QUASI MONOTONICITY FOR THE RELATIVE ENTROPIC
NORMALIZED DETERMINANT OF POSITIVE OPERATORS IN
HILBERT SPACES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. For positive invertible operators A, B in the Hilbert space H and
z € H with ||z|| = 1 we define the relative entropic normalized determinant
D (A|B) by

D, (A|B) := exp <A% (ln <A7%BA7%)> A%x,$> .

In this paper we show among others that, if 0 < mly < A < M1y, 0 <
Y1y < C<T'lyand 0< klyg < B—C < Klp, then
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for all z € H with ||z|| = 1.

M2Km
k

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and 1y stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,x) > 0 for all z € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [9], [10], introduced the normalized determinant A,(A)
for positive invertible operators A on a Hilbert space H and a fixed unit vector
x € H, namely ||z| = 1, defined by A, (A) := exp (In Az, x) and discussed it as a
continuous geometric mean and observed some inequalities around the determinant
from this point of view.

Some of the fundamental properties of normalized determinant are as follows,
[9].
For each unit vector « € H, see also [13], we have:

(i) continuity: the map A — A,(A) is norm continuous;

(ii) bounds: <A*1x,m>71 < AL(A) < (Az, x);
(iii) continuous mean: <Ap$,x>1/p | Az(A) for p | 0 and (Apx,a:>1/p 1T AL (A)
for p T 0;
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) power equality: Ay(AY) = A, (A)t for all t > 0;

) homogeneity: A, (tA) =tA,(A) and A, (tI) =t for all ¢t > 0;
(vi) monotonicity: 0 < A < B implies Az(A) < A, (B);

i) multiplicativity: A,(AB) = A,(A)A;(B) for commuting A and B;

) Ky Fan type inequality: A,((1 —a) A+ aB) > AL (A)'"*AL(B)* for 0 <
a< 1l
We define the logarithmic mean of two positive numbers a, b by

b=a__if} £ q,

Inb—Ina

(1.1) L(a,b) :=
a if b= a.

In [9] the authors obtained the following additive reverse inequality for the oper-
ator A which satisfy the condition 0 < mly < A < M1y, where m, M are positive
numbers,

M1 —mlnM
(12)  0< (Az,2) — Ay(A) < L(m, M) [lnL(m,M)—&— 1
—m

for all z € H, ||z| = 1.
We recall that Specht’s ratio is defined by [19]

T e (0,1) U (1, 00),
(13) sy=1] )

lifh=1.

It is well known that limj,; S (h) =1, S(h) = S(+) > 1 for h > 0, h # 1. The
function is decreasing on (0,1) and increasing on (1, 00).

In [10], the authors obtained the following multiplicative reverse inequality as
well

(Az, x) M
14 1< <S|—
(14) - AL(4) m
for0<mly <A< Mly and z € H, |z| = 1.
For the entropy function n(t) = —tInt, ¢ > 0, the operator entropy has the
following expression:
n(A)=—-AlnA
for positive A.
For z € H, ||z|| = 1, we define the normalized entropic determinant n,(A) by
(1.5) n,(A) :=exp (— (Aln Az, z)) = exp (n (A) z, x) .

Let € H, ||z|| = 1. Observe that the map A — n,(A) is norm continuous and
since

exp (— (tAln (tA) z, z))
=exp(— (tA(Int+1nA)z,z)) =exp(— ((tAlnt + tAln A) z, z))
=exp (— (Az,z) tlnt) exp (—t (Aln Az, z))
=expln (t_<A$’x)t) [exp (— (Aln Az, z))] ",
hence
(1.6) 0, (tA) = A0 I (A)]
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fort >0 and A > 0.
Observe also that

(1.7) n,(1g) =1and n,(t1yg) =t""

for t > 0.
In the recent paper [3] we showed among others that, if A, B > 0, then for all
x € H,||z||=1and ¢t € [0,1],

(L= 1) A+tB) = (1, (4)" " (1, (B))".

Also we have the bounds

—(Az,x)
e <m> < 1, (4) < Az, 7))

where A >0 and z € H, ||z| = 1.

