SOME BOUNDS FOR THE RELATIVE ENTROPIC
NORMALIZED DETERMINANT OF POSITIVE OPERATORS IN
HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. For positive invertible operators A, B and = € H with |z| =1
we define the relative entropic normalized determinant Dy (A|B) by

D; (A|B) := exp <A% (ln (A_%BA_%>) A%x,x> .

Assume that 0 < mA < B < M A for some constants M and m. In this paper
we show, among others, that

(BA™1Bz,z) (Az,x) — (Bx,x)2:| > e

1<

= %P (Azx, z)

( (Bz,z) ) (Az,x)
< (Az,x)
D, (A|B)
1

< (BA~!'Bz,z) (Az,z) — (B, z)2 ] 2m?
= (Az,z)

for all z € H with ||z|| = 1.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,z) > 0 for all x € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [9], [10], introduced the normalized determinant A, (A)
for positive invertible operators A on a Hilbert space H and a fixed unit vector
x € H, namely ||z|| = 1, defined by A,(A) := exp {ln Az, z) and discussed it as a
continuous geometric mean and observed some inequalities around the determinant
from this point of view.

Some of the fundamental properties of normalized determinant are as follows,
[9].
For each unit vector « € H, see also [12], we have:

(i) continuity: the map A — A, (A) is norm continuous;

(ii) bounds: <A‘1x,x>_1 < AL(A) < (Az, z);
(ifi) continuous mean: (APz,z)"? | Ay(A) for p | 0 and (APz,z)'/? 1 A,(A)
for p T 0;
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) power equality: Ay(AY) = A, (A)t for all t > 0;

) homogeneity: A, (tA) =tA,(A) and A, (tI) =t for all ¢t > 0;
(vi) monotonicity: 0 < A < B implies Az(A) < A, (B);

i) multiplicativity: A,(AB) = A,(A)A;(B) for commuting A and B;

) Ky Fan type inequality: A,((1 —a) A+ aB) > AL (A)'"*AL(B)* for 0 <
a< 1l
We define the logarithmic mean of two positive numbers a, b by

b=a__if} £ q,

Inb—Ina

(1.1) L(a,b) :=
a if b= a.

In [9] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < mI < A < M1, where m, M are positive
numbers,

M1 —mlnM
(12)  0< (Az,2) — Ay(A) < L(m, M) [lnL(m,M)—&— 1
—m

for all z € H, ||z| = 1.
We recall that Specht’s ratio is defined by [18]

T e (0,1) U (1, 00),
(13) sy=1] )

lifh=1.

It is well known that limj,; S (h) =1, S(h) = S(+) > 1 for h > 0, h # 1. The
function is decreasing on (0,1) and increasing on (1, 00).

In [10], the authors obtained the following multiplicative reverse inequality as
well

(Az, x) M
14 1< <S|—
(14) — ALA) T m
for0<mI<A<MIandze€H, |z|=1.
For the entropy function n(t) = —tlnt, ¢ > 0, the operator entropy has the
following expression:
n(A)=—-AlnA
for positive A.
For z € H, ||z|| = 1, we define the normalized entropic determinant n,(A) by
(1.5) N, (A) :=exp (— (Aln Az, z)) = exp (n (A) z, x) .

Let € H, ||z|| = 1. Observe that the map A — n,(A) is norm continuous and
since

exp (— (tAln (tA) z, z))
=exp(— (tA(Int+1nA)z,z)) =exp(— ((tAlnt + tAln A) z, z))
=exp (— (Az,z) tlnt) exp (—t (Aln Az, z))
=expln (t_<A$’x)t) [exp (— (Aln Az, z))] ",
hence
(1.6) 0, (tA) = A0 [ (A)]
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fort >0 and A > 0.
Observe also that

(1.7) n.(I) =1and n,tI)=t""

for t > 0.
In the recent paper [3] we showed among others that, if A, B > 0, then for all
x € H,||z||=1and ¢t €[0,1],

1. ((1 =) A+tB) > (1, (A)"" (n, (B))".

Also we have the bounds

—(Az,x)
(1.8) <m> < np(4) < (Az,z)” A0,

where A >0 and z € H, ||z| = 1.

