—o0,0], by 1,-symmetry with respect to y-axis, and
1} (0) =0.

Clearly it is

lim o, (2) = lim 4, (2) =0, (112)

r—-+00

therefore the z-axis is the horizontal asymptote of ¥, ().

The value 1
¥, (0) = YR A is an odd number, (113)
is the maximum of 1, which is a bell shaped function.
We need
Theorem 69 (/23]) It holds
Y dyle—i)=1, VzeR, (114)
Theorem 70 ([23]) We have that
o
/ Py (x)de = 1. (115)

So that 1, (x) is a density function on R.
We need

Theorem 71 ([23]) Let 0 < a < 1, and n € N with n'=* > 2. It holds

v
2\ (nl—o — 2)*

M8

Py (nz —j) < =:¢q (a,n), (116)

j=—00
:nx — j| > ntme

where A € N is an odd number.
Theorem 72 ([23]) Let [a,b] C R and n € N so that [na] < |nb]. Then

1
I <2V1+2) = ay, (117)
> Yy(jnz — k)

k=[na]

where A is an odd number, ¥ x € [a,b].

‘We make
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Remark 73 ([23]) (1) We have that

Lnb)
lim Z Y, (ne—k)#1, for at least some x € [a,]. (118)
k=[na]

(2) In general it holds

Lnb)
Z Py (nx —k) < 1. (119)

k=[na]

‘We mention

Definition 74 (/23]) Let f € C([a,b]) and n € N : [na] < |[nb|. We define

the real positive valued linear neural network operator

[nb]
> f(%) Yy (nx —k)

k=[na]
A =
4 n (f? ‘T) Lan

> Yy (nz—k)

k=[na]

, ¢ €[a,b]. (120)

Clearly here 44, (f,z) € C ([a,b]).
We mention results about the pointwise and uniform convergence of 4 A,, (f, )
to f (z) with rates.

Theorem 75 ([23]) Let f € C ([a,b]), 0<a<1,neN:nl"®>2 z € [a,b],
A € N is odd. Then

9
1 () = £ (@) < 281525 o (1.5 +Mnf”°j2)] = p (1),
(121)
and
i)
lido ()~ Fllc < 04 (5). (122)

We get that lim 4A, (f) = f, pointwise and uniformly.
n—oo

In the next we mention about the high order neural network real valued
approximation result by using the smoothness of f.

Theorem 76 (/23]) Let f € CN ([a,b]), n,N € N, X is odd, 0 < a < 1,
x € [a,b] and n'=* > 2. Then
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i)
N 9 (@] [ 2 (b—a)
[idn (fy0) = f (@) < /1422 D Tl A A

1y _ 2 2l -
[uu (f(N)7 n“) NN + NI (nla 2))\ =4 (f,2),

ii) assume further fU) (xg) =0, j = 1,..., N, for some xo € [a,b], it holds

1 An (f,20) — f (w0)| < V/1+2%

2™ (b-a)
[wl(f<N>71;>na§N!+ ], ¢~ o) 1:%(” (12

(123)

NI (nl->—2)
and
iii)
h— J
AU
noi A(nl—a —2)

_|_

N!U“H
lidn () = flloe < V1420 }j

1 2 2[lfM | - a)™
(N) © =: . 125
[wl (f ’n“> NN NI (1-a —2)" i /) 12
We derive that lim 4A, (f) = f, pointwise and uniformly.

Next we mention the corresponding real valued fractional approximation
result by neural networks.

Theorem 77 ([23]) Let a >0, N =[a], a ¢ N, f € CV ([a,b]), 0 < B <1, A
is odd, x € [a,b], n € N:n'=# > 2. Then

i)
o) ,
23 An (=2 ) (@)~ £ (@) <
2 m (wl (Dgff’ ”%ﬁ)[aﬁv] w1 (Dfxf, %)[w,b])
I (a + 1) nob +
1 Do X |
W (H e Ja) ( = a)" + DL fllo o) (b — @) )} =041 (f, ),

(126)
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i) if fO)(z) =0, forj=1,..,N — 1, we have

2V1+ 2>

|4An(f7x) ( )|7F(Oé+1)

