SOME BOUNDS FOR THE RELATIVE ENTROPIC
NORMALIZED DETERMINANT OF POSITIVE OPERATORS IN
HILBERT SPACES VIA OSTROWSKI TYPE INEQUALITIES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. For positive invertible operators A, B and = € H with |z| =1
we define the relative entropic normalized determinant Dy (A|B) by

D; (A|B) := exp <A% (ln (A_%BA_%>) A%x,x> .
In this paper we show among others that, if the positive operators A, B satisfy
the condition 0 < mA < B < M A, then
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for all z € H, ||z| = 1.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,z) > 0 for all x € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [11], [12], introduced the normalized determinant A, (A)
for positive invertible operators A on a Hilbert space H and a fixed unit vector
x € H, namely ||z|| = 1, defined by A,(A) := exp {ln Az, z) and discussed it as a
continuous geometric mean and observed some inequalities around the determinant
from this point of view.

Some of the fundamental properties of normalized determinant are as follows,
[11].

For each unit vector « € H, see also [14], we have:

(i) continuity: the map A — A,(A) is norm continuous;
(ii) bounds: <A‘1m,x>_1 < AL(A) < (Az, z);
1991 Mathematics Subject Classification. 47A63, 26D15, 46C05.

Key words and phrases. Positive operators, Normalized determinants, Inequalities.
1

RGMIA Res. Rep. Coll. 25 (2022), Art. 62, 19 pp.  Received 30/05/22
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(iii) continuous mean: (Apa:,x>1/p | Az(A) for p | 0 and (Apx,a:>1/p 1T AL(A)
for p T 0;
(iv) power equality: A, (A") = A(A)" for all ¢ > 0;
v) homogeneity: Ayz(tA) =tAL(A) and Ay (tI) =t for all t > 0;
(vi) monotonicity: 0 < A < B implies A, (A) < A, (B);
)
)

A~

<

(vii) multiplicativity: A,(AB) = Ay(A)A,(B) for commuting A and B;
(viii) Ky Fan type inequality: A, ((1 —a) A+ aB) > A, (A)17*A,(B)* for 0 <
a<l

We define the logarithmic mean of two positive numbers a, b by
b—a__ if p £ q,

Inb—Ina

(1.1) L(a,b):=
a if b = a.
In [11] the authors obtained the following additive reverse inequality for the
operator A which satisfy the condition 0 < mI < A < MI, where m, M are
positive numbers,
MInm—mlnM

1
M—m

(1.2) 0< (Az,z) — Ay(A) < L(m,M) {lnL(m,M) +

for all z € H, ||z| = 1.
We recall that Specht’s ratio is defined by [21]

T e (0,1) U (1, 00),
(13) S(h) — eln(hh—1>

lif h=1.

It is well known that lim, S (h) =1, S(h) = S () > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00).

In [12], the authors obtained the following multiplicative reverse inequality as
well

(Az, x) M
14 1< <S|—
(14) — ALA) T m
for0<mI<A<MIandzeH,|z|=1.
For the entropy function 7 (¢) = —tlnt, ¢ > 0, the operator entropy has the
following expression:
n(A)=—-AlnA
for positive A.
For z € H, ||z| = 1, we define the normalized entropic determinant n,(A) by
(15) na(A) 1= exp (— (Aln Az, 2)) = exp (n (A) 2, 7) .

Let € H, ||z|| = 1. Observe that the map A — n,(A) is norm continuous and
since

exp (— (tAln (tA) x, x))
=exp(— (tA(lnt+InA)z,z)) = exp (— ((tAlnt + tAln A) z, x))
=exp (— (Az,z) tInt) exp (—t (Aln Az, z))

— expln (t7<Az,w>t) exp (— (Aln Az, 2))] ",
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hence
(1.6) n,(t4) = 145 [y ()]

for ¢t >0 and A > 0.
Observe also that

(1.7) ny(I)=1and n,(tI) =t"

for t > 0.
In the recent paper [4] we showed among others that, if A, B > 0, then for all
x € H,||z||=1and ¢t €[0,1],

(1= 8) A+ ¢B) = (1, (4)" " (1, (B))".