Definition 1. For positive invertible operators A, B and x € H with ||z|| = 1 we
define the relative entropic normalized determinant D, (A|B) by

D, (A|B) :=exp (S (A|B) z,z) = exp <A% (ln (A*%BA*%>) A%x,x> .
We observe that for A > 0,
D, (Allg) =exp(S(A|ly)x,x) = exp (— (Aln Az, z)) = n,(A4),
where n,(-) is the normalized entropic determinant and for B > 0,
D, (1g|B) :=exp(S(1y|B)z,x) = exp (In Bz, z) = A,(B),

where A, () is the normalized determinant.
Assume that 0 < mA < B < M A for some constants M and m. Motivated by
the above results, in this paper we show, among others, that

1< (exp

(BA™'Bz,z) (Az,x) — (Bm,x}j ) i

(4, 2)
(Az,x)
(Bz,x)
((Aw,m))
~  D.(AB)
- (BA™'Bz,z) (Az, x) — (Bz,z)* |\ *
= (&P (Az, )

for all z € H with ||z|| = 1.

2. MAIN RESULTS

We start to the following logarithmic inequalities:
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Lemma 1. For any a, b > 0 we have

(2.1) 1(1_miﬂ{a’b})2_1 (b—a)°

2 max{a,b} ) ~ 2max?{a,b}
<P bt na
a
<} (b—a)’ _1<max{a,b} 1>2
~ 2min?{a,b} 2 \ min{a,b} ’
Proof. Tt is easy to see that
b
b—t b—a
(2.2) /a e dt = - —Inb+1Ina
for any a, b > 0.
If b > a, then
1(b—a)’ bh—t 1(b—a)’
. — > > = .
(2:3) 2 a? —/a M=
If a > b then ,
b—t “b—t “t—b
[t [t [t
a t bt bt
and
1(b—a) “t—b 1(b—a)
2.4 — > dt > — .
(24) 2 b2 _/b t2 —2 a?

Therefore, by (2.3) and (2.4) we have for any a, b > 0 that
by 2 . 2
/ b tdt < 1 (b—a) 1 (mln {a, b} 1)

t2 = 2 max? {a, b} ~ 2 \max {a,b}
and
/bb_tdtgl ('bQ—a)2 _1 mz'%x{a,b}il 2'
o 12 2min® {a,b} 2 \ min{a,b}
By the representation (2.2) we then get the desired result (2.1). O

When some bounds for a, b are provided, then we have:

Corollary 1. Assume that a, b € [m, M] C (0,00), then we have the local bounds

1(b—a)® b—a 1(b—a)’
2. = < — -1 lna < =
(25) 2 M?2 — a nb+lnas 2 m?2
and, by swapping a with b,
1(b—a)? b—a _1(b—a)’
. - <Inb—1Ina— <= _
(2.6) 5 Shb-lna— —— <o

some constants M and m.

3

Theorem 1. Assume that 0 < mA < B < MA fo
Then for all a € [m,M] and z € H, ||z|| =1,
(2.7) 1 < (exp [((BA™'Bz,z) — 2a (Bx, ) + a® (Ax, x>)])ﬁ
a\ (Az,z 1
< (g)< >[exp (Bzx, z)]"
- D, (A|B)

1

< (exp [((BA™ Ba,a) 20 (Ba,a) +* (Az,))]) 7
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1

(2.8) 1< (exp [((BA™' Bz, w) — 2a (Bx,z) + a® (Az, z))]) 7
D, (A|B)
- (ae)“‘“’z) [exp (— (AB~1 Az, x))]*
< (exp [((BA™'Bz,z) — 2a (Bz,z) + a® (Az,z))]) >~ .

Proof. If we use the continuous functional calculus for selfadjoint operator T with
spectrum Sp T in [m, M] and the inequality (2.5) we have

1(T —aly)®  T—aly 1(T —aly)?
(2.9) e < " —lnT+(lna)1H§§T
for all a € [m, M].
Since 0 < mA < B < MA, hence by multiplying both sides by A=1/2 > 0 we
get 0 <m < A™Y/2BA~1/2 < A. By writing (2.9) for T = A=/2BA~1/2 we get

1 (A"/2BAY2 — a1y)?
2 M?
ATV2BA-Y? —aly

_ —1/2 3 4—1/2
< - In (A BA ) + (Ina) 1y

1 (A"12BA-Y2 —aly)®
=2 m2

and by multiplying both sides by A'/2 > 0, we derive
1
2M?
1 1/2 —1/2 3 A—1/2 1/2
< B-A {m(A BA )}A +(lna)A— A
a