(€1 (D3 f, )y + 01 (DS ) ) N

nas

1
N/ 1-8 oA a D = 6 ) 9
2\ (n1*5 N 2) (H fH Ja, :v] ) + || f” RER) ( ) )} 4;2 (‘:)x)
12
l4A, (f,z) — f x|§2¢/1+2A-
N-1 ;
172 @l _0-af
; 7! i o (n1=8 —2)* i
L (o (D2 ) oy e (D5 )
I‘(a—|— 1) naﬁ +
1 Do o -
W (H f“ J|a, w] ) + ||D f” |z, b]( LE) >}} ((i‘;38§faz)7
V€ la,bl,
and
iv)
lsAnf = flloo < 2V1 422
N-1 ;
[ _ -0’
e j! nﬁj + 2\ (nlfﬁ _ 2))‘ T
( sup wy (DY_J, n%)[a ;T SUp wi (D2, f, ’nB)[z b]>
1 z€(a,b] ’ z€[a,b] n
F(OZ+ 1) naﬁ

(b—a)” o _.
m (wil[lap ||D f“ J[a,2] + Sl[lp D% fll oo [1,(;]) }} =: 044 (f).
(129)

Above, when N =1 the sum Z;\;l -=0.
As we see here we obtain real valued fractionally type pointwise and uniform
convergence with rates of 4 A, — I the unit operator, as n — oc.

For further related results see [24]-[27].
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4 Main Results: Approximation by Fuzzy Quasi-
Interpolation Neural Network Operators with
respect to arctangent, algebraic, Gudermannian
and generalized symmetrical activation func-

tions

Let f € Cr ([a,b]) (fuzzy continuous functions on [a,b] C R), n € N. We define
the following Fuzzy Quasi-Interpolation Neural Network operators

[nb]*
k (nz — k
AL (fra) =) f(n>® Ln;ﬁj ez — ) : (130)
k<l > (o= k)
k=[na]

Y x € [a,b], see also (49), (72), (95) and (120); j = 1,2,3,4.
The fuzzy sums in (130) are finite.
Let r € [0,1], we observe that

G = S [f(kﬂ UGS,

n
k=il > wy (= k)
k=[na]
[nb]
S [ AN ; (na — k) _
~\n) 77" \n [nb)
ke > v, (o)
k=[na]
nb nb
f s (B | __ytmo =1 f s (B | st =1
-~ \n Lnb) ’ T \n [nb]
k=[nal > (n (nx — k) k=[nal > (n (nz — k)
k=[na] k=[na]
(131)
= [An (£052) s (£7,2)]. (132)
We have proved that
(r) T .
GAZ (£2)Y) = A, (£7.2), 5=1,23.4, (133)

respectively, V r € [0,1], V z € [a, b].
Therefore we get

D(JAf(fvx)’f(x)) =

33



sup max {|; 4, (£17,2) = 17 ()], |

rel0,1]

V€ lab]; j=1,2,3,4.
We present our first fuzzy neural network approximation result.

W () =10 @) sy

Theorem 78 Let f € Cr([a,b]), 0 < a <1, z € [a,b], n € N with n'=* > 2;
j=1,2,3,4. Then

1)
D (AT () f @) < o [ (£, ) 26 () D" (19)] = T
(135)
and
2)
D* (A7 (f),f) £ jTun. (136)
We notice that lim_ GAL () () D f(2), Jim AT (f) D 1, pointwise and
uniformly. /

Above a; are as in (46), (69), (92), (117), and ¢; (o, n) are as in (45), (68),
(91), (116); j = 1,2, 3,4, respectively.