Definition 1. For positive invertible operators A, B and x € H with ||z|] = 1 we
define the relative entropic normalized determinant D, (A|B) by

D, (A|B) :=exp (S (A|B) z,x) = exp <A% (ln (A_%BA_%)) A%x,m> ,
where the relative operator entropy S (A|B), is defined by
(1.9) S(A|B) = A% (m (A—%BA—%)) A3
We observe that for A > 0,
D, (Ally) =exp(S(A|ly)x,x) =exp (— (Aln Az, z)) = n,(A4),
where 7,(+) is the normalized entropic determinant and for B > 0,
D, (1g|B) :=exp(S(1g|B)z,x) = exp (In Bz, z) = A,(B),

where A, () is the normalized determinant.
Motivated by the above results, in this paper we show among others that, if
O<m1H§A§M1H,O<’ylHSCSF1H and 0 < klg < B—C < Kly, then

K

1< 14+ =
kM
I

K —<A2m,m> D:c (A|B) k Kkm <A21,a:>
< — < — = < —
(1+F> <D (1+7>

m2kM
K

k M2ka
(149
v

for all © € H with ||z|| = 1.

2. MAIN RESULTS

In order to simplify the notation, we write k£ instead of k1ly. We can state the
following representation result that is of interest in itself:



4 S.S. DRAGOMIR

Lemma 1. For oll U, V > 0 we have
(2.1) InV —-InU

- /Ooo (A+) =)

:/oo (/1()\+(1—t)U—|—tV)1(V_U)()\+(1_t)U+tV)1dt>d/\.
0 0

Proof. Observe that for ¢t > 0, t # 1, we have
“ dX Int 1 u+t
/0 At+t)(A+1) :t—1+1—tln<u+1)
for all u > 0.

By taking the limit over u — oo in this equality, we derive

Int / *° dA
t—1 Jo A+HH(A+1)
which gives the representation for the logarithm

0 A
(2.2) lnt:(t—l)A T 0TD

for all ¢ > 0.
If we use the continuous functional calculus for selfadjoint operators, we have

(2.3) lnT:/m%ﬂ(T—l) (A+T)""dx
0

for all operators T" > 0.
We have from (2.3) for U, V > 0 that

1

S [(V— DA+V) = (U -1) (A+U)*1} dX.

(2.4) an—anz/o
Since
V-1D)OX+WV)'—w-1)O+0)"
“VO+V) T UM+ U) T = (()\ T R U)*l)
and
VOA+V)  —UWN+U)"
—(VHEA-NA+WV) ' = U+A=-2O+0)""!
—1-AA+V) T 14X+ " = A0+U) T AN+ V),
hence
V-1DN+WV) ' —w-1)A+U)"
AN+ U) oA e V)T (()\ VT S (A U)’1>
=+ D[+ = )7
and by (2.4) we get

(2.5) an—an:/Oo {()\+U)’1 —(A+V)*1} dx,
0
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we proves the first equality in (2.1).

Consider the continuous function g defined on an interval I for which the cor-
responding operator function is Gateaux differentiable on the segment [C, D] :
{(1—=t)C+tD, te€]0,1]} for C, D selfadjoint operators with spectra in I. We
consider the auxiliary function defined on [0, 1] by

fC,D (t) :f((l_t)c+tD)7 te [071}
Then we have, by the properties of the integral, that

FD) =10 = [ Glen@it= [ Vi peun D=0yt

If we write this equality for the function f(t) = —t~! and C, D > 0, then we get
the representation

(26) C'—D!= /1((1—t)C+tD)1 (D—C)((1—t)C+tD) "dt.
0

Now, if we take in (2.6) C = A+ U, D = A+ V, then

(2.7) A+0) "=+ W)7!
:/1 (A=) A+ U)+tA+ V) (V=1)
0
X (L=t)A+U)+tA+ V) "t

1
:/ Ot (=T + V) (V=) A+ (1— ) U + V) dt,
0
By employing (2.7) and (2.5) we derive the desired result (2.1). O
Lemma 2. For all A, B, C > 0 we have

(2.8) S(A|B)—S(A|C):/OOO (/OIA(/\A+(1—t)C+tB)_1 (B—-C)

x (M +(1—t)C+tB)" Adt) A,
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Proof. If we take in (21) V= A 2BA"2 and U = A~2CA"2, then we get
n(A73BA™}) ~In(4"3ca™?)

o 1 1 1 1 1 1 1\ 1
:/ </ (AA*EAAT+(17t)A*ECA*§+tA*§BA*E>
0 0

x (AA—%AA—% +(1—t)A3CA3 +tA‘%BA‘%)71dt d\
:/OOO( OlA% M+ (1 —t)C+tB) LA A S (B—C)A}
x AT (\A+ (1= ) C +tB) ™" Akdt) dA

—/OOO </01A%(AA+(1t)c+tB)1(BC)

x A+ (1—t)C+tB)" A%dt) dX.