Also we have the bounds

(1 8) <A2];7m> e < (A) < <A >—<Ar,m)
’ (Az, z) =z S A0S ’
where A > 0 and z € H, ||z|| = 1.

Definition 1. For positive invertible operators A, B and x € H with ||z| =1 we
define the relative entropic normalized determinant D, (A|B) by

D, (A|B) :=exp (S (A|B) z,z) = exp <A% (ln (A_%BA_%>) A%x,x> .
We observe that for A > 0,
D, (Allg) =exp (S (A|lg)z,z) = exp(— (Aln Az, x)) = n,(A),
where 7,(-) is the normalized entropic determinant and for B > 0,
D, (1g|B) :=exp(S(1y|B)x,x) = exp (In Bz, z) = A,(B),

where A, () is the normalized determinant.
Motivated by the above results, in this paper we show among others that, if the
positive operators A, B satisfy the condition 0 < mA < B < M A, then

m\ (Az,z)
(57)

( m ) WAz z)+ 7t (A2 |ATY2BAT Y2 My | A 25 00)

<

M
D, (A|B)

T (m, M)A
<M> LAz @)+t (A2 |ATY2BAT Y2 M | AY 25 50)

<

m

M (Az,x)
S () ’
m

for all x € H, ||z|| = 1.
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2. BounNDS VIiA OSTROWSKI’S INEQUALITY

Recall the identric mean

Q|

bb ﬁ
<a> lf b?éa/
a ;a, b>0.

a if b=a

I(a,b):=

It is easy to observe the connection between the integral mean of the logarithmic
function and the logarithm of the identric mean,

b

m ; Intdt = h’l[(a/,b)

for a # b positive numbers.

Theorem 1. Assume that the positive operators A;, B; satisfy the condition 0 <
mA; < B; < MA; forie{l,..,n},, where m, M are positive numbers, then

1 (M -
(2.1) exp [—2 (m - 1> Z:pi (Aix,:vﬂ
Sexp{<1> szA:r:E
2
1/2 1/2 4-12 . m+M 1/2

(D (Ai] B)]™

_::13

i=1

Zzl 1 Pi ATT;>

1
< - - LA
exp{ 1 [4 ;:1 pi (Ajx, o)
1

n B 3 M 2
2 pz< 21/2< 1/2BiAi 1/2_mJ;1H) A3/2x,x>]}

<expl1 (—1)2@ (A, x)

forallx € H, ||z|| = 1.

Proof. We use Ostrowski’s inequality [20]:
Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b) such that
f’:(a,b) — R is bounded on (a,b), i.e., || f'|l = sup [f'(s)| < oo, then

s€(a,b)
b _atb\?
(22) ‘f(t)—bla/f(s)ds< i+<tb2> 1l (b~ a)

for all ¢ € [a,b] and the constant 1 is the best possible.
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If we take f (t) =Int, t € [a,b] C (0,00) in (2.2) and observe that

_ 1
[f'lloo = sup t7'=—,
te(a,b] a

1 [t— 1 7o
Int—1InT(a,b)| < |~ -1
me-wreo) < 3+ (52 ) | (2-1),
for all ¢ € [a,b].

This inequality is equivalent to
2
1 [t—aft b
2.3 - = = --1
(2:3) 4 * ( b—a ) (a )

1 [t— o 17
<lnt—Inl(a,b) < |~ -—1
sme-mr@y < |3+ (52 ) [ (2-1).

for all ¢ € [a,b].

By utilizing the continuous functional calculus for selfadjoint operators, we get
from (2.3) that

1/ M
(=11

()

M 1 1 m+M_ \?

< (Z 1) |z1g+— (17— 1
= (m )4H+(M_m)2( 5 H>‘|
<InT-Inl(m,M)ly

M 1 1 m+ M. \?

e I T 1

(m >4H+<M—m)2( 2 H)]

1 /M
S _1 1Ha
2\m

where 0 < mly <T < Ml1y.

