BOUNDS FOR RELATIVE ENTROPIC NORMALIZED
DETERMINANT OF POSITIVE OPERATORS IN HILBERT
SPACES VIA KANTOROVICH CONSTANT

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. For positive invertible operators A, B and = € H with |z| =1
we define the relative entropic normalized determinant Dy (A|B) by

D; (A|B) := exp <A% (ln (A_%BA_%>) A%x,x> .

In this paper we show, among others, that, if the positive invertible operators
A, B satisfy the condition 0 < mA < B < M A for some constants m, M, then
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m

M (Az,x)
<5 (o)
m

for all x € H with ||z|| = 1, where K (-) is the Kantorovich constant.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,x) > 0 for all z € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [11], [12], introduced the normalized determinant Ay(A)
for positive invertible operators A on a Hilbert space H and a fixed unit vector
x € H, namely ||z| = 1, defined by A, (A) := exp (In Az, x) and discussed it as a
continuous geometric mean and observed some inequalities around the determinant
from this point of view.

Some of the fundamental properties of normalized determinant are as follows,
[11].

For each unit vector x € H, see also [14], we have:

(i) continuity: the map A — A, (A) is norm continuous;
(ii) bounds: <A*1x,x>_l < AL(A) < (Az,x);
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(iii) continuous mean: (Apa:,x>1/p | Az(A) for p | 0 and (Apx,a:>1/p 1T AL(A)
for p T 0;
(iv) power equality: A, (A") = A(A)" for all ¢ > 0;
v) homogeneity: Ayz(tA) =tAL(A) and Ay (tI) =t for all t > 0;
(vi) monotonicity: 0 < A < B implies A, (A) < A, (B);
)
)

A~

<

(vii) multiplicativity: A,(AB) = Ay(A)A,(B) for commuting A and B;
(viii) Ky Fan type inequality: A, ((1 —a) A+ aB) > A, (A)17*A,(B)* for 0 <
a<l

We define the logarithmic mean of two positive numbers a, b by
b—a__ if p £ q,

Inb—Ina

(1.1) L(a,b):=
a if b = a.
In [11] the authors obtained the following additive reverse inequality for the
operator A which satisfy the condition 0 < mI < A < MI, where m, M are
positive numbers,
MInm—mlnM

1
M—m

(1.2) 0< (Az,z) — Ay(A) < L(m,M) {lnL(m,M) +

for all z € H, ||z| = 1.
We recall that Specht’s ratio is defined by [21]

T e (0,1) U (1, 00),
(13) S(h) — eln(hh—1>

lif h=1.

It is well known that lim, S (h) =1, S(h) = S () > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00).

In [12], the authors obtained the following multiplicative reverse inequality as
well

(Az, x) M
14 1< <S|—
(14) — ALA) T m
for0<mI<A<MIandzeH,|z|=1.
For the entropy function 7 (¢) = —tlnt, ¢ > 0, the operator entropy has the
following expression:
n(A)=—-AlnA
for positive A.
For z € H, ||z| = 1, we define the normalized entropic determinant n,(A) by
(15) na(A) 1= exp (— (Aln Az, 2)) = exp (n (A) 2, 7) .

Let € H, ||z|| = 1. Observe that the map A — n,(A) is norm continuous and
since

exp (— (tAln (tA) x, x))
=exp(— (tA(lnt+InA)z,z)) = exp (— ((tAlnt + tAln A) z, x))
=exp (— (Az,z) tInt) exp (—t (Aln Az, z))

— expln (t7<Az,w>t) exp (— (Aln Az, 2))] ",
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hence
(1.6) N, (tA) = 145 [ (A4)]7

for t >0 and A > 0.
Observe also that

(1.7) n,(I) =1and n,(tI) =t""

for t > 0.
In the recent paper [5] we showed among others that, if A, B > 0, then for all
z € H,||z||=1and ¢t €[0,1],

1. (L =) A+tB) > (1, (A)"" (n, (B))".

Also we have the bounds

—(Az,x)
() (W) < 0. (4) < (Aa,a)” A,

where A > 0 and z € H, ||z|| = 1.

Definition 1. For positive invertible operators A, B and x € H with ||z|] = 1 we
define the relative entropic normalized determinant D, (A|B) by

D, (A|B) :=exp (S (A|B) z,x) = exp <A% (ln (A_%BA_%)) A%x,x> .
We observe that for A > 0,
D, (Allg) =exp(S(A|ly)x,x) = exp (— (Aln Az, z)) = n,(A4),
where 7,(+) is the normalized entropic determinant and for B > 0,
D, (1g|B) :=exp(S(1g|B)z,x) = exp (In Bz, z) = A,(B),

where A, (+) is the normalized determinant.

2. MAIN RESULTS

We consider the Kantorovich’s constant defined by

(h+ 1)
4h

The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (1) for any h > 0.