1 2
< 1/2 (4-1/21p 4—1/2 _ 1/2
<53 2A (A BA alH) A

2
(2.10) AL/ (A—l/?BA—l/2 - alH) A2

for all a € [m, M].
Observe that

AL/2 (A’1/2BA’1/2 B alH)2 AL/2
— AL/ (A71/2BA71/2A71/2BA71/2 _9aA"12BA-1/2 o a21H) AL/2
=BA'B-2B +d*A

and by (2.10) we get

2—}\142 (BA™'B—2B +a*A)
1
<-p- A {m (A—l/QBA—l/Z)} AY2 4 (Ina)A— A

1 _
gﬁ(BA 'B—2B+a*4A),
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which gives that
1

(211) 535 ((BAT'B—2uB +a’A)z,x)

<3 (40 o (1) ) o

)(Ar,m)
€

1 _
< 52 <(BA 'B— 2aB+a2A) x,x>,

for all @ € [m, M] and =z € H, ||z| = 1.
If we take the exponential in (2.11), then we get

(2.12) 1 < exp {2]\142 ((BA™'Bz,z) — 2a (B, z) + a® <Am,x>)]
1 1/2 ~1/2 5 4—1/2 1/2 a {Az.)
< exp [a (Bz,z) — <A [ln (A BA )} A $,$> + In (e)

< exp [2;2 ((BA™'Bz,z) — 2a (Bz, z) + a® (Az, x))] ,

for all a € [m, M] and z € H, ||z| = 1.
This is equivalent to (2.7).
From (2.6) we get

1(T —aly)® . _1(T—a)?
§TSIDT—IH(GE)1H+GT SgT
for selfadjoint operator T with spectrum in [m, M] and for all a € [m, M].
If we take T'= A~Y/2BA~1/2 then we get
2
ﬁ (A—1/2BA—1/2 _ alH) <A Y2BAY2 _1n(ae) 1y + aAV/2B1AY?
< L (A_l/QBA_l/z _ a)2
2m?2
and by multiplying both sides by A'/2 > 0, we derive
L a1y2(4-1/2p4-1/2 % 41/2
i AYE (ATRBATE — a1y ) A
< A2 (1n A—I/ZBA-1/2) AY2 —1n(ae) A+ aAB~'A
1 2
< 1/2 (g=1/21p 4-1/2 _ 1/2
< 55 AY? (A72BA a) A
for all a € [m, M].

If we take the inner product over z € H, ||z|| = 1, then we get
1 2
T <A1/2 (a72BAY2 —a1y) A1/2z,x>

< <A1/2 (ln A*1/23A71/2) A2y, ac> —In(ae) (Az,z) + a (AB~ ' Az, z)

1 B 2
< Py <Al/2 (A_I/QBA /2 _ alH) A1/2x,$> ,

- 2m

which produces the inequality (2.8).
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Corollary 2. With the assumptions of Theorem 1, we have

(2.13) 1< |ex (BA™'Ba, ) (Az,x) — (Bx,z)” |\ "
| - ’ (Az, x)
( (Bz,x) ) (Az,z)
< \Hem)
- D.(AlB)
< | ex <BA_1B£C7J}> <A.’L‘,{I)> — <B.'L'7,’]j>2 T2
- ’ (Ax, )
and
218) 1< [exp|(BABE.) (v 3) - (Baa)* || BT
(2.14) < (exp i
< D, (A|B)
>~ (Az,z) 2 3 E
(Bz,x) (Az,z)?—(Ba,z){AB—1Az,z) | (Az.)
((A:I:,:c)) [exp ( o )}

IN

(BA™'Bz,z) (Az,z) — (Bz, z)? Pt
(Az, )

(exp

for allz € H, ||z|| = 1.

The proof follows by Theorem 1 for a = Ei‘:z; , which, due to the condition

mA < B < MA, belongs to the interval [m, M] fbr all z € H, [|zf| = 1.

