SEVERAL BOUNDS FOR THE ENTROPIC TRACE CLASS
P-DETERMINANT OF POSITIVE OPERATORS IN HILBERT
SPACES VIA JENSEN’S TYPE INEQUALITIES FOR TWICE

DIFFERENTIABLE FUNCTIONS

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. Let H be a complex Hilbert space. For a given operator P > 0

with P € By (H), the trace class associated to B (H) and tr (P) = 1, we define

the entropic trace P-determinant of the positive invertible operator A by
Ap (A):=exp[—tr(PAInA)].

In this paper we show among others that, if P, > 0 with P; € By (H) and

tr(P;) =1forie{1,..,n}, p; >0 with >1* ;p; =1, p € (—00,0) U(1,00)

and that A; are operators such that 0 < m < A; < M, for i € {1,...,n}, then

1 < exp <’yp [Zpl tr (PZ-Af) — <Zp1 tr (P,L-Ai)> >
i=1

i=1

(Z?:1 p; tr (Pl,AZ,))* i1 pitr(PiAg)

< %
H [77Pi (Al)}pl
i=1
n n P
<exp I |:Z i tr (PiAf) - Zpi tr (PiA¢)> :|) ,
=1 i=1
where
1—p ml-p
;\{[T_l)forpe(l,oo), mforpG(l,oo),
Tp = ) Ip:= .
—p p
»o=D for p € (=00,0), % for p € (—o0,0).

1. INTRODUCTION

In 1952, in the paper [3], B. Fuglede and R. V. Kadison introduced the deter-

minant of a (invertible) operator and established its fundamental properties. The
notion generalizes the usual determinant and can be considered for any operator in

a finite von Neumann algebra (M, 7) with a faithful normal trace.

Let T € M be normal and |T'| := (T*T)"/? its modulus. By the spectral theorem

one can represent 1’ as an integral

T = / ME (),
Sp(T)

where E (X) is a projection valued measure and Sp (T) is the spectrum of 7. The

measure jp := T o E/ becomes a probability measure on the complex plane and has

the support in the spectrum Sp (7).
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For any T' € M the Fuglede-Kadison determinant (FK-determinant) is defined

by
Apg (T) := exp (/ lntd,uT) .
0

If T is invertible, then
Ark (T) :=exp (7 (In(|T1))),

where In (|T']) is defined by the use of functional calculus.

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,z) > 0 for all x € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [4], [5], introduced the normalized determinant A,(A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector x € H,
namely ||z|| = 1, defined by

A (A) :=exp(ln Az, )

and discussed it as a continuous geometric mean and observed some inequalities
around the determinant from this point of view. For some recent results, see [6].
We need now some preparations for trace of operators in Hilbert spaces.
Let (H, (-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator if

(1.1) > e < oo

iel
It is well know that, if {e;};c; and {f;},.; are orthonormal bases for H and A €
B(H) then

(1.2) Do lAell* =Y 1A =141

i€l jel jeI
showing that the definition (1.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.

Let By (H) the set of Hilbert-Schmidt operators in B(H). For A € By (H) we
define

1/2
(1.3) Al = (erm)
iel
for {e;},c; an orthonormal basis of H.

Using the triangle inequality in [2 (I), one checks that By (H) is a vector space
and that [|-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A| := (A*A)1/2.

Because |||A4|z|| = ||Az]|| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and || 4|, = [||A]|l5 . From (1.2) we have that if A € By (H), then A* €
By (H) and [A]l, = | 4°]l,-

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:
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Theorem 1. We have:
(i) (B2 (H), ||-ll5) s a Hilbert space with inner product

(14) <A, B>2 = Z<A6i,B€Z‘> = Z<B*A€Z‘,€i>
iel icl

and the definition does not depend on the choice of the orthonormal basis {e;};c;;

(ii) We have the inequalities
(1.5) [AIF < [|All
for any A € By (H) and, if A € Bo(H) and T € B(H), then AT, TA € By (H)
with
(1.6) IAT |y, I TAll, <IN Al

(iii) By (H) is an operator ideal in B(H), i.e.

B(H)By (H)B(H) C B2 (H).

If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if

(L.7) 1A = (Al esse) < oo
iel

The definition of ||A||; does not depend on the choice of the orthonormal basis

e;;..7. We denote by by the set of trace class operators in .
ier - Wed by By (H) th f 1 in B(H
The following proposition holds:

Proposition 1. If A € B(H), then the following are equivalent:
(1) A€ By (H);
(ii) |A|"* € By (H).