The following multiplicative refinement and reverse of Young inequality in terms
of Kantorovich’s constant holds

(2.1) K (h) = , h>0.

(22)  (a“U <) KT (%) a7V < (1-v)a+uvb< KR (%) al=vp”

where a,b >0, v € [0,1], r =min{l — v,v} and R = max {1 —v,v}.
The first inequality in (2.2) was obtained by Zuo et al. in [23] while the second
by Liao et al. [17].
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Theorem 1. Assume that the positive invertible operators A, B satisfy the condi-
tion 0 < mA < B < MA for some constants m, M, then

[%(Az,z)— T <A1/2|A71/2BA’1/2—%(m+M)1H|A1/2m,m>]
")

(2.3) 1<K (

D, (A|B)
m M(Ami\;l:'EBm‘m) Iv; (Bm,m})\/[—:n;’(LA:c,:c)

M [%(Az,w}-ﬁ- S — <A1/2|A71/2BA71/2—%(7TL+M)1H|A1/2x7$>]
()

<

m

M (Azx,z)
<K ()
m

for all x € H with ||z| = 1.

Proof. Assume that t € [m, M] and consider v = 772 € [0,1]. Then

1 1 1 t—m 1
1 1— = — — —_— = - — =
min { v, v} 5 v 2' 5 W —m 2'
1 1 1
_Q_M—mk_“m+M*
1 1 1 t—m 1
1- =4 ly—2|= =
max { v,v} 2—|— v 2‘ ) ‘M—m 2'
1 1
=z t—=(m+M
A v SRS
(I—v)ym+vM = L ALy y g
—m —m
and
M—t t—m

miTV MY = m™M=m M M=m |

By using (2.2) we get

e v
(2.4) mM™M=m M M=m < {K( ):| mM—m M M—m

M\t
()
m

S

for t € [m, M].
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By taking the log in (2.4) we get

(2.5) M_tlnm—l— ™ M
—-m —m
e Lmeanf] i (2)
+]€[4_;;lnm+z\t4_ In M
<1nt<[;+M m‘t—m—&—M)Han(%)
—I—M_tlnm—kj\z_m In M
<K (?ﬁ) + ]\Aj__; Inm + AZ__mm In M

for t € [m, M].

If 0 < mIi <T < MI, then by using the continuous functional calculus for
selfadjoint operators we get from (2.5) that

MlH T T—mlH
2. 1 — t+In M ——
(2.6) nm— + M -

1 M
< | = _ S -
< |:21H M m T erM)lHH 111K<m>

M1y —T T mly
STH T e
M—m +n M—m

! ‘T— % (m + M) IHH In K (K)

+Inm

M—m
MlH—T T—mlH

Inm—— +InM
+an—m+n M—-—m

M MlH—T T—mlH
<InhK|—]1 Inm———— +InM———.
= (m) Htinm ‘Mfm_kn M—m

1
<InT < |:21H +

Since 0 < mA < B < M A, hence by multiplying both sides by A='/2 > 0 we get
0<m< A"Y/2BA-Y2 < A. By writing (2.6) for T = A=/2BA~1/2 we get

Mly — A~1/2BA-1/2 A-Y2BA1/2 g1
Inm H +InM meH

M—m M—-—m

1 | X M
<1y, 2B A-1/2 _ M
< |:21H _m‘A BA~ 2(m+M)1HH 1HK<m)

_A-1/2 —1/2 —1/2 —-1/2 _
+1an1H A BA +111]\4A BA mlH
M—-m M—-m
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<In (A‘l/QBA‘1/2>

1 1 1 M
<|z1 A"Y2pA-12 2 M)1y||InK | —
_{2H+M—m‘ 2(m—|— )H n m

M1y — A~1/2BA-1/2 A-12BA-12 1
+Inm Ll +InM miua
M —m M —m

M1y — A~1/2BA-1/2 | A12BATYZ —mly
M—-—m +n M—-—m '

M
<InK () g +1Inm
m

Now, if we multiply this inequality both sides by A2 > 0, then we get

MA—-B B—-mA
M —m +lnMM—m
M 1 1
<InK|—)|zA— ———A'?
= (m) {2 M—-m
MA—-B B—-mA
R 7S

< AY/? [ln (A*WBA*W)} AL/2

<InkK <M) {114 + $A1/2

Inm

A—1/2BA—1/2 _ % (m+M) 1H’ A1/2:|

ATY2BATY? % (m+ M) 1H’ AW}

m 2 M—m
+lnmﬁ —1—111M§4_7:71;4
<InK <Aﬂf) A+1Dm% —&—lnM%.
If we take the inner product over z € H with ||z|| = 1, then we get

M{Az,x)—(Bx,z) (Bz,z)—m(Az,x)
In (m M—m, M M—m )