Remark 1. Assume that 0 < mly < B < M1y for some constants M and m.
Then by Corollary 2 for A =1y we have

1

(2.15) 1< <exp [(Bgsc,:c> _ (B:c,x}Q])m
_ Br.a)
~ 1.(B)

1

< (exp |:<B2.73,Z‘> - (Ba:,a:>2D 2m?

and

(2.16) 1< (exp {<32x,x> - <Bx,3:>2Dﬁ
< 1, (B)

< (Bzx, x) {exp ((Bm,@fl _ <B_1x,x>)} (Bw,z)

< <exp [<BQx,m> - <Bx,z>2])ﬁ

forallz € H, ||z|| = 1.
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Assume that 0 <mA <1< MA for some constants M and m. Then by Corol-
lary 2 for B =1y we have

<A_1£C,$> <A.T,],‘> -1 ﬁ
(2.17) 1< (exp oo D
<Ax7$>—<Ax,x>
A4
ex <A71x’$> (Az,z) — 1 e

- ( Pl (e D
and
B

AL (A)
(A )~ [exp [~ ((A2,2) = (Aw)?) || 7

< <6Xp <A*1;c,z> (Az,x) — 1] ) 2mZ

(Az, )
for allz € H, ||z|| = 1.
If0<nly <A< Nlyg, then 0 < %A <1y < %A and by taking m = % and
M =1 in (2.17) and (2.18), then we get

<

n2

(A, ) (Az,z) — 1] > z

(2.19) 1< (exp o

T A4

<A71:U, ‘T> (Az,z) — 1 NTz
< (exp Ar.2) ])
and
e O )

Ax(4)
(A, z)~ A [GXP [* (<A2z,a¢> - (A:r,a:>2>H @

2
< <exp

<A’1x,m> (Az,x) — 1] ) 'z
forallxz € H, ||z|| = 1.

<

(Az, )
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We have the following reverses of Schwarz’s inequality

0 < (B%*,2) — (Bz,z)> < = (M —m)*, [11, p. 28]

N

and
(M —m)*
dmM

for all x € H, ||z|| = 1, where 0 < mly < B < M1y for some constants M and m.
By (2.15) we get

0 < (B%z,z) — (Bz,z)? < (Bz,z)?, [11, p. 27],

(2.21)

(Bx, ) { .
1. (B)

while by (2.16) we derive

(2.22) n,(B) _
(Bz, x) {exp (<B.r,x>_1 B <B71$,x>):| (Bz,x)

< (exp {<32x,x> - (Bnc?gchQ#2
exp [§ (3 1)’

€Xp {STiM (% - 1)2 <B$’x>2}

<

for all x € H, ||z|| = 1, where 0 < mly < B < M1y for some constants M and m.
We know the following reverse inequalities hold as well

(A™'2,2) (Az,2) < % 11, p. 24]
and
2
VN —/n
(A7 e, z) — (Az,z)"' < (nN)’ [11, p. 28],

for all x € H, ||z|| = 1, where 0 < nly < A < N1p for some constants N and n.
From (2.19) we then get

o —(Az,x)
(2.23) <A,AI>(A) < (exp

2

(A, z) (A, z) — 1] ) =

(Az, )

< exp [N“‘;n"’ <Asc,x>‘1] ,
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while from (2.20) we obtain

Ar(4)

(Az,z)~ Ao {exp [f (<A2$v$> - <Ax~’c>2)ﬂ

1
(Az,x)

(A7 2, z) (Az,z) — 1 i3
< (o[ )
NEE)
e R

for all x € H, ||z|| = 1, where 0 < nly < A < N1p for some constants N and n.

3. SOME RELATED RESULTS

If we take in (2.1) a =1 and b =u € (0,00), then we get

;(1_ min{l,u})2 1 (u—1)?

(3.1) max {1,u} ) 2 max?2 {1,u}

<u—1-—Inu
< 1 (u-— 1)? 1 (max{l,u} 1)2
~ 2 min? {1,u} 2 min {1, u}
and if we take a = u and b = 1, then we also get
1 min{1,u}\*> 1 (u—1)
(3.2) —“(1l-—] =————
2 max {1, u} 2 max? {1, u}

u—1
<lhuy— ——
U

_1 (u—1)> _1<max{1,u}_1>2.