The following properties are also well known:

Theorem 2. With the above notations:
(i) We have

(1.8) [Ally = [[A"][, and [[All, < [ All,
forany A€ By (H);

(i) By (H) is an operator ideal in B(H), i.e.

B(H)B: (H)B(H) C By (H);
(iti) We have
By (H) By (H) = By (H);
(iv) We have
[Ally = sup{{A,B), | BBz (H), |Bll, <1};
(v) (B1 (H),||ly) s a Banach space.

We define the trace of a trace class operator A € By (H) to be

(1.9) tr(A) =Y (Aej,e;),
icl
where {e;},.; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (1.9)
converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:
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Theorem 3. We have:
(i) If A€ By (H) then A* € By (H) and

(1.10) tr (A%) = tr (A);
(1)) If A€ By (H) and T € B(H), then AT, TA € By (H),
(1.11) tr (AT) = tr (T'A) and |tr (AT)| < ||A|l, ||T]|;

(i) tr (+) s a bounded linear functional on By (H) with |tr|| = 1;
(i) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA).

Now, if we assume that P > 0 and P € By (H), then for all T € B(H), PT,
TP € By (H) and tr (PT) = tr (TP). Also, since P'/2 € By (H), TP? € By (H),
hence PY/2TPY/? and TPY2PY? = TP € By (H) with tr (PY/2TPY?) = tr (TP).
Therefore, if P > 0 and P € By (H),

tr (PT) = tr (TP) = tr <P1/2TP1/2>

forall T € B(H).

If T > 0, then PY/2TP'Y2 > 0, which implies that tr (PT) > 0 that shows that
the functional B(H) > T ~— tr(PT) is linear and isotonic functional. Also, by
(1.11), if T,, — T for n — oo in B(H) then lim,,_, tr (PT;,) = tr (PT), namely
B(H)> T+ tr(PT) is also continuous in the norm topology.

For a survey on recent trace inequalities see [1] and the references therein.

Now, for a given P > 0 with P € By (H) and tr (P) = 1, we define the P-
determinant of the positive invertible operator A by

(1.12) Ap(A):=exptr(PInA) =exptr((InA) P) = exptr (P1/2 (In A) P1/2) .

Assume that P > 0 with P € By (H) and tr (P) = 1. We observe that we have
the following elementary properties [2]:
(i) continuity: the map A — Ap(A) is norm continuous;
(i) power equality: Ap(A') = Ap(A)* for all t > 0;
(iii) homogeneity: Ap(tA) = tAp(A) and Ap(tI) =t for all ¢t > 0;
(iv) monotonicity: 0 < A < B implies Ap(A) < Ap(B).
[2

In [2], we presented some fundamental properties of this determinant. Among
others we showed that
tr (PA) _
1< < exp [tr (PA)tr (PA™Y) —1
< Ap(a) S el P (PAT) —1]
and A (A
< L),l < exp [tr (PA_l) tr (PA) — 1] ,
[tr (PA~1)]
for A>0and P> 0 with P € By (H) and tr (P) = 1.
For the entropy function 7 (¢f) = —tlnt, ¢ > 0, the operator entropy has the

following expression:
n(A)=—-AlnA
for positive A.
Now, for a given P > 0 with P € By (H) and tr (P) = 1, we define the entropic
P-determinant of the positive invertible operator A by

np (A) :=exp[—tr (PAln A)] = exp {tr [Py (A)]} = exp {tr [Pl/gn (A) Pl/z} } .
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Observe that the map A — np(A) is norm continuous and since
exp (—tr {P [tAln (tA)]})
=exp(—tr{PtA(Int+1nA)]}) =exp(—tr {P (tAlnt +tAln A)})
=exp(—tlnttr (PA))exp (—ttr (PAln A))

= exp In (ti tr(PA)t) [exp (— tr (PA In A))]_t 5
hence
(1.13) np(tA) =t TP [p(A)]
for t >0 and A > 0.
Observe also that
(1.14) np(I) =1 and np(tI) = t~*
for ¢t > 0.

