SOME BOUNDS FOR THE RELATIVE ENTROPIC
NORMALIZED DETERMINANT OF POSITIVE OPERATORS IN
HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. For positive invertible operators A, B and = € H with |z| =1
we define the relative entropic normalized determinant Dy (A|B) by

D; (A|B) := exp <A% (ln (A_%BA_%>) A%x,x> .

In this paper we show among others that, if 0 < A;, B;, ¢ € {1,...,n} with
0 <mA; < By < MA;, i € {1,...,n}, then for all p; > 0 with > ; p; =1,

(Z?:l Pi(Biz,z))Z?:l pi{Aiz,x) (M )2 "

o pi{Aiz,x) —m

1< 1 L < exp - Zpi (Am,ac))
11 (D= (Ai|By)]P =t
i=1

and

[1 D= (As|Bi)
1=1

<
= )Z;L_I pi(Aiz,x)

>t pi{Az,z)
" 1
>y Pi<A1‘,Bi Aiz,z>

M —m)? &
< ow G Yn <Amw>>
i=1

for all x € H with ||z|| = 1.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,z) > 0 for all x € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [9], [10], introduced the normalized determinant A, (A)
for positive invertible operators A on a Hilbert space H and a fixed unit vector
x € H, namely ||z| = 1, defined by A,;(A) := exp (In Az, x) and discussed it as a
continuous geometric mean and observed some inequalities around the determinant
from this point of view.

Some of the fundamental properties of normalized determinant are as follows,
[9].
For each unit vector x € H, see also [12], we have:
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(1) continuity: the map A — A, (A) is norm continuous;
(ii) bounds: <A‘1m,x>_1 < AL(A) < (Az, z);
(ifi) continuous mean: (APz,x)"P | Ay(A) for p | 0 and (APz,2)'/" 1 A,(A)
for p T 0;
) power equality: A, (AY) = A, (A)! for all t > 0;
) homogeneity: A, (tA) = tA,(A) and A, (tT) = ¢ for all ¢ > 0;
(vi) monotonicity: 0 < A < B implies Az(A) < A, (B);
1) multiplicativity: A, (AB) = A,(A)A,(B) for commuting A and B;
) Ky Fan type inequality: A,((1 —a) A+ aB) > Ay (A)'7*A,(B)* for 0 <
a <1

We define the logarithmic mean of two positive numbers a, b by

lng:?na if b 7& a,
(1.1) L(a,b) =
aif b = a.

In [9] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < mI < A < M1, where m, M are positive
numbers,

MInm—mlnM
M—-—m

(1.2) 0< (Az,z) — AL(A) < L(m,M) {lnL(m,M)—&— 1

for all z € H, ||z| = 1.
We recall that Specht’s ratio is defined by [18]

BT i e (0,1) U (1, 00),
(13) S(h) — eln(hh—1>

lifh=1.

It is well known that lim,—1 S (h) =1, S(h) = S(3) > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00).

In [10], the authors obtained the following multiplicative reverse inequality as
well

(1.4) 1< 24:(73 <S (Anf)

for0<mlI <A< MIandxeH, |z| =1.
For the entropy function 7 (¢) = —tlnt, ¢ > 0, the operator entropy has the
following expression:

n(A)=—-AlnA

for positive A.
For z € H, ||z| = 1, we define the normalized entropic determinant n,(A) by

(L.5) N, (A) :=exp(— (Aln Az, z)) = exp (n(A) z,z) .
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Let © € H, ||z|| = 1. Observe that the map A — 1,(A) is norm continuous and
since

exp (— (tAln (tA) z, z))
=exp(— (tA(Int+1InA)z,z)) =exp(— ((tAlnt +tAln A) z, z))
=exp (— (Az,z) tlnt) exp (—t (Aln Az, z))
=expln (t7<AI’I>t) [exp (— (Aln Az, z))] ",
hence
(1.6) 0, (LA) = 145 [, (A)]

fort >0 and A > 0.
Observe also that

(1.7) n.(I) =1and n,(tI) =t""
for ¢t > 0.