Proof. We have that f\" € C ([a,b]), V r € [0,1]. Hence by (50), (73), (96)
and (121), we obtain (j = 1,2, 3,4)
‘jAn( 0e) = 10 (@ {wl <fi n) +2¢; (a,n Hfi OJ (137)
(by Proposition 7 and H £ D* (£,9))
<oy [of” (f, )+ 2 @ 0 (13)] (138)

Taking into account (134) the theorem is proved. m
We also give

Theorem 79 Let f € CX ([a,b]), N e N,0 < a <1, z € [a,b], n € N with
nt=® >2;7=1,23,4. Then
1)




2) assume further that fU+) (x9) = 0, ju. = 1,..., N, for some x € [a,b], it
holds
D (A% (f,o), f (x0)) <
1 1 -a)"
lwgf) <f(N)7 ) — 42 (a,n) D* (f(N)75) (b]\;'l)] , (140)

n® ) noNN|

notice here the extremely high rate of convergence n~(N+1e

3)
D* (AT (f). f) <o

{ZN: D* (f(a#)ﬁ) [ L (o) (b_a)j*]Jr

Jx=1 J! ne-
=

N
W (f<N>, 1) 20 (o) D (7,5) Lol

n® ) noNN|

} . (141)

Proof. Since f € C¥ ([a,b]), N > 1, we have that fir) € CV ([a,b]), ¥
r€0,1];  =1,2,3,4. Using (52), (75), (98), (123), we get

A (1,2) = £ (@)] < (74)
‘( j(:r))(j*) ()

1 .
Jx=1 .7*' |:nozj* + Cj (Oé,’n,) (b_ a)] :| +

N 1 1
(r) ,
[W1 ((fi ) ’ na> naN NI + 203 (O‘a n)

(by Remark 12)

a{i (797 @) £

(f:(tr))(N)H (b;\;!l)Nl} (142)

oo

naj*

+ ¢ (a,n) (b— a)j*] +




Ny (™)
(F™)2
The theorem is proved. m

by Proposition 7, ) < D* (f(N),E) and apply (134).

Next we present

Theorem 80 Let « > 0, N = [a], a ¢ N, f € C¥ ([a,b]), 0 < B < 1,
z€a,b,neN, n'=F>2 j=1234. Then
i)

N-1 G) (2) .8 ,
%‘{ZDU -()’) : +Cj(5,n)(b—a)“]+

Jx=1 gt nfx

(-7'—) aF 1 (-7:) aF 1
w Drff ' nB ) a.x +w D*z s nB ) [z
| {[1 (D) )0 + 47 (D) 35) ] ",

I'(a+1) nos
¢ (3.m) [D* (D7) .6) ) (@ = )" 4+ D* (DI ) .5), (b= 2)° |} }.
i) if fO) (z0) =0,7=1,..,N — 1, for some xq € [a,b], we have
D (JA'r]z: (f7 xo),f(&?o)) <

o { A7 (DT 1) 35 g + 87 (DL 1) 325 ]

Flat1) nop + (4)

Cj (ﬂan) {D* ((Dgo]if) 75)[(1@0] (LL'() - a’)a + D* ((Df:mfo ) 75)[10717] (b - xO)a} }7

when o > 1 notice here the extremely high rate of convergence at n~(@TD8,

and
iii)
D* (A7 (f), f) <
D (90 T 1 ;
O‘J{Z (j*! ) [ 5 TG (Bm,)(b—a)j*}—i—
jo=1
[Sup A (D) )y + 50 7 (DR 1) 55
1 z€[a,b) €la,b] I
I'(a+1) nos
(146)
¢; (B,n) (b—a)® l sup D* ((Dg7f),0),, ,+ sup D* (D )’5)“’“] }}
z€Ja,b] z€la,b]
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above, when N =1 the sum Z;\;l -=0.
As we see here we obtain fractionally the fuzzy pointwise and uniform con-
vergence with rates of ;AY — I the unit operator, as n — oo.

Proof. Here fg) € CY ([a,b]), V r € [0,1], and DT f, DS f are fuzzy
continuous over [a, b], V x € [a,b], so that (Dgff)i)’ (DeF )gz) e C([a, b)), V

rel0,1],V z € [a,b].
We observe by (57), (80), (103), (128), V = € [a, b], that (respectively in +)

iAn (ff)aw) — £ (ﬂ?)’ < aj

( j(!)) (3%) (2)

N—1 i ‘
T {nﬂj* +¢; (B,n) (b—a)J*}+ (147)
Jx=1
1 (w1 (Df;‘_ ( ir)) ’ n%)[a,ac] Tt (Df‘” ( ir)) ’ ’#)[x,b])
I'(a+1) nos +

e (o (|2 (1) o0+ [0 (1) 0 1 =
(by Remark 12, (30), (33))

| {Nl ‘(f(j*) (x))(lz)