2. THE CASE FOR p € (—00,0) U (1, 00)
The following result is of interest in itself as well:

Lemma 1. Assume that f is twice differentiable on the interior I of the interval I C
(0,00) and the second derivative " is continuous on I and for p € (—o0,0)U(1, 00)
satisfies the condition
2P
p(p—1)
where v < T' are constants. If Q; > 0 with Q; € By (H) fori € {1,..,n} and
S tr(Q;) > 0, then for all B; with the spectra Sp (B;) C I fori € {1,...,n} and
a€l,
22 | RSO e (RO )|
>im tr(Qi) i tr(Qi)
Yt [Qif (B " tr(Q;B;
S Zz:lnr[Q f( )} —f(a)—f’(a) <Zz_"1 Y(Q ) _a>
> ie tr(Qi) > ie tr(Qi)
n BP n B,
< r |:Zz_nl tr (QZBz ) —aP — papfl (Zz_nl tr (QZBZ) _ a):l .
> i tr(Q:) > ie tr(Qi)

Proof. We use the Taylor’s expansion for twice differentiable functions

(2.1) v < ") <T foranyte I,

(23) f@=f@+@—a)f (@)+(@—a)’ / £ (sa+ (1 - 5) ) sds

that holds for all z, a € I.
Since
-t 2<f"(t)<p(p—-1)TtP 2 forany t € I,
hence

p(p—l)’y/O (sa—i—(l—s)x)p*Qsdsg/O " (sa+ (1 —s)x)sds

1
<= DT [ (sa+ (1= 502 s,
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which, by (2.3) gives that
1
(2.4) p(p— 1)*y(w—a)2/ (sa+ (1 —s)z)" 2 sds
0
< f(z) = f(a) = (z—a) f'(a)

§p(p—1)F(x—a)2/0 (sa+ (1 —s)z)" 2 sds

for all z, a € I.
Using integration by parts, we get

/1 (sa+ (1 —s)az)’ % sds
0

_ Wl(a—w) /01 sd [(sa+ (1 - s)2)" "]
T (- 1)1(a — ) [ap_l - /0 ot (=5 ds}
- = [ s ), e 0-99]
1 _ 1
R s @)

:p(p—l)(a—x)2 [:L‘p_ap_p(x_a)ap_l]

and by (2.4) we get

(2.5) v[a? —a” —p(e—a)a] < f(2) - f(a) = (2 —a) f'(a)
r

[xp —d’ —p(x—a) a”fl]
for all x, a € I.

Now, by using the continuous functional calculus for the selfadjoint operators ,
we get from (2.5) that

(2.6) v [BY — aPI — pa?~" (B; — al)]

P =

f(Bi) = f(a)I = f"(a)(B; - al)
r

<
<T[BY —a’l—pa’~" (B; —al)]

for B; with the spectra Sp (B;) C I for i € {1,...,n} and a € I.
If we multiply both sides by Qg/2 we get

3 [QP QY — @y - pr (@180 - o)
<QPrB)QY - F(@) Qi - ' (0) (B} - aQ:)
<T[QI?BIQ) — Qi —pa ™ (QI*B.Q* — aQ))]

forie{1,..,n}and a € I.
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Now, if we take the trace and use its properties, we derive

v [tr (Q:BY) — aP tr (Q;) — pa?~" (tr (Q:B;) — atr (Q;))]
<tr[Qif (Bi)] — f (a) tr(Qi) — f' (a) (tr (QiBs) — atr (Q:))
< T [tr(QiBY) — a” tr (Q;) — pa?~" (tr (QiB;) — atr (Q;))]

forie {1,..,n} and a € I.
If we sum over i € {1,...,n} and divide by Y ;" tr (Q;) > 0, we get (2.2). O

Remark 1. Assume that f is twice differentiable on the interior 1 of the inter-

val I C (0,00) and the second derivative f is continuous on I and satisfies the
condition

(2.7) o< f"(t)<® foranytel,

where ¢ < ® are constants. If Q; > 0 with Q; € By (H) fori € {1,..,n} and
Yo tr(Q;) > 0, then for all B; with the spectra Sp (B;) C I fori € {1,...,n} and
a€l,

1St (@iB?) (S, e (QiBi))

29 2“”[ S (Q) < S (Q) )

<a it (@B»)Q
> (@)

Z?:1 tr [Qlf (Bz)} —f(a) - ' (a Z?:1 tr (Qle) —a
AN EEACIEA )< > (@) >

>y tr (QiB}) > i tr(QiBi) ?
q’l S (@) - >, (Q) )

1

2

( 1 1tl" Ql 1))
S tr(Qi)

The proof follows by Lemma 1 for p=2 and v = %(p, I= %@.