In the recent paper [3] we showed among others that, if A, B > 0, then for all
x € H,||z||=1and ¢t € [0,1],

n(L—t) A+tB) > (n, (A)' " (n, (B))".
Also we have the bounds
—(Az,x)
<A2x x>
1. ikt < (A) < (Ag, )~ Ao
(1) <<AM>> <, (4) < (Az, )45
where A >0 and z € H, ||z| = 1.

Definition 1. For positive invertible operators A, B and x € H with ||z| = 1 we
define the relative entropic normalized determinant D, (A|B) by

D, (A|B) :=exp (S (A|B) z,z) = exp <A% (ln (A_%BA_%)) A%x,x> .
We observe that for A > 0,
Dy (Allg) = exp (S (AlLn) z, 2) = exp (= (Aln Az, z)) = 1, (A),
where 7,(+) is the normalized entropic determinant and for B > 0,
D, (1g|B) :=exp(S(1g|B)z,x) = exp (In Bz, z) = A,(B),

where A, (+) is the normalized determinant.
In this paper we show among others that, if 0 < A;, B;, i € {1,...,n} with
0<mA; <B; < MA;, i €{l,...,n}, then for all p; >0 with Y/ | p; = 1

(21;1 Pi(Biw,$>)E?:1 pi(Aiz,) ( )2 N

2oy pi{Aizr,x) M—-—m

< < N 7 . .

1< < exp ( i Eﬁ i (Am,:r))

n

L1 (D= (il B
and
10 (415
(zyl;i@;B;,;ﬂ,@)
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for all x € H with ||z| = 1.

2. MAIN RESULTS

We start the following main result

Theorem 1. Assume that 0 < A;, By, i € {1,...,n}, then for all s >0 and p; > 0
with 377 pi =1

(2.1) exp (Z p; (A;x,x) — %sz (B;x, x))
i=1 i=1

g2izy Pif{Aiz,x)

— n

[T D: (Ail B

i=1

< exp (sZpi (A4;B; ' Az, ) — Zpi <Aim7x>> ,

i=1 i=1

for all x € H, ||z|| = 1.
In particular,

i pi{Aiw,z)

11D. (4B

i=1

< oxp [ ZimePiBiz2) Ty p (ABT i) = (L i (Aias 2))°
- S pi (A, ) |

(Ehe pi<Bix,x>)Z?':1 pildin)
(2.2) 1<

forallx € H, ||z|| = 1.

Proof. We use the following gradient inequality for differentiable convex function
f on the open interval I

fr&)t=—s)<ft)—f(s)=f@)E—>s)

forallt, s € I.

If we use the continuos functional calculus for the selfadjoint operator 1" with
Sp (T') C I, then
(2.3) () (T =sly) < f(T) = f(s)1u < f/(T)(T = slu)
for all s € 1.

Let I = (0,00). Since 0 < A;l/zBiA;lﬂ, i € {1,...,n}, by writing (2.3) for
T= A;l/zBiA;l/Q we get
(2.4) 1) (A7 BAT — sy

<f (A;l/QBiA;W) —f(s)1n

< f/ (A;l/QBiA;l/Q) <A;1/2BiA;1/2 _ slH)

for alli € {1,...,n}.
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If we multiply both sides by Ai/Q > 0, we get

f'(s) (Bi — sAi)
< AP (A7PBAT) AV < f () A

< A;/2f' (A;1/2BiAi_1/2) A;1/2Bi _ 5A3/2f’ (Ai—1/2BiAi—1/2> Al;/2

for all i € {1,...,n}.
Further if we multiply by p; > 0 and sum over i from 1 to n, then we get