Since 0 < mA; < B; < MA; for i € {1,...,n}, then by multiplying both sides
—1/2 .
by A; we obtain

then we get

IN

0<mly <A Y?BATY? < My foric{1,...,n}.

If we replace T with A;1/2BiAi_1/2, then we get
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<InA;V?BATY2 —InI (m, M) 1y

_ _ M \?
(M - 1) 11H + % <Ai VPpAT YR - m+1H)

1 /M
S(=-1)1
()

fori e {1,...,n}.
If we multlply both sides by A;

IN

IN

1/2 > 0, then we get

2
lAi—l—%Ag/z (A;l/zBiA;l/Q—M1H> AL/?
4 (M —m) ' 2 '

M
« 1A1+ 1 2141/2(14 2p g1/ m+ >A1/2
4 (M —m)
BTN
2\m

forie {1,...,n}.
If we further multiply by p; > 0 and sum over ¢ from 1 to n, then we get

1 (M &
5 (1) T

§<1>l sz i

- M. \?
M 2 sz AL/2 ( 1/2BiAZ_ /2 m-|2-1H> Ag/z

< ZyoiA;/2 (1n (47 2B,A72)) A2 = T (m, M) En:piA

§<—l>[ s

2
1 12 ( —1/2 ~172 m+M 1/2

<5 (—1>sz i-
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Now, if we take the inner product over x € H, ||z|| = 1, then

_<—1) l Zpl (Ajz, )
2
A —m)? sz< A" ( A7 BAT - m;MlH> A§/2$7$>1
< Zpl< 1/2 (n (A;l/QBiA;lﬂ)) A2/2$,$>
- Zpi (Asz,z)In I (m, M)
i=1
< (—1) [ Zpl (Ajz, )
2
e >n <A3/2 (472 mar e - M) A3/2z,x>] |
i=1

Further, if we take the exponential, then we get

(2.4)  exp [; <‘Z - 1) Zpi <A7LIE',1'>‘|
i=1
Zp’ (Asx, x)

< exp {— ( — 1)
2
A2 [ 412 ~12 m+M ) 1/2
1 —m) 21 - < ( 2

exp (Zi:l Di < 3/2 ( n (A_1/2B A_1/2)) A}ﬂm, 1:>)
- 1, T 7P

gexp{<1> s

_ M. \?
G o (e (s ) ) |

1 (M "
< exp [ ( - 1) sz‘ (Aiz, x)
2\m =
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Since
- 412 -1/2p 4—1/2 1/2
exp (i_l i <Al (ln (AZ B; A, )) A"z, x>
_ H fexp (4177 (10 (472 B,477) ) 40,2
(RO
i=1
hence by (2.4) we get (2.1). O

Remark 1. Assume that the positive operators A, B satisfy the condition 0 <
mA < B< MA, then

05 o] (2 1) an]
con{- (2 1) [Lann

2
e ORes]
—m

D, (A|B)
= I (m, M)A

M 1
< - -
exp{(m 1) [4(1437,:5}
2
L e (A—l/ng—l/z _ m+M1H) AV g
(M —m) 2

o [1 (2 1) tar]

for all x € H, ||z|| = 1.

Corollary 1. Assume that the positive operators B; satisfy the condition 0 <
mly < B; < M1y forie{l,..,n},, where m, M are positive numbers, then
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[Tia. B

~.
—

x i—k (Mlm)2 izj;pi<<3i_ m‘;MlH>2x,x>]}
i)

for all x € H, ||z|| = 1.

In the case of one operator, namely, if 0 < mly < B < M1y, then we have

2.7)

for all x € H, ||z|| = 1.

Corollary 2. Assume that the positive operators A; satisfy the condition 0 < ply <
A; < Nly forie{l,..,n},, where n, N are positive numbers, then

(2.8)

w46
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for all xz € H, ||z|| = 1.

The case of one operator, namely, if 0 < plyg < A < Ny, is as follows:

(2.9) exp [—; (];7 - 1) p]

N
sonly(2) ] sen 13 1)

for all x € H, ||z|| = 1.