+

IN

IN

If

P v o

(2.9) e <f"@) < 5 foranytel,
then

+a —2¢7 1t

[\)

1 > tr (QiB) 22 i1 tr(QiBi)
(210) l > Q) > Q)
27:1 tr [Qif (Bi)) ~ f(a) — ' (a 21;1 tr (QiBi) _a
Aoy @10 (G )
>y tr (QiBY) 1a2 2 tr(QiBi) 901
Dim tr (@) Dim tr(Qi) .

IN

1
2
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Corollary 1. With the assumptions of Lemma 1 we have

o[ (e

Tl QS (B ( Ly (QuB )
T i (@) > i (@
er[ZRE (e ) |
N i1 tr(Qi) i tr(Qi)
In particular, if f satisfies the condition (2.7), then
1 E?:l tr (QZBf) _ (Z?_l tr (QiBi))2
212 2 [ @)\ (@)
< S tr(Qif (Bi)] f (Z?—l tr (QiBi)>
T XLt (@) D im tr(Qi)
<o | it (QiBF) (ZL tr (QiBz->>2
T2 > iy tr(Qi) > iy tr(Qi)
If f satisfies the condition (2.9), then

(2.13) %w [Zz 1t: t?l < i= 1frter i ) 1
Zz ltr Ql Z < i= 1tr Qz ’L)
=T A YT
< 1\11 Zi:l tr (QZ ) <Zi=1 tr (Q; 1)>1
T2 D1 tr(Q ) 2ic tr (@) '

We have the following main result:

Theorem 4. If P, > 0 with P, € By (H) and tr(P;) = 1 fori € {1,..,n},
pi >0 with Y. pi =1, p € (—00,0)U(1,00) and that A; are operators such that
0<m<A; <M, forie{l,...,n}, then for all a > 0 we have the lower and upper
bounds

(2.14) 1<exp ('yp [Zpl tr (P, AY) — a? — pa?~! (sz tr (PA;) — a>‘|>

=1 i=1

<@ Limapitr(PiA) exp (o — Y1 pitr (P A))

— n

H ["7Pi (Ai)] "

=1

< exp <Fp lZpi tr (P, A?) — a? — pa?~* (sz tr (P A;) — a)}) ,

i=1 i=1

where

1-p
UL forp e (1,00),
Vp =

1-p
e for p € (—00,0)
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and

i

%Tif) forp e (1,00),
1-p

% forp € (—0,0).

Proof. We consider the convex function f () =¢Int, t € [m, M] C (0,00) . Then

= - L
p(p—1) plp—1t plp-1)
For p € (1,00), we have
1-p lep
sup g¢g(t) = M and  inf gty = —
te[m, M] p(p—1) te[m,M] p(p—1)
and for p € (—o0,0)
) R L
sup g¢(t) = sup =
te[m, M) temaP(®—1) plp—-1)
and
ti-p ml-P
inf t) = inf = .
ebmon? Y = ey =D " pe-D

p
From (2.2) applied for f (t) = tInt, t € [m, M] C (0,00), we get for Q; = p; P; and

0<n, [Zpl tr (P AY) — aP — pa?~! (Zpl tr (P;A;) — a)]

=1 i=1

<Zp,tr (P,A;InA4;) —alna— (Ina+ 1) (Zpltr (PA;) )

i=1

P Zpitr(PiAf) —a” —pa’~! <Zpitr (PiA;) — a)] ;
=1

=1

namely

(215) 0 S ")/p lzpl tr (PZAf) —aP — papfl (Z Di tr (PlAl) — a)]

=1 i=1

< Zpi tr (P,A;In4;) —alna — (Zpl tr (P A;) — a> In (ea)

i=1 i=1

<T, [sz tr (P AY) — a? — pa? ™! (Zpl tr (P A;) — a)] ,

i=1 =1

for all a > 0.
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If we take the exponential in (2.15), then we get

exp (’Yp [Zpi tr (P;A}) —a? — paP™! (Zpi tr (P;A;) — a)])

i=1 i=1
< exp (sztr P;A;In A;) (Zpltr (PA;) ) ln(ea)>
falnat1
< exp (Fp lipi tr (P AY) — a? — pa? ™! (ipz tr (P A;) — a)]) ,
i=1 i=1

namely

(2.16) 0<exp (’yp Zpi tr (P, AY) — a? — pa? ™! <Zpl tr (P A;) — a)