/ S) (i:piBi — Si:piAz)
i=1 i=1
< n piAY2f (ATV2R A2 412 _ -
2o J 4" =503
< ZpiAi/Qf’ (Ai_l/gBiAi_l/2> A
=1

~1/2p

3

B Si:piA}/zf/ (A;1/2BiA;1/2> A}/z

for all s > 0.
Further, if we take the inner product over « € H, ||z|| = 1, then we get the scalar

inequalities

(2.5) (Zp, (Bix,x) sz AI:E)

1/2 —1/2 1/2) 41/2 _ - i
SZ <A f( B;A; )Al m,x> f(s);m(zﬁllm,@
Si <A1/2f ( 1/2BA 1/2) A;1/23i$»$>

=1
- si (AR (A7 B A P )

forall s >0and z € H, ||z]| = 1.
By taking
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in (2.5) we get the Jensen’s type inequality

(2.6) 0<sz< A2 f ( _1/QBiAi_1/2) A,}/2x,x>

-7 (Fens ) Em e
<sz<A1/2f ( 1/2BA 1/2)A 1/231‘ $>

- R S (A (475 A )
=117

for all x € H, ||z|| = 1.
If we take the convex function f (¢t) = —Int, t > 0, in (2.5), then we get

n 1 n

Zpi (A, ) — — Zpi (Biw,x)

<ln52pl (Ajz, z) Zpl< 11/2 n( I/ZBiA;l/Q)Az/Zx,x>
< SZPZ< }/2( —1/2Bl_Ai—1/2)_ A,}/2$,$>

> p <A1/2 (A;WB@-AZ-‘W)*1 ATY?Big x>

<In (Szz 1 pifdiz, Jf)) sz < AY? 1 ( 1/232»14;1/2) Ai/Qa?, x>

< szn:pi <AiB;1Aix,x> — Zpi (Asx, z)

i=1 =1
forall s >0and z € H, ||z| = 1.
If we take the exponential, we then get

n 1 n

(2.7) exp (Z pi (Aiz, ) — S sz' <Bi$,$>>
i=1 i=1

expln (szzﬁ:l pi<Aix’w>)

exp Y i Pi < 21/2 In (A;l/QBiAfl/Q) A§/2x7x>

< exp (sZpi <AiBi*1Aix,x> — Zpi <Aix,x>> ,
i=1

i=1

IN

for all s € [m, M] and z € H, ||z|| = 1.
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Observe that

and by (2.7) we derive (2.1). O

Remark 1. The case of one pair of operators is as follows. If 0 < A, B, then for
all s >0

S(Az,r)
(28)  exp ((Axv@ - é <Bx’x>) = D.(4B)

< exp (s <AB_1A$,32> - <A$,$>) )

for all z € H, ||z|| = 1.
In particular,

(Az,x)
((Bx,w))
(Az,x)
. <
29) =D, (AIB)
(Bz,x) (AB~ Az, z) — (Az, z)”
(Azx, ) ’

for all x € H, ||z|| = 1.The case of two pairs of operators is as follows. If 0 < A,
B, C, D, then for all s > 0,

(2.10)  exp (([(1 —t)A+tClx,x) — % ([(1—t)B+tD] x,x))

§ S([(1=D) A+tCla,z)
DL (AB) D (CID))
<exp(s([(1-t)AB'A+tCD 'C] z,z) — ([(1 —t) A+ tC] z,z)),

forallz € H, ||z|| = 1.
In particular,

([(1—t)B+tDz,z)\ (1 -DA+tClz,z)
( (DA FClz.2) )
[D. (A|B)]' " [D, (C|D)]f
< oxp (([(1 —t)B+tD]x,x)
[(
)

(2.11)

s (0 -0 4B~ 10D ] n.2)

—([(1-t)A+Cl,))

for allt €10,1] and z € H, ||z|| = 1.
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Corollary 1. Assume that 0 < A;, i € {1,...,n}, then for all s > 0 and p; > 0
with Y1 p; =1

(2.12) exp (Z pi (Ajz, x) — i)

=1
SZ?:I pi(Aiz,x)

— n

[ (a0

i=1
< exp (S Zpi (Ajw,z) — Zpi <Ai$7$>> )
i=1 =1

forallz € H, ||z|| = 1.
In particular,

n - n i Ai"7
(2.13) | < Eip (i) =

: [] i ()
oy [ Dbz pi (A2, x) — (L pi (i, 2)°
= ( 2o pi (Aiw, ) ) ’

forallx € H, ||z|| = 1.