2 7! {nﬁla +¢; (B,n) (b— a)j*} +

Jx=1

(e (@eEng ) e (000 ), )

T(a+1) ne?
b—x) <
00, [a,z] 00, [@,b] ( ) >}} B

b fU9) (z),0 1 N
aj{z ( - ){nﬁj*+cj(ﬁ,n)(b—a) }+

Jx=1

) (x—a)* + H (DeF )(:

¢ (B.n) (H(Dsff)i

+  (149)

1 [wgf) (D7 £) 580 gy + 1 (DS ) ’"%)[”“"”}
F(a+1) ne?

¢ (8,m) [D* (D27 1) ,0) (@ = @) + D" (DL 1),3),,.,y 0 —2)"] }}
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along with (134) proving all inequalities of theorem.
Here we notice that

(D22 nS 0 = (Do (1)) @

where a <t < z.

Hence
aF 1 ¢ _ p\N-a-1 (r) (V)
(0270 0] < =y | 0" () o as
£ (r) ~
A0 N VI I
STV —a+1) (b=a) STV —at D) (b=ay™ .
So we have ( ™) )
f o N—
aF _ o
’(D n: _FN—a—i—l)(b S
all a <t < z.
And it holds
aF () D* (f(N)75) _ \N-a
H(DT_ f)i 00,[a,z] = F(N— o+ 1) (b a) ’ (150)
that is ((N )
* « ~ D* f 75 —a
D ((Dwff),o)[avz]_F(N_a_Fl) b—a)N",
and
_ D* (f™.3) N
D* ((D*” < —= 7 (p- @ ) 151
2y D) o < F oy O e (08D

Similarly we have

OESHNIOE (D“ (1) @

where x <t <b.

Hence
r ¢ o (r)
(0D 0] < g [ -0 | (1) 0 s <
| ron” Ve DIME)
I —ar) " ST -a+p 7Y
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z<t<hb.

So we have
aF (7’) D* (f(N))a) _ N—«
H (D*z )i 0, [z,b] = r (N — o+ 1) (b a) ’ (152)
that is ( ™) )
_ D (f*%,0 N—
* aF o
DHDES) Oy St —arpn @m0
and
. D* (f(N) 5) N
* aF ) _ «
;L'ZL[LI,)Z)]D (DT F) ,0)[3:7})] < TN —atl) (b—a) < +o0. (153)
Furthermore we notice
1
W (D2TF), =5 ) = swp D((DIZF) (), (DSTF) (1) <
n [a,z] s,t€la,x]
ls—tI<-5

sup {D ((D2f)(s),0) + D ((Df) (t),0)} <2D* (D27 f),5)

s,t€la,x] [a,2]
ls—tI<-
2D* (f™),0) jN=a
“T(N-—a+1) '
Therefore it holds
* (£(N) 3
() < aF L ) 2D (f),0) Nea
sup w DY), — <————~(b—a) < 4o0o. (154)
z€[a,b] ! ( v ) nﬁ [a,2] I (N —a—+ 1)
Similarly we observe
(F) (Da}' ) i _ D((Da]: )( ) (Da]-' )(t)) <
wl *T 7nﬁ - sup *T S), *T ~
[z,b] s, t€x,b]
ls—tl<-5

2D* (£, 5)

2D" ((fo )’5)[x,b] = F(N—a+1)

(b—a)V ",
Consequently it holds

1 2D* (fV),5)

(F) aF = o= v ") _ \N-—«a
velon) | <(D*m )’”B>[a: b] = (N —-a+1) (b=a)™ < too. (155)

So everything in the statements of the theorem makes sense.
The proof of the theorem is now completed. m
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Corollary 81 (to Theorem 80, N =1 case) Let 0 < o, 3 < 1, f € CL ([a,1]),
neN,n'=#>2 j=1,23,4. Then