Li=1 i=1
< exp ((a — Z?:l Di tr (PzAz)) In (ea))
a%exp (>0, pi tr (—PA; In A;))

Sexp(Fr Zp,tr (P,A?) — aP — paP™ 1(2171'61" (P A;) — )

Li=1 =1
Since
exp ( (a — Zpi tr (RAl-)) In (ea))
i=1
= exp (ln (ea)(“_ELl pi “(PiAi))) = (ea)a_zz;1 pitr(Pids)
and

exp (tr (—P;A; In A;))"

—.

exp <Z pitr (—P;A; In AZ)> =
i=1

i=1

[, (AD)]"™

&':13

hence by (2.16) we get the desired result ( 4).

—

Corollary 2. With the assumptions of Theorem 4,

(2.17) 1< eXp( lZpZ tr (P, AY) (Zpltr (PA;) )

<z;;1p¢tr<P-A->> o

)

<

gexp< [X_:pztr (P;AP) (Zpltr (P A) )

)
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Remark 2. With the assumptions of Theorem 4, we have for p = 2 that

2
1 n n
(2.18) 1 <exp BT ;pi tr (PlA%) — (Zz_;pz tr (P,-A,-))

o (i pitr(PAy) oA

— n

H [77131- (A )]p

i=1

n

2
1 n
Im Zpl tr PA2 (Zpl tr (PiAi)> ,
i=1

1=1
while for p = —1, that

n -1

2 n
(2.19) 1 <exp m7 Zpi tr (P,-Ai_l) — (Zpi tr (PiA,;)>
i=1 i=1

(Zr, pitr (PAy))~ =i Ay

< m
H [77P (A
i=1
-1
M2 n n
<exp o |2 tr (A7) — (Zpi tr (PiAi)>
=1 i=1
Corollary 3. With the assumptions of Theorem 4, we also have
n pitr (PiAz_p) " st (PA)
~ z pitr (PZAZ)
2.20 1< —_— - —_—
(2:20) e ; tr (P A?) < tr (PA2)

n

H [np, (4;)] *CPAD

i=1

<

n pitr(PiAy)

n  pitr(P;A;) = AQ)
<Zi_1 tr(P1A?) )

> > |

< r,
=GP e | T (g A?) tr (P, A?)
i=1 ? ?
where
) ;;’le 1) forp e (1,00),
T MP!
P=1) for p € (—00,0)
and
p—1
(2 e (o),
I, =

% forp € (—0,0).

11
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Proof. 10 < m < A; < M, i € {1,..,n} then 0 < M~* < A7 <m™' ic
{1,...,n} and by writing (2.17) for ALl > 0 and A7 i€ {1,...,n} we get

tr(Pi A?)

(2.21)

1 <exp <’~Yp Lﬁ;pitr< A(]Ij;;lQ ) (sz ( Agjz)A 1>>P])
<Z?=1pitr(fx(lfj2)A ))Z?lpitr<A(szAgl)Az )

I [rams, (4]

<

oo 0[S (@) - (S () ])

Observe that

n n P
AP A AP A
. iTi A-p ) ) L5 A.ﬁl
Z,: pztr(tr(PiA% i > (Zi_ p’“(tr(aAg) i >>

n pitr(PiAy)

o En:pl tr (PzAz) R er(PiA7)
-\ & (P42

o e (e ma)])
L1 (oo () ])

_—Pi_
= | [ (exp [~ tr (PiA; In 4;)]) =(74%)

and

— =
| — |
3
£
o
s
—~
B
—
SN—
_ 1
3
Il
— =
/N
o

—p;

= H [np, (A;)] D)

By making use of (2.21), we derive the desired result (2.20). O
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1)

Remark 3. Forp =2 in (2.20) we obtain

m | Pi ~ pitr (PiAy)
(2.22) 1SWP(2[§:UU%g)_<h1MU%g)>

i=1

n

1, (40)] 70D

n Pitr(PiA;)

) AL i=1 (P A7)
n pitr(PA;) o
()