For one operator A > 0, we have

(2.14) exp <<Az,z> - 1) <

S

for all x € H, ||z|| = 1.
In particular,

(A, )~ A7) (A%, 2) — (Az,z)’
(2.15) 1< T(A) < exp ( <A$,$> )

for all x € H, ||z|| = 1.

Corollary 2. Assume that 0 < B;, i € {1,...,n}, then for all s > 0 and p; > 0
with Y1 p; =1

(2.16) exp (1 - ézn:pz <Bi$a$>> Sw

for all z € H, ||z|| = 1.
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In particular,

(2.17) | < 2z Pi (Biz,7)

n

[ 1. B

=1

< exp (sz <Bil’,$> Zpl <B,L_1.'E,.T> - 1) ’
i=1 i=1
forallx € H, ||z|| = 1.
For one operator B > 0 we have
1 s
2.1 1——=(B <
218 e (1-1Bna) <

for all x € H, ||z|| = 1.
In particular,

(Bz, x)

(2.19) 1< 305

<exp ((Bz,z) (B 'z,z) — 1),

for all x € H, ||z|| = 1.

Corollary 3. Assume that 0 < A;, B;, i € {1,...,n}, then for all p; > 0 with
Yiapi=1

[ (. (AilB)y
(2.20) 1< i=1
>oiny pi{diz,x)
Z?:l pi<AiB;1Aix,:L’>

n — n n 2
. <zi_1pi (AiB[ A, 0) ST pi (Biw ) — (S, pi (Aiw, 7)) )

)2?1 pi(Aiz,z)

Z?:l b <Aix7 J?)

forallx € H, ||z|| = 1.
In particular, we have

[n..(A)]™

(2.21) 1< =
2ieq pi(Aiz,@)
Zle i <A?z,:c>
n n 2
< exp [ ZterPi (A2 2) = (L pi (Aiz )
> im Pi (Aiz, @)

>Z?1 pi(Aiz,z)

and
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for all xz € H, ||z|| = 1.

The inequality (2.20) follows by the second inequality in (2.1) for

Z?:;l DPi (Ail“, 33>
> i1 Di <AiB;1Aix’ $>

S =

and performing the required calculations.
We observe that for s =1 in (2.1) we get the simpler bounds

(2.23)  exp <§:pz ((4; — By) $7$>> < (H [Dy (Ai|Bi)]pi>

i=1 i=1
< exp (Zpl <A,- (Bi_1 — Ai_l) Aiaz,x>> ,
i=1

for all x € H, ||z|| = 1.

Proposition 1. Assume that 0 < A;, B;, i € {1,...,n}, p; > 0 with Y, p; =1
and z € H, ||z|| = 1. The best lower bound for

(H D, <Ai|Bz->1pi>

i=1
out of the inequality (2.1) is obtained for

> pi (Bix, x)
Z?:l bi <Aix7 x>

S =

and is
(2?_1 pi (Aiw, x>)25‘=1“<’*“”’“‘>
S pi (B, x) |

The best upper bound for the same quantity is obtained for

ZLl Pi (Az'x, JC>
> i1 Di <AiB;1Aixv x>

S =

and is

iy pi(Aiz,x
Z?:l Pi <AiBi_1Ai$, $> iz pif )
Z?:l pi (Ajz, x) .