3. Bounps ViA Li-TYPE OSTROWSKI INEQUALITY
We also have the following result that is a consequence of an L;-Ostrowski Type

Inequality:

Theorem 2. Assume that the positive operators A;, B; satisfy the condition 0 <
mA; < B; < MA; forie{l,..,n}, where m, M are positive numbers, then
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H (D (Ai| B:))™

< n
= I (m, M) == P )

<M> EY pilAiea)+ gt iy pe (AN [AT V2B AT P oMy 4] e )

<

m

M\ Sis pildie )
S <) )
m

for all x € H, ||z|| = 1.
Proof. In 1997, Dragomir and Wang proved the following Ostrowski type inequality

[5]:
Let f: [a,b] — R be an absolutely continuous function on [a, b], then

b
=y L

for all ¢ € [a,b], where ||-||; is the Lebesgue norm on L; [a,b], i.e., we recall it

b
9l i= [ lo Ol
1

The constant 5 is best possible.
If we take f (¢t) =1Int, t € [a,b] C (0,00) in (3.2) and observe that

1 |t— gt ,
5" b] 1 Na0,1

(32) 7~ —2

<

||le[a,b],1 =Inb—Ina,

then we get
1 1 a+b
Int —In’ <= — Inb—1
[lnt —1In (a,b)|_{2+b_at 5 H(nb na),
for all ¢ € [a,b].
This inequality is equivalent to
(3.3) — (Inb—1na)
1 1 a+b
<—|= - Inb—1
< [2+b—at 5 H(nb na)
<Int—1InI(a,b)
1 1 a+b
< |= - Inb—1
_{2+b—at 5 H(nb na)
<Ilnb—1Ina

for all ¢ € [a,b].
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By utilizing the continuous functional calculus for selfadjoint operators, we get
from (3.3) that

—(InM —1lnm)1ly

1 1 M
< —(InM —1Inm) [21H+M ‘T—m—; 1HH
—m

<InT—-Inl(m,M)lyg

1 1 M
< (InM —Inm) [21H+ Y ‘T— m; 1HH

<(InM —Inm)ly.
If we replace T' with A;l/zBiA;l/z, then we get

—(InM —1Inm) 1y

1 —1/2 —12 m+M
A "B A, ey |
M—m‘ ‘ ‘ 2

<A Y?BATY? T (m, M) 1y

1
<—(InM —Inm) [2111 +

1 1 _ _ M
< (InM —Inm) [21H i ‘Ai V2p AT - "“;1HH

<(InM —1nm)lgy

forie{1,..,n}.
If we multiply both sides by A2 > 0, then we get

—(InM —1Inm) 4;
< —(InM —1lnm)

1 1/2
A
M—-m

1

Ai_l/QBiAi_l/Q B mzjle‘ A;/2:|
< A (n (A72BAT?)) AR =T (m, M) A,
<(InM —1nm)
1 1 1/2
C A Al
. [2 it M—-m "
<(InM —1nm)A,;

_ _ M
ATPBATYE - m—ng’ A;/Q}

forie {1,...,n}.
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If we further multiply by p; > 0 and sum over ¢ from 1 to n, then we get

—(InM — lnm)Zpl-A

i=1
—(InM —1nm)
1o 1 & 12| g~1/25 4172 m+M 1/2
Py i Ay AT A T B AL — 14| A
x [2 ;p + M_m;p A ; | A;

n

< i:piA}/z (1n (4712B,A72)) A2 =T (m, M) Y pid
=1

i=1
< (InM —1Inm)

[; > pidi+

i=1

?