[ sup i) ((DSZ 1) 555) g+ 500 & (DT F) 38,

o z€[a,b] z€la,b] n
(156)
¢j (ﬁvn)(b_a)a [ sup D* ((Dgf )’5)[ax]+ sup D* ((fo )’5>[xb]‘|}'
z€[a,b] ’ z€(a,b] ’

Proof. By (146). m

Finally we specialize to o = %

Corollary 82 (to Theorem 80) Let 0 < B < 1, f € Cx([a,b]), n € N, nt=F >
2 j=1,2,3,4. Then

o (D271). %)+ sup ol (017 5) )
ﬁ z€la,b] [a,] z€la,b] [,0]

e ns

¢j (B,n)Vb—a l sup D* ((fof) ,5) o] + sup D* ((Déxff) 75) [w,b]] } .

z€la,b) z€[a,b]
Proof. By (156). m

Conclusion 83 We have extended to the fuzzy setting all the main approxima-
tion theorems of section 3.

References

[1] G.A. Anastassiou, Rate of convergence of some neural network operators
to the unit-univariate case, Journal of Mathematical Analysis and Appli-
cation, Vol. 212 (1997), 237-262.

[2] G.A. Anastassiou, Quantitative Approzimation, Chapmann and Hall/CRC,
Boca Raton, New York, 2001.

40



3]

[13]

[14]

[15]

[16]

G.A. Anastassiou, Fuzzy Approzimation by Fuzzy Convolution type Opera-
tors, Computers and Mathematics, 48(2004), 1369-1386.

G.A. Anastassiou, Higher order Fuzzy Korovkin Theory via inequalities,
Communications in Applied Analysis, 10(2006), No. 2, 359-392.

G.A. Anastassiou, Fuzzy Korovkin Theorems and Inequalities, Journal of
Fuzzy Mathematics, 15(2007), No. 1, 169-205.

G.A. Anastassiou, On Right Fractional Calculus, Chaos, solitons and frac-
tals, 42 (2009), 365-376.

G.A. Anastassiou, Fractional Differentiation Inequalities, Springer, New
York, 2009.

G.A. Anastassiou, Fractional Korovkin theory, Chaos, Solitons & Fractals,
Vol. 42, No. 4 (2009), 2080-2094.

G.A. Anastassiou, Fuzzy Mathematics: Approxzimation Theory, Springer,
Heildelberg, New York, 2010.

G.A. Anastassiou, Intelligent Systems: Approximation by Artificial Neural
Networks, Intelligent Systems Reference Library, Vol. 19, Springer, Heidel-
berg, 2011.

G.A. Anastassiou, Fuzzy fractional Calculus and Ostrowski inequality, J.
Fuzzy Math. 19 (2011), no. 3, 577-590.

G.A. Anastassiou, Fractional representation formulae aand right fractional
inequalities, Mathematical and Computer Modelling, Vol. 54, no. 11-12
(2011), 3098-3115.

G.A. Anastassiou, Univariate hyperbolic tangent neural network approxi-
mation, Mathematics and Computer Modelling, 53(2011), 1111-1132.

G.A. Anastassiou, Multivariate hyperbolic tangent neural network approxi-
mation, Computers and Mathematics 61(2011), 809-821.

G.A. Anastassiou, Multivariate sigmoidal neural network approzimation,
Neural Networks 24(2011), 378-386.

G.A. Anastassiou, Univariate sigmoidal neural network approximation, J.
of Computational Analysis and Applications, Vol. 14(4), (2012), 659-690.

G.A. Anastassiou, Fractional neural network approrimation, Computers
and Mathematics with Applications, 64 (6) (2012), 1655-1676.

41



[18]

[19]

[20]

[22]

23]

[25]

[26]

[27]

[28]

G. A. Anastassiou, Fuzzy fractional neural network approximation by fuzzy
quasi-interpolation operators, J. of Applied Nonlinear Dynamics, 2 (3)
(2013), 235-259.

G.A. Anastassiou, Intelligent Systems II: Complete Approximation by
Neural Network Operators, Springer, Heidelberg, New York, 2016.

G.A. Anastassiou, Intelligent Computations: Abstract Fractional Calculus,
Inequalities, Approzimations, Springer, Heidelberg, New York, 2018.