2
M | Di "~ p; tr (P A;)
< - 7 L SlCle V4
=GP 5 ,Ztr(PiAZ) (i_l tr (P A?) ’

while for p = —1 we get

1 n i tr P,LA? " i U PlA? -
(2.23) L= exp (2m2 [2; ptr (J(DZAZQ)) - ('1 W) ])

n

I o, (40 75

< i=1

n pitr(PiA;)

n pitr(PiAi) =t tr(P’iA?)
(Eji—ln(pﬂgq>
<e 1 ipitr(PiA?) _ " pitr (PiA;) -
SR e P a0 R DA Ay (7)) '

3. THE CASE FOR p € (0,1)

We also have:

Lemma 2. Assume that f is twice differentiable on the interior I of the interval
I C (0,00) with the second derivative f" is continuous on I and for p € (0,1)
satisfies the condition

t2-p .
3.1 §< ——f"(t) <A foranytel
(3.1) < (0 < A for any
for some § < AL If Q; > 0 with Q; € By (H) fori € {1,...,n} and "\, tr (Q;) > 0,
then for all B; with the spectra Sp (B;) C I forie {1,..,n} and a € I,

aP—1 > tr(QiBy) —a ab — > tr(QiBY)
Ba ol (SGY ) S a
iy tr(Qif (By)) —f(a) = ' (a > tr(QiB;) —a
< Sy @@ (3R o)
aP—1 Z?=1 tr (Qsz) —u ab — 21;1 tr (QzBf)
=4 {p ( Z?:l tr (Qi) ) * Z?:l tr (Qi) } .
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In particular,

B (Feen)
s (o) - i)

Proof. As above, from (3.1) we derive

vpl@—a)d ! +a” —aP] < f(2) — f(a) = (v —a) f'(a)

</
<Alp(z—a)a’ ! +a? — 2?]

for all z, acl

By making use of a similar argument as in the proof of Lemma 1 we derive the
desired result (3.2). O

Remark 4. If

(3.4) 253% <f"@) < 253% for any t e,
then
n o 1/2 " tr(Q:BY?
(3.5) 4 (E”‘,} tr(Q’Bl)) o (2:57)
Do tr(Qi) 2ic tr(Qs)

i tr[Qif (Bi)] (il tr(QiB)
= 21 tr(Qs) / < 2im tr(Q1) )

< [(zw@m)/ S (QiB;/z)} |

D tr(Qy) i tr(Qi)
We also have the following bounds:

Theorem 5. If P, > 0 with P, € By (H) and tr (P;) =1 fori € {1,...,n}, p; >0
with Y. p; =1, p € (0,1) and that A; are operators such that 0 <m < A; < M,
forie{l,...,n}, then for all a > 0 we have the lower and upper bounds

(3.6)

P i=1
<9 iz P P exp (a — 307 pitr (PA))

— n

H [77Pi (Ai)]pi

i=1

1_p n n
< exp (J(\f) [pap_l (sz tr (P A;) — a) +aP — sz' tr (P AY)
p\L—=p

=1 i=1

17p n n
1 <exp (PZ) lpa’”1 ( pitr (P A;) — a) + aP — Zpi tr (P, AY)
i=1
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Proof. If we take f (t) = tInt, then

t?r 1

p(l—p)t

g mli=P  Mi-P
p(i-p) {p(l—p)’p(l—p)}

From (3.2) applied for f (¢t) = tInt, t € [m, M] C (0,00), we get for Q; = p; P; and
B, =A

h(t) =

1-p n n
h [papl (Zpi tr (PiAi) — a) +aP = pitr(PAY)

i=1 i=1

<sztr P,A;InA;) —alna— (Ina+1) (sztr (P;A;) )

i=1

M'-P S
< —— |pa?! Zpitr(PiAi)*a +ap—Zpitr(PiAf)
p(1-p) i=1 i=1
which produces the desired inequality (3.6). |

Corollary 4. With the assumptions of Theorem 5, we have for all p € (0,1) that

(sztr (P A; ) sztr (P;AP) )

i=1

(3.7) 1 <exp (

)
(i pitr (PiAy) i A

[771%, (Ai)]pi

<

=

1

< exp (p( ) [(Zpltr (P;A)) ) sztr (P;AY)

i=1

)ﬂ ~.
Il

) |

N 2,
(3.8) 1 <exp 4m1/? <Z p; tr (PiAi)> - Zpi tr (PiA3/2>
i=1

Remark 5. Forp=1/2 we get

i=1

(Sieypstr (Pidy)) =m0

H [77Pi (Ai)] "