Proof. Consider the function

f (S) _ &Xp (Z?:l Di <Ai$’ x> - % Z?:l Di <Bix, $>)
o s2iy Pi(Aiw,z)

, s> 0.
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Then
n 1 n
f’ (S) = exp (Zpi <Ai$, x> — ; Zpi <Bz$,m>>
=1 i=1
LSy (Bir, z) sTim pi(Aiee)
) §22 71 pi(Aiz,T)
n 1 n
- (Z pi (Aiw, ) = 5 sz‘ (Bjz, x))
=1 i=1
Z?:1 Di <Ai$, x) gliz1 Pi{Aiz,a)—1
- 52 Z:LZI ]’1‘,<Ai.’67m>
_ exp (Z?:l Di <Ai$, IE> - % Z?zl Di <Bix7 gg>)
- g2ieq Pi(Aiz,z)+1
1< n
il i (Biz,z) — ; (A,
x(S;P< z, ) ;p< zx))
for s > 0.

This shows that the function f is increasing on <0, M) and decreasing

1 pi(Aiz,x)
>t pi{Biz,x)
on (722;1 pildiz,a) O°) and

_ Sz Pi(Biz,x)\ (3 pi (A, @) i i)
sup f(S) - f (Z?_lpl <A11'7x>> n (Z?_l Di <leax>> .

Further, consider the function

s€(0,00)

exp (s 200, pi <AiB;1Aixa z) — >0 pi (A, )

g(s) = S P (A 20
Then
"(s) = exp (s Xy pi (AiB; ' A, ) = 307 pi (Ai, )
g : 220 pi(Aiz,x)

X ZP’L <A2B7,_1Azx, fL’> 52?:1 pi(Aia:’x>

i=1

P (T (A D Anr) Ty i)
52 z::Lzl pi{Aixz,z)

n
X Zpi (Asx, ) s2im Pildima)—1
i=1

= (S Z:L:l bi <AiBi_1Ai$7 x> — 22;1 pi (Aix, $>)
SZ?:1 pi{A;z,z)+1

X (Zpl <AiBi_1Ai$a z)s— Zpi (A, x))
i=1 i=1

for s > 0.
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This shows that the function g is decreasing on <O, Z"ZZ:'Z jfg{iffl m>> and
7y pi{AiB] M Asa,

. . Sor i pi{Aiz,x)
mcreasing on 1= o0 and
g ( > Di <AiBi_1Ai:r,w> ’

1
inf g(s) = S
2€(0,00) S iy ) )

> Pi<AiB;1A1:x,;c>

Tl,l i(A;x,x

B S pi (AiB A, ) iz pif )
Z?:l Pi <A1$,J}>

and the proposition is proved. 0

3. RELATED RESULTS
We start to the following inequality which is of interest in itself:
Lemma 1. Assume that the positive invertible operators A;, B; satisfy the condition
(3.1) 0<mA; <B; <MA; forie{l,..,n},
then for p; >0, i € {1,...,n} with Y., p; = 1 we have

2
(3.2) Zpl (A;B; ' Az, x>;pi<Bix,x)§ 4m]\74n (Zpl Amx) .

i=1
Proof. Since 0 < mA; < B; < MA; for i € {1,...,n}, then by multiplying both
sides by Ai_l/2 we obtain
0<mly <A7YV?BATY? < My forie {1,..,n}
and by taking the inverse, we also have
0< M 'y <AYPBYAY? <m 'y foric{l,..,n}.
This implies that
(M1 = A7V B AT (M - APBT A 2 0
namely
m M1y +A_1/2 iA;1/2A;/QB;1A:/2
> MAY?B1AY? 4y 1 ATV, A2
that is
m M1y + 1 > MAY?B P AY? 4 m~ A2 B A7Y?
forie{1,..,n}.
Now, if we multlply by m > 0 and both sides by A;

for i € {1,...,n} and if we multiply by p; > 0 and sum over ¢ from 1 to n, then we
get the operator inequality of interest