1 - 1/2
> pid"|A
M—-—m —

<(InM —Inm) ZpiA
i=1

_ _ M
12 a-1/2 7’“;1H‘ A2

Now, if we take the inner product over x € H, ||z|| = 1, then

M\ ~ Ziz1pifdiz,e)
In ()

m

1 (M> ~[3 S vyt S pi (A1 2|47 BAT M 4 P )
<lIn
m

< sz< AL/2 (n (A;1/2BiA;1/2>) A;/2$’$> — I [I (m, M)|Zim Peldiza)

M [% i pi(diz,)+ I\lim, i pi<A3/2 ’Ai_l/QBiAi_l/2_ mJEM 1u ’A3/2I7‘”>}
<In ( )
m

M\ Tz piAiz.a)
i
m

By taking the exponential, we derive the desired result (3.1). O

Remark 2. Assume that the positive operators A, B satisfy the condition 0 <
mA < B < MA, then

M A M —[4(Am,2)+ gl (AV/2]|ATV2 A2 mEM | 41/25 )
(3.4) () <( )

m m

D, (A|B)
" I (m, MW’”

( > L(Az@)+5rin (A2 |ATY2BAT /2 M | AY 25 )

)Aa::z:

IN

A
3\3 S\E

forallx € H, ||z|| = 1.
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Corollary 3. Assume that the positive operators B; satisfy the condition 0 <
mly < B; < M1y forie{l,..,n},, where m, M are positive numbers, then

(3.5)

=13

p\ e i S (B2 )]
< —_—
<(%)

[Az (B

=

(m, M)

tarts i, pi<

forallx € H, ||z|| = 1.

<.
Il

B;—

)

3| ~
IN
1IN

In the case of one operator, namely, if 0 < mly < B < M1y, then we have

M +Z\/I m |B—%M1H|m,m>]
(3.6) M
m

SE
IN
N

(| B 25 L f,)
<

IN

~
g?
SE
/\
\_/

lj:—‘
3=

for all z € H, ||z| = 1.

Corollary 4. Assume that the positive operators A; satisfy the condition 0 < ply <
A; < Nly forie{l,..,n},, where p, N are positive numbers, then

_ZT'L= pi<Aix1$>
N i=1
3.7 —
61 (3)

<N)[52?1Pi(14ﬂ71’>+ FTTONT L 1pl<Al/2

1 N—1l4p,-1 1/2
A7 +1H‘Ai a:,:v>}
<

p

[ A

< i=1
T I (pt, N i pildima)
(N> FT plAwal et DA AT - AR 4l )

< (=
p
N it pi{Aiz,x)
S () )
p

for all z € H, ||z|| = 1.
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The case of one operator, namely, if 0 < plyg < A < Nlg, is as follows:

o0 @)=

(N) - [%(Aw7w>+ﬂ_1jN_1 <A1/2|A*1_W1H|A1/21)$>]

<

p
< 1y (A)
(N

N %<AI’I>+T,—1_1N—1 <A1/2|A71_W1H|A1/2$,x>
< i
<(5)

S S
p p

for all x € H, ||z|| = 1.

4. RELATED RESULTS

The following results of Ostrowski type holds, see [1]:

Lemma 1. Let f : [a,b] C R — R be a convex function on [a,b]. Then for any
t € [a,b] one has the inequality

1

(4.1) Se-0 -t - rL )

b
< [ s -t
<slo-0 -0 @],

The constant % is sharp in both inequalities. The second inequality also holds for
t=aort=0.

If the function is differentiable in ¢ € (a,b) then the first inequality in (3.2)
becomes

(42) (”jbt)f'(t)gbia/abf@)dsf(t).

Theorem 3. Assume that the positive operators A;, B; satisfy the condition 0 <
mA; < B; < MA; forie{1,...,n}, where m, M are positive numbers, then

0

2 -
1 i=1

(4.3) exp ( pi (Aix, ) — m+ M Zpi (A;B; ' Az, x>>

?

—-

[D, (A;|B)]"
1
[I (m’ M)]Zle pi(Asz,z)

IA
i
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1 _ B 2
< exp |jn Zpi <A3/2 (Ai 1/2BiAi 12 _ m1H> A1/2x,x>

7

?

4 - ) 1/2 - 1/2p 4-1)2 2 12
2 P <Ai (M1 — A7 BAT?) A
for all x € H, ||z|| = 1.