<

n 1/2 n
< exp AML/2 (Zpl tr (PiAi)> — Zpi tr (P¢A§/2)
=1

i=1

We also have:
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Corollary 5. With the assumptions of Theorem 5, we have for all p € (0,1) that

1 < pitr (PA;) T pitr (PiAf_p)
(39) I<exp (W [(i_l tr(PZAf)> - ; YO

H [np, (4;)] #PAD

< i=1

n Pitr(Pid;)

epan | = D)
n  pitr(P;A;) i
(Ermt)

2—
< 1 S pi tr (P As) < W( PATT)
= &P pA—p)m' P |\ = tr(H A?) ‘ Cw(PA2) ||

|

Forp=1/2, we also have

n n 3/2
(3.10) 1< 4 M pitr (PA )
: SEXP e — tr(PiA7) — Tw(BAD)

H [1p, (Ai)] "(P Ee)

< i=1

n Pitr(PiA;)

s | pitrPidi) G
=1 tr(PiAf)

< ) ot (P (P A3/2)
Sexp | g gt tr(PA7) i1 CuAl | ]

4. THE CASE OF ONE OPERATOR

Assume that P > 0 with P € By (H) and tr(P) =1and 0 < m < A < M for
some constants m, M. From (2.17) we then get

(tr (PA))~ (P4
np (A)

(4.1) 1 <exp (’yp [tr (PAP) — (tr (PA))"]) <

< exp (I [tr (PAP) — (tr (PA))P]),

for p € (—00,0) U (1,00), where 7, and I, are defined in Theorem 4.
For p =2 in (4.1) we get

(tr (PA))~ TP
Np (A)

(4.2) 1 <exp (2]1\/[ {tr (PAQ) — (tr (PA))ﬂ) <
< oxp (5= [ (P4?) - ()] ).
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while for p = 1, we derive

(tr (PA))~ (P
p (A)

(4.3) 1 <exp (ﬂj [tr (PA™Y) — (tr (PA))1D <
< exp (Af {tr (PA_l) — (tr (PA))q) .

From (2.20) we obtain

tr (PA?7P) tr (PA) \”
tr (PA2) (tr(PA2)>

)
)

(4.4) 1< exp (3, [t (PAZP) — [t (PA%)]" 7 (ix (PA)Y] )

np (A)

- (tr(PA) >tr(PA)
tr(PA?)

1 <exp (ﬁp

1
_ lnp (4) 707
= tr(PA)
( tr(PA) ) tr(PAZ)
tr(PA2)

< exp (f‘p

and by taking the power tr (PAz) >0,

tr (PA?7P) tr (PA) \”
tr (PA2) <tr (PA2)>

< exp (f,, [tr (PA2P) — [tr (PA2)]" " (1 (pA))p]) :

where 7, and T, are defined in Corollary 3 for p € (—o0,0) U (1,00).
Now, if we take p = 2 in (4.4) we derive

(45) 1 < exp (T; ll _ (tI‘ (PA))2

> = (tr(zj)(;t)r(PA)

tr(PA?2)

M (tr (PA))?
S exp (2 [1 T w(PA2)

while for p = —1,

| ftr (PA2))?
(4.6) 1 <exp (27712 tr (PA%) — T @A
np (4)
= ( tr(PA) >tr(PA)
tr(PA2)
r (PA2)]?
< exp (21\142 tr (PA3) — w ) .

17
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From (3.7) we get for p € (0,1) that

1-p

(tr (PA))~ (P4
p (A)

(4.7 1 <exp (pz—p)

1-p

M P (pAP
< exp (M [(tr (PA))” — tr (PA )])

(tr (PA) — tr <PAP>]) <

and for p = 1/2, that

(tr (PA))~ TP
np (A)

(48)  1<exp (4m1/2 [(tr (PA)Y? —tr (PAW)D <

< exp (4M1/2 [(tr (PA))l/2 —tr (PA1/2>D .

From (3.9) we get

1 2\71-p P 2—p
(49)  1<ex <p<1p)M1p [[er (PA2)]" (s (PA)? =t (PA )D
< np (A)

- ( tr(PA) )“(PA)
Tr(PA?)

= <p(1—pl)mlp [[tr (PA%)]" 7 (or (PA) — tr (PAH’)D

for p € (0,1) and for p = 1/2, that

4

np (A)

- ( tr(PA) )tr(PA)
tr(PA?)