M [%(Az,m)f T <A1/2|A’1/2BA71/27%(m+M)1H|A1/2x,m>}
<InK (>

M (Az,z)—(Bz,x) (Bx,z)—m(Ax,x) )

+In (m M=m M M=m

< <A1/2 {m (A‘l/QBA‘l/Qﬂ Al/%:,x>

5 (Ax,x — —5(m H B x,Tr
[$(A2,2)+ 575 (A2 A=Y 2BATY 2 L (m M) 1| AV 2 ,2)]
m>

San(

M (Az,z)—(Bz,x) (Bx,z)—m(Ax,x) )

+1n (m M—m M M—m

(Az,x)
M(Az,z)—(Bz,z) (Bz,z)—m(Az,x)
+ ln m M—m /\4 M—m .

San(
m

and by taking the exponential, we derive the desired result (2.3).



BOUNDS FOR RELATIVE ENTROPIC NORMALIZED DETERMINANT 7

Corollary 1. Assume that the positive invertible operator B satisfies the condition
0<mly < B< Mlyg for some constants m, M, then

1 1 1
M [5_Mfm<|B_5(7"+M)1H|7J’w>]
2.7 1<K|—
(2.7) = <m>
1,(B)
S M—(Bxz,z) (Bz,x)—m

m~ M-m N[ M-m

[l+ﬁ<|3*l(m+M)lH|w,z>]
<K <M> ’ i <K (M)
m m

for all x € H with ||z| = 1.
Also, we have:

Corollary 2. Assume that the positive invertible operator A satisfies the condition
0<nly <A< N1y for some constants n, N, then

N [%{Aw,x)— e <|nN—%(n+N)A a:,z>]
(2.8) 1<K ()
n
Ax(A)
N(n—(Az,z)) n((Az,z)—N)
N—n n N-—n

A\ L3 (Aza)+ s (
()

(Az,x) N
() ox(
n n

for all x € H with ||z| = 1.

N
ané(n+N)A|a:,m>}
<K

Proof. If we assume that 0 < mA < 1y < M A for some constants m, M, then for
B =1p in (2.3) we get

2.9 Lo g (M (e afes]
. < i
(2.9) < (m>
A (A)
= M(Az,z)—1 1—m(Az,z)

m M—m M M—m

( M) [3 (Az,2)+ 57t (|1- 3 (m+- M) Al e )

<K
m
(Az,x)
< (%)
m

for all x € H with ||z| = 1.
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If

0 < nlyg <A< Nlg, then %A < lyg < %A and by taking M = L
m = % in (2.9), we get

n and
1y [Frn - (- (e A)Ales)]
x(f)
N
Az (A)
- Liaz,z)—1 1- 4 (Az,2)
1 T_ 1 1 T _T
(%) =~ (3) »n
1 [%(Aw,w>+L7% <‘172(n+%)A|w,w>:| 1 (Az,z)
x(p) ()
N N
which is equivalent to (2.8). O

3. RELATED RESULTS
We also have:

Theorem 2. Assume that the positive invertible operators A, B satisfy the condi-
tion 0 < mA < B < MA for some constants m, M, then

D, (A|B)
3.1 1< . w.2)—m(Az,®
( ) —= mIW(AzJ,é)_—"(LBm,m>M(B ) (Az,z)

I —m

< oxp ((MA—B)A™' (B—mA)z,z)

(M —m)?
< — (A
Mm ]_GXP[ 4Mm (Az,z)
for all x € H with ||z| = 1.

Proof. In [1] we obtained the following reverses of Young’s inequality:
1< (I-v)a+vd

D oot (x(3) )]
where a, b > 0, v € [0,1].

This is equivalent, by taking the logarithm, with

(b—a)®
ba

0<In((l-v)a+vb)—(1—-—v)lna—vinb<v(l-v)
where a, b > 0, v € [0,1].

If we take a = m, b= M, t € [m, M] and v = {72 € [0, 1], then we get
0<lnt— M=t

2
I — t—mlnMS(M—t)(t—m)(M—m)
m M —

(M —m)? Mm
_ (M-t (t—m)
Mm '

Using the continuous functional calculus for selfadjoint operator T' with 0 < mly <
T < M1y we have that

MlH—T T—mlH (MlH—T)(T—mlH)
. < — — <
(32) 0<InT—Inm Y- lnMM_m m
(M —m)’
< ——1p.
= 4Mm Y
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By writing (3.2) for T = A=/2BA~Y/2 we get

0<In (A*1/2BA*1/2)
M1y — A~1/2BA-1/2 | MA—l/QBA—l/2 —mly

—Inm U —m —In U —m
_ (Ml — ATV2BATV2) (A712BAY2 i)
- Mm

2
< MIH.