1z 0, then we get

(3.3) (M 4+ m) ipiAi > Mmi:piAiBi_lAi + i:piB

i=1 i=1 i=1
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Now, if we take the inner product over « € H, ||z|| = 1, then we get

n

(34)  (M+m)> pi{Aiz,x) > Mm> p; (AB; Aw,z) + Y pi (Biz,x).

i=1 i=1 i=1

Since (A;z, ) , <AiB;1Aix,cc>, (B;xz,x) > 0 for i € {1,...,n}, then by arithmetic
mean-geometric mean inequality a + b > 2v/ab for a,b > 0, we get

(3.5) Mm Zpl- <AZ—B;1Aix, :v> + Zpi (B;x, )

i=1 i=1

N 12 1/2
> 2V Mm (ZPZ <AiBi1Ai$,90>> (sz <Bi$;$>> .
i—1

i=1
By (3.4) and (3.5) we get

(M +m) Zpi (Ajx, x)

i=1
n 2 ;. 1/2
>2VMm (Zpi (A;B; " A;x, $>> (Zpi <Bi$,33>>
i=1 =1
and by taking the square, we derive (3.2). |

Remark 2. The case of one pair of operators is as follows, if 0 <mA < B< MA
for positive constants m, M, then

(M +m)*

(3.6) (AB™' Az, z) (Bz,z) < yYs

(Az, z)?
for all x € H with ||z| = 1.

Corollary 4. Assume that the positive invertible operators A;, B; satisfy the con-
dition (5.1), then for p; > 0,1 € {1,....,n} with 3. p; = 1 we have

(Z?Zlpi(Bﬂ,m))ZLlpMAw’Z) o )2 "

Yo pi{Aiz,x) —m

61 1 . fexf’( T .Zp““‘””’x))
11D, (4l B -
i=1

and

11D (il B
(3.8) 1< =1
( S pifAiro)

Z:’El pi({Aiz,T)
27:1 Di <A,LB;1A7,ZE,CE> )
(M _ m)2 n
< —  (4;
_GXP< A izzlpz< Z.’L‘,.’E>
for all x € H with ||z| = 1.
The proof follows by the inequalities (2.2), (2.20) and (3.2).
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Remark 3. If 0 < mly < B; < M1y fori € {1,....n}, then for p; > 0, i €
{1,...,n} with 3| p; = 1 we have

[Tia.B
and -

f[l (A, (B —
(3.10) 1< o (Bma) " < exp <4mM>

for all x € H with ||z| = 1.
If0 <nlyg < A; < Nlg fori e {1,..,n}, then for p; > 0,4 € {1,...,n} with
Yo pi =1 we have

n — >t pi(Aiz,@) 2 n
i—1 Di (A, ! N -
(3.11) 1< (i pi (Ai, 7)) < exp ((n) Zpi (Am:,@)

n AnN 4
_H [, (A3)]" =
(N —n)*
< exp <4n>
and
[0, (A:)]”
(312) 1< =

: e ((zvn)?i 9 >>
o A SEXPp | — Di Ly T

S (A > pi{diza) 4dn N ~

S pi(A%e,0)

<o ()

We finally observe that, if 0 < mly < B < M1y, then

(Bz, x) (M —m)?
(3.13) 1< A.(B) < exp <4m]\4>
and
(3.14) 1< <Bﬁib‘<73;')>1 < exp <(A{1m]\4)>

for all x € H with ||z| = 1.
Also, if 0 < nly < A; < Nlyg, then

xm—(Aa;,a:) _ng _n2
(3.15) 1< <A;7>(A) < exp (U\;ﬂ,]\[) <Aa:,a:>> < exp <(N)>

and

2 2
(3.16) 1< % < exp (U\;n]\[n) (Ax,x)) < exp <M>
((A%’,m)
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(1]
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all x € H with ||z|| = 1.
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