[[tr (PA2)]"? (tr (PA)Y? — tx (PAY Q)D

< exp <mil/2 “tr (PAQ)]1/2 (tr (PA))l/2 —tr (PA3/2)}) .

5. FURTHER BOUNDS

We also have some simpler upper bounds as follows:

Proposition 2. If P, > 0 with P; € By (H) and tr (P;) = 1 for i € {1,...,n},
p; > 0 with 3" | p; = 1 and that A; are operators such that 0 < m < A; < M, for
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i€{l,....,n}, then
(S, pitr (PiAy))” i PP

[TIP,. (Az)} .

(5.1)

—-

=1

‘ -

< exp

s

n n 2
Zpi tr (HA?) - <sz tr (]DiAi)> )

i=1

< exp [2; (M — Zpi tr (PiAi)> (Zpi tr (PiA;) — m)}

<o [m (3-1) |

Proof. We observe that
n n 2
(5.2) Zpi tr (PA7) — <Z p; tr (P,Ai)>
i=1 i=1
= (M > pi tr(PiAi)> (sz' tr (PiA;) — m)
i=1 i=1

- Zpi tr [Py (MI — A;) (A; —mI))].

Since (M —t)(m —t) > 0 for all ¢ € [m, M], then by the continuous functional
calculus for selfadjoint operators we get that

(MI—A;)(A;—mI)>0,ie{l,..,n}.
If we multiply this inequality both sides by Pil/ >0 we get
PY2(MI - A) (A —mI)PY? >0, i€ {1,...,n},
and by taking the trace, we derive
tr [P (MI —A;) (A —mI)] >0, ie{l,..,n},
which implies that

ipi tr [P (MI — A;) (A —mlI)] >0

and by (5.2) we obtain

n n 2
i=1 =1

i=1 1=1
< %(M —m)’.

By utilizing (2.18) we derive the desired result (5.1). O
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We also have:
Proposition 3. If P, > 0 with P, € By (H) and tr (P;) = 1 for i € {1,...,n},

pi >0 with 3.1 | p; = 1 and that A; are operators such that 0 < m < A; < M, for
i€ {l,...,n}, then

(r pitr (PiA;)) Yy pitr(PiA)

(5.3) —
T] e (4]
M2 | & . -
<exp | - | Dopitr(RATY) - <ZPJT(BAJ>

2
M M
SeXp 2( m1>

Proof. If t € [m,M] C (0,00), then (M —t) (m~' —¢=') > 0. Since 0 < mI <
A; < MI,i€{l,..,n} hence by using the functional calculus for selfadjoint oper-
ators we get

(M — AZ) (m71 - A-_l) >0

for all i € {1,...,n}, which is equivalent to
(5.4) (M +m) > MmA;' + A,

forall i € {1,...,n}.
If we multiply (5.4) both sides by Pil/2 we get

(M +m) P, > MmP}?A7'P}? + P2 4,P)?

for allt € {1,...,n}.
If we take the trace and use its properties, we get

M +m > Mmtr (PA7") + tr (PA;)
for alli € {1,...,n}.
If we multiply by p; > 0 and summing over ¢ from 1 to n, we get
(5.5) M+m> MmZpi tr (PiA;l) —I—Zpitr (PA;).
i=1 i=1

From (5.5) we get
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which implies that

n n -1
Zpi tr (PZAfl) — ( Di tr (PzAz)
i=1 i=1
n n -1

<Ll LS ey - (Ypura)

- ar o ar i U 141 i U 144
“—m M mM z:lp z:lp
(LY
= " —

) n 1/2 n —1/2\ 2

- itI‘ PiAi - ltr PZAZ

( 7 \ 2P () ;p (PiAi)
. (1 ! )
=\Um i

By making use of (2.19) we derive (5.3). O

Remark 6. If0 <m < A<M and P >0 with P € By (H) and tr (P) = 1, then
we have the one operator inequalities

(tr (PA))~ " 1 2 >
. < — |tr (PA*) — [tr (PA
(5.6) O SO g [ (PA) [ (PAYF]
< exp |5 (O = or (PA)) (fr (P)] - )
m
()
<exp|-m|— -1
8 m
and
(tr (PA))~ "D M2 » .
. < — -
(5.7) 7 (A) S expy [tr (PA™Y) — [tr (PA)] }
2
< exp 1M % -1
2 m
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