Proof. Writing (3.2) and (3.3) for the convex function f (¢) = —Int, then we get

2 2
I—L;bt_lglnt—lnl(a,b)g(t o _ (-1

a b’
for all t € [a,b] C (0,00).
If we use the functional calculus, we get

m+ M

1y —

T—mly)> (Mlyg—T)>*
T' <InT —1Inl(m, M) < LM (Mlu =T)°
m M

If we replace T" with A;l/zBiA;l/Q, then we get

<A PBATY? —In (m, M)
2 2
(472Bia V2 —miy ) (M1 — A7 BiA?)
< _

m M
fori e {1,...,n}.
If we multiply both sides by A? > 0, then we get

Ai_m—i—M

A;B; ' A;
< A2 (n (A72BAT?)) AP — I T (m, M) A;

AL? (,41,‘1/2131/11.‘1/2 _ m1H)2 AV A2 (MlH _ A;”QB,-A;W)2 A2
< _

m M
fori e {1,...,n}.

If we further multiply by p; > 0 and sum over ¢ from 1 to n, then we get

iPiAi -2 —;_ M ipiAiBi_lAi
i=1 i=1

<3 pals? (1n (472B:A?)) A2 =1 T (m, M) S pid,
=1

i=1

K2

< ;;pmyz (A;l/zBiA;l/Q _ mlH)QA_l/?

7

1 & B B )
M ZpiAj/Q (MlH — A;1?Bi4A; 1/2) A2
=1
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Further, if we take the inner product over z € H, ||z|| = 1 and then take the
exponential, we get

exp <Zpl (Ajz,x) — m _; M Zpi <A,'Bi_1A,'x, x>>

=1 i=1

M:

< Di <A3/2 (ln (A;1/2BZ-A;1/2)) Ag/zx, x> —InTI (m, M) ipi (Ajz, x)
i=1

1

S\H i

2
< 1/2( _1/2314_1/2 mlH) A;/Qm,m>

= \

L
o

< AL/? ( 1y _Ai—1/2BiAi_1/2)2A;/2$’$>
and the inequality (4.3) is obtained. O

Remark 3. Assume that the positive operators A, B satisfy the condition 0 <
mA < B < MA, then

m+ M

(4.4) exp <<Ax,x> - <AB_1Ax,m>>

D, (A1B)
© [ (m, Ay

2
< exp { <A1/2 (A*I/QBA*/Q - m1H) A1/2x,x>

IRV a—1/2p 4-1/2)2 41/2
M<A (M1H A-12BA )A 2,z

forallx € H, ||z|| = 1.

Corollary 5. Assume that the positive operators B; satisfy the condition 0 <
mly < B; < M1y forie€{l,...,n},, where m, M are positive numbers, then

(4.5)  exp (1 _n _; M Zpi <B;1m,x>>

i=1

i
5
-
i
5

for all z € H, ||z|| = 1.
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In particular, if 0 < mly < B < M1y, where m, M are positive numbers, then

(4.6) exp (1 - # <B_1x,x>>

Az (B)
I(m, M)

< exp [7711 <(B —mlH)2x,x> - % <(M1H - B)gx,x>]

for all x € H, ||z|| = 1.

<

Corollary 6. Assume that the positive operators A; satisfy the condition 0 < ply <
A; < Nly forie{l,..,n},, where p, N are positive numbers, then

- N—l 4 -1 n
(4.7) exp Zpi (Ajz,x) — % Zpi <A?aj7 x>
=1 p
< i=1
>~ [I (N*l’ 71)}2?:1 pi(A;z,z)

BRI

< exp NZpi <A2/2 (A7 - N_llH)QA?/2x7w>

=1
B L.
1=1

forallx € H, ||z|| = 1.

The case of one operator, namely, if 0 < plyg < A < N1y, is as follows:

(48) exp ((Aw,x) N <A2m7x>>

2
1, (A)
[T (=1, pr1y) )

exp [N <A1/2 (A_l — N_llH)2A1/2x,x>

—p <A1/2 (pfllH — A71)2 A1/2x,x>}

IN

IA
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