= 2min®{1,u} 2
If uw € [k, K] C (0,00), then by analyzing all possible locations of the interval
[k, K] and 1 we have
min {1, %k} < min{l,u} <min{l, K}
and
max {1,k} <max{1l,u} < max{l,K}.
By (3.1) and (3.2) we get the local bounds

1 (u—1)> 1 (u—1)7
: S i A VS RS R G A
(3.3) 2 max? {1, K'} = =9 i {1,k}
and
(3.4) 17(U71)2 <1nufU71<1 (U71)2
' 2max? {1,K} — v~ 2min®{1,k}

for any u € [k, K] C (0,00).
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Theorem 2. Assume that 0 < mA < B < MA for some constants M and m.

Then
(3.5) 1 <exp [2rnax21{1]\/[} ((BA™'Bz,z) — 2(Bz,z) + (Ax7x>)}

_ exp((Ba,z) — (Az,))

- D, (A|B)

< exp [Qmmzl{lm} ((BA™'Bz,z) — 2(Bz,z) + (Aa:@)} ,
and

1 -1
(3.6) 1 <exp [2max2{1]\4} ((BA™'Bz,z) — 2 (Bz,z) + <Ax,a:>)}
D, (AlB)
~ exp ((Az,z) — (AB~ 1Az, x))
1

< exp [ ((BA~'Ba,x) — 2 (Ba, ) + <Az,z>)}

2min? {1, m}
forallx € H, ||z|| = 1.
Proof. From (3.3) we have for the selfadjoint operator T with0 < mly <T < M1y

that

1 1
(T-15)><T—1p—InT < (T —1x)%.

2max? {1, M} ~ 2min® {1,m}

If we write this inequality for T'= A~'/2BA~1/2 then we get

; (A—1/2BA—1/2 _ 1H>2
2max? {1, M}
<ATBATYE 1y~ (A7V2BATY?)

1

S
~ 2min® {1,m}

If we multiply this inequality both sides by A'/2 > 0, then we get
.
2max? {1, M}
<B-A-AV2(n(A72BATI2)) A1

1

So e
2min“ {1, m}

2
(3.7) A2 (,41—1/21%1—1/2 - 1H) A2

2
AL/2 (Afl/QBAfl/Q _ 1H> AL/2
Observe that
2
AL/2 (A71/2BA71/2 _ 1H) AL/2

— AL/ (A—l/QBA—lBA—l/Q _9AY2B A2 4 1H) AL/2
=BA'B-2B+ A
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and by (3.7) we get

«_
~ 2max? {1, M}
<B-A-AY2(n(A7Y2BA12)) 412

1
~ 2min® {1,m}

0 (BA™'B - 2B + A)

(BA™'B-2B+ A),

which gives that
<
~ 2max? {1, M}
< (Bz,z) — (Az,z) — <A1/2 (111 (A*I/QBA*1/2)> A1/2:r,x>
1

S ST
2min“ {1, m}

(3.8) 0 ((BA™'Bz,z) — 2(Bz,z) + (Az, z))

((BA™'Bz,z) — 2(Bz,z) + (Az, z))

for all x € H, ||z|| = 1.
If we take the exponential in (3.8), then we get the desired result (3.5).
By (3.4) we obtain

1 2 —1
—— (T -1 <InT-1 T
S (1,00} L~ e) ST =l
1 2
< (T-1y)?,
~ 2min? {1,m} ( #)
which implies that
1 2
. S VY YR Ve )
2max2 {1, M} ( a
<In (A—1/2BA—1/2) e Al/2Rg-141/2
1

< - (A—1/2BA—1/2 _ 1H)2.
~ 2min® {1,m}

If we multiply this inequality both sides by A'/2 > 0, then we get

1
2max? {1, M}

< A2 (ln (A*1/2BA*1/2>) AYV2 A4 ABA

1 2
< ——— AV (ATVPBATY? — 1) AV2
= 2min® {1,m} ( H)

AL/2 (A’1/2BA’1/2 _ 1H)2 AL/2

By taking the inner product over = € H, ||z|| = 1, we deduce (3.6).
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Remark 2. Assume that 0 < mly < B < M1y for some constants M and m.
Then by Theorem 2 we get