— 4Mm

Now, if we multiply this inequality both sides by A2 > 0, then we get

MA-B B —mA
< AL/2 —1/23 4—1/2 1/2 _ _
0< A2 (In (A7/2BA7Y2)) A2 —lnm = M
< AY2 (M1y — A=Y2BA=Y2) (A"Y2BAY2 —mly) AV/?
- Mm
(M —m)”
< A
-~ 4AMm 7
namely
MA-B B —mA
< Al/2 —1/23 A—1/2 12 _ MA=-5L L—-ma
0< A (ln(A BA ))A lan_m lnMM_m
_ -1 _ — 2
< (MA—B)A™' (B —mA) < (M —m) A
- Mm - 4Mm
If we take the inner product over x € H with ||z|| = 1, then we get
0< <A1/2 (m (A—1/2BA—1/2)) Al/%c,x>
_ ln (m Al(AJ;I,VJI;)_:r(LBw,w) M (Bm,m])uf_n;i/lm,w) )
(MA-B)A™Y(B—mA)z,z) (M —m)’
< < .
= Mm < im0
If we take the exponential, then we get the desired result (3.1). O

Corollary 3. Assume that the positive invertible operator B satisfies the condition
0<mly < B< Mlg for some constants m, M, then

1.(B)
(3'3) 1 S M—(Bm,:> (Bz,z)—m
m- M—-m M—m
(M1yg — B) (B —mly)x,z) (M —m)?
< < A
= OXP Mm =P Mm

for all x € H with ||z| = 1.

Also, we have:
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Corollary 4. Assume that the positive invertible operator A satisfies the condition
0<nly <A< Nlg for some constants n, N, then

Ar(4)

N(n—(Az,z)) n((Az,z)—N)
N-—n n N—n

(34) 1<

< exp [<(A —nly) AN (N1y — A) m,x>] < exp lw

for all x € H with ||z| = 1.

In [2] we obtained the following refinement and reverse of Young’s inequality:

. 2
(3.5) exp l;u (1-v) (1 - m> 1
(I-v)a+vwvb
al-vpv

1 max {a,b} 2
< - _ _
< exp [21/(1 V) <min{a,b} 1> ] ,
for any a, b> 0 and v € [0,1].

Theorem 3. Assume that the positive invertible operators A, B satisfy the condi-
tion 0 < mA < B < M A for some constants m, M, then

((MA—B)A™' (B—mA)z,x)
2M?

D, (A|B)
m AI(AIE\;l:,iBm,m) v; (Bm,m])uflr:ri/lz,z)

< exp <(MA - B) A;mgB - mA):c,33> <exp [é (Anf - 1) (Az, )

(3.6) 1<exp

<

for all x € H with ||z| = 1.
Proof. From (3.5) we have

exp By (1-v) (1 - ;’;)1

LzyymtvM o [%(1—@ (%—1)21 ,

ml=vMv 2
for v € [0,1].
By taking the logarithm, we obtain
1 m\2
(3.7) §V(1 —v) (1 - M)

<In((l-vym+vM)—(1—-v)lnom—-vinM

o (M),

<

DN | =

for v € [0,1].
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If we take a = m, b= M, t € [m, M] and v = =" € [0,1], then we get

M—m
(M —1t)(t—m) M-t t—m
2 N Y < Int— 1 — In M
2M?2 R Vb VR
<(M—t)(t—m)
- 2m?

for all t € [m, M].
As above, we have
(M _ Afl/QBAfl/Q) (Afl/ZBAfl/Q _ m)
2M?2
<In (A—1/2BA—1/2)

M1y — A~1/2BA-1/2 | MA*WBA*/2 —mly

—1 —
nm M—-—m " M—m
(M_A—I/QBA—1/2) (A_1/2BA_1/2—?7’L)
<
- 2m?2
and by utilising a similar argument to the one in Theorem 2, we derive the desired
result (3.6). O

Corollary 5. Assume that the positive invertible operator B satisfies the condition
0<mly < B< Mlyg for some constants m, M, then

((M1yg — B) (B—ml;ﬁm,x)]

(38)  1<exp {

2M?2
n.(B)
—_ M—(Bz,z) (Bx,z)—m
m- M-m M—m
Ml — B) (B —ml 1 /M 2
< oxp (M1g — B)(B—mly)x,x) <oxp |t (M
2m? 8\ m

for all x € H with ||z| = 1.
Finally, we can also state that:

Corollary 6. Assume that the positive invertible operator A satisfies the condition
0<nly <A< Nlg for some constants n, N, then

(39) 1< exp | A=A A;V(MH —4) x’aﬂ
< N(n—<AﬁT>(Av?<<Az,z>—N>
SIETE g Ee)
< oxp | VA= L) A;;m,{ —A) x,x>] “ exp [(Nzu:f:f (Ao, 2)

for all x € H with ||z| = 1.
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