G.A. Anastassiou, Algebraic function based Banach space valued ordinary
and fractional neural network approximations, New Trends in Mathematical
Sciences, 10 special issues (1) (2022), 100-125.

G.A. Anastassiou, Gudermannian function activated Banach space valued
ordinary and fractional neural network approximation, Advances in Non-
linear Variational Inequalities, 25 (2) (2022), 27-64.

G.A. Anastassiou, Generalized symmetrical sigmoid function activated Ba-
nach space valued ordinary and fractional neural network approximation,
Analele Universitatii Oradea, Fasc. Matematica, accepted for publication,
2022.

G.A. Anastassiou, Abstract multivariate Gudermannian function activated
neural network approximations, Panamerican Mathematical Journal, ac-
cepted, 2022.

G.A. Anastassiou, General multivariate arctangent function activated
neural network approximations, submitted, 2022.

G.A. Anastassiou, Abstract multivariate algebraic function activated neural
network approrimations, submitted, 2022.

G.A. Anastassiou, Generalized symmetrical sigmoid function activated
neural network multivariate approximation, submitted, 2022.

Z. Chen and F. Cao, The approximation operators with sigmoidal functions,
Computers and Mathematics with Applications, 58 (2009), 758-765.

K. Diethelm, The Analysis of Fractional Differential Equations, Lecture
Notes in Mathematics 2004, Springer-Verlag, Berlin, Heidelberg, 2010.

A.J. Dunning, J. Kensler, L. Goudeville, F. Bailleux, Some extensions in
continuous methods for immunological correlates of protection, BMC Med-
ical Research Methodology 15 (107) (28 Dec. 2015), doi:10.1186/s12874-
015-0096-9.

42



[31]

[32]

[33]

A.M.A. El-Sayed and M. Gaber, On the finite Caputo and finite Riesz
derivatives, Electronic Journal of Theoretical Physics, Vol. 3, No. 12 (2006),
81-95.

G.S. Frederico and D.F.M. Torres, Fractional Optimal Control in the sense
of Caputo and the fractional Noether’s theorem, International Mathematical
Forum, Vol. 3, No. 10 (2008), 479-493.

S. Gal, Approximation Theory in Fuzzy Setting, Chapter 13 in Handbook of
Analytic-Computational Methods in Applied Mathematics, 617-666, edited
by G. Anastassiou, Chapman & Hall/CRC, Boca Raton, New York, 2000.

R. Goetschel Jr., W. Voxman, Flementary fuzzy calculus, Fuzzy Sets and
Systems, 18(1986), 31-43.

S. Haykin, Neural Networks: A Comprehensive Foundation (2 ed.), Pren-
tice Hall, New York, 1998.

O. Kaleva, Fuzzy differential equations, Fuzzy Sets and Systems, 24(1987),
301-317.

Y.K. Kim, B.M. Ghil, Integrals of fuzzy-number-valued functions, Fuzzy
Sets and Systems, 86(1997), 213-222.

W. McCulloch and W. Pitts, A logical calculus of the ideas immanent in
nervous activity, Bulletin of Mathematical Biophysics, 7 (1943), 115-133.

T.M. Mitchell, Machine Learning, WCB-McGraw-Hill, New York, 1997.

S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Deriv-
atives, Theory and Applications, (Gordon and Breach, Amsterdam, 1993)
[English translation from the Russian, Integrals and Derivatives of Frac-
tional Order and Some of Their Applications (Nauka i Tekhnika, Minsk,
1987)].

E.W. Weisstein, Gudermannian, MathWorld.

Wu Congxin, Gong Zengtai, On Henstock integrals of interval-valued func-
tions and fuzzy valued functions, Fuzzy Sets and Systems, Vol. 115, No. 3,
2000, 377-391.

C. Wu, Z. Gong, On Henstock integral of fuzzy-number-valued functions
(1), Fuzzy Sets and Systems, 120, No. 3, (2001), 523-532.

C. Wu, M. Ma, On embedding problem of fuzzy numer spaces: Part 1, Fuzzy
Sets and Systems, 44 (1991), 33-38.

43