(3.9) 1 <exp {m ((B®z,z) — 2(Bz,z) + 1)]
exp ({Br,z) — 1)
15(B)
1 2
< exp [2mm2{1,m} ((B*z,z) — 2(Bz,z) + 1)}
and
1 2
(3.10) 1 <exp {W“M} ((B?z,2) — 2(Bz,x) + 1)]
15(B)
~ exp(l— (B lz,x))
1 2
< exp [2mm2{1,m} ((B*z,x) — 2(Bz,z) + 1)}

for allx € H, ||z|| = 1.
If 0 < nlyg < A < Nlg for some constants N and n, then by Theorem 2 we
also obtain

(3.11) 1 <exp [; min {1,n*} ({47 'z, z) + (Az,2) — 2)-

exp (1 - (Az, )
=T A4

< exp B maX{l,NQ} (<A_1m,ac> + (Az,x) — 2)

and

(3.12) 1 <exp [; min {1,n2} (<A*1x,x> + (Az,x) — 2)

3 A (4)
~ exp ((Az,z) — (A%x, x))

< exp B max {1,N2} (<A_1x,x> + (Az,z) — 2)

for allz € H, ||z|| = 1.

Observe also that for u € [k, K] C (0, 00) we have

{— min {1, u} S min {1, K'} >0
max {1,u} max {1, k}
and
max {1,u} 1< max {1, K'} 1
~ min{l,u} ~ min{l, k} '
Now, by (3.1) and (3.2) we get the global bounds
1 in {1, K}\° 1 1, K ?
(3.13) L omindLERNT g < L (ALK}
2 max {1, k} 2 \ min{1,k}
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and

1 min {1, K} 2 u—1 1 (max{l,K} 2
.14 —1——— ) <lnu-— <—-|—F— -1
(3:.14) 2 ( max{l,k}) = u 2 ( min {1, k}

for all u € [k, K] C (0,00).

Theorem 3. Assume that 0 < mA < B < MA for some constants M and m.

Then
(3.15) 1 <exp % (1 — m> (Az, x)
exp ((Bz,z) — (Az,x))
- D, (A|B)
1 (max {1, M} 2
< exp l? (min{l,m} B 1) (Az, )
and
. 2
(3.16) 1< exp % <1 - m> (Az, z)

D, (A|B)
~ exp ((Az,z) — (AB~ 1Az, z))

< exp ll (mx{lM} - 1>2 (Az, z)

2 \ min {1, m}

forallx € H, ||z|| = 1.

Proof. From (3.13) we have for the selfadjoint operator 7" with 0 < mly < T <
MlH that

1 in {1, M})? 1 1, M 2
L omindLMINT < L (max AL MY
2 max {1, m} 2 \ min{1,m}

If we write this inequality for T = A='/2BA~1/2, then we get

. 2
1 <1 _ mln{l,]\/[}> < A~Y2BA-1/2 _ 1y —1In (A—1/2BA—1/2>

2 max {1, m}
2
<1 mz?x{l,M}_l .
~ 2 \ min{l,m}
If we multiply this inequality both sides by A'/2 > 0, then we get

1<1_ min{l,M})zA

2 max {1, m}
<B_A— A2 <1n (A—I/QBA—1/2>)A1/2

< 1 (HM{LM}1>2A

~ 2 \ min{1,m}
By employing now a similar argument to the one in the proof of Theorem 2 we

derive (3.15).
The inequality (3.16) follows in a similar way from (3.14). O
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Remark 3. Assume that 0 < mly < B < M1y for some constants M and m.
Then by Theorem 3 we get

a1 rzes ) (1200

max {1, m}

eop((Bra)—1) 1 (max (LM} |}
1.(B) Seplz(min{l,m} l)]
and

(3.18) 1 Sexp[ g min{l, M}) ]

max {1,m}
1,(B) 1 /max{l, M} 2
< —_— -1
S oo (= (B 1z,2)) = &P [2 (min{l,m}
for all z € H, ||z|| = 1.

If 0 < nlyg < A < Nlg for some constants N and n, then by Theorem 2 we
also obtain

. 2
(3.19) 1< exp [; (1 - mm{lN}) (Az, z)

max {1,n}

exp (1 — (Az, z))
- Ay (A)

2
< exp [; <m - 1) (Az, )
and
: 2
(3.20) 1< exp % (1 - M) (Az, z)

Ay (A)
~ exp ((Az, z) — (A%z,z))

< exp [; (M - 1)2 (A, z)

for all z € H, ||z|| = 1.
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