Now, if we multiply both sides by Az > 0, then we get the desired result (2.8). O

We have the following representation result

Theorem 1. For all A, B, C >0 and x € H with ||z|| = 1, we have

(2.9) m:exp{/ooo(/01<A()\A+(1—t)0+tB)l(B—C’)
) (A +(1— t)C+tB)_1Ax,x> dt) d)\}.
Proof. We take the inner product over & € H with ||z =1 in (2.8) to get
(2.10) (S (A|B) z,2) — (S (A|C) =, z)
:/OOo (/01 (AQA+ (1 -0 +1B) (B-0)
x (M +(1—1t)C+tB) " Az, m> dtd\

and by taking the exponential, we derive the desired result (2.9). [

Corollary 1. For all B, C >0 and x € H with ||z|| = 1, we have

(2.11) izggi exp{/ooo </01<()\+(1t)0+tB)_1 (B-C)
x (A + (1 —t)C+tB)*1x,x> dt) dA}.

Follows by (2.9) for A = 1.
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Theorem 2. Assume that 0 <m < A< M, B> my >0 and C > mq > 0, then
for x € H with ||z|| = 1,

(2.12) exp [~M?||B — C|| @ (m1,ms)]
D, (A|B)
<
- Da; D, (A|C)
exp [M2[|B — O (ma,my)]
where

Inmo—Inmy .
Mo —1m1 Zf ma 7é my,

<I>(m1,m2) =
n% if mo = my.

Proof. If we take the modulus in (2.10) then we get for x € H with ||z| =1 that
(S (A|B) z,z) = (S (A|C) z, )|

</0°o </01‘<A(AA+(1—t)C+tB)l(B—C)

XM+ (1—t)C+tB)™" Am,w>‘ dtdX

g/ooo/ol |a0a+a-nosm)y -0
X (M +(1—t)C+tB)™" AH dtd).
Observe that
HA()\A F(1—t)C+tB) ' (B-C)(AM+(1—1t)C +tB)" AH
<4 oA+ a-ne+m) | 1B -cl.
Assume that mo > mq. Then
(1—1)C+tB+AA> (1 —t)my + tms +m,
which implies that
(1—t)C+tB+AA) " < (1 —t)my +tmg +mA) ™!
and
H((l 1) C+tB+ /\A)_1H2 < (1= t)my + tmy +mA) 2

for all t € [0,1] and A > 0.
Therefore

(S (A[B) 2, z) — (S (A|C) 2, z)|

< M2|B-C]| /Oo /1 loa+a —t)C—&-tB)*lHZdtdA
0 0

oo 1
SleleOH/O /0((1ft)m1+tm2+m/\)_2dtd/\
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If we use the identity (2.8) for A = m, B = mg and C' = m; we get the scalar
identity

/OOO </01m()\m+(1—t)m1+tm2)1(m2_m1)

x (Am + (1 —t) my + tmay) " mdt) dA
=S (m|mz) — S (m|mq)
ma

=m?In (mflmg) —m?In (mflml) =m2In (> ,
my

which gives that

[e%s} 1
/ / ()\m+(1—t)m1+tm2)_2dtd)\:;ln (7”2)
0 0

ma — MMy mi
Therefore

ma

M B -Cf —L—n ( ) < (S(AIB) z,2) — (S (AIC) z,2)

mi

1
-0l o (2)
ma — M mi

and by taking the exponential, we derive (2.12).

The case my < m; goes in a similar way.

Now, assume that B, C > m; > 0. Let ¢ > 0, then B +¢ > m;y + €. Put
ms = my + € > mq. If we write the inequality (2.12) for B + € and C, we get

1
(2.13) —M?2|B+e—C| In <m1+6>
mi + € —mq mi

<(S(A[B+e)x,x) - (S(A[C)z, )

1
<M?*||B+e—C| ln(m1+6).
mi +€—my mi

If we take the limit over € — 0+ in (2.13) and observe that

. In(mi+e) —Ilnmy 1
lim = —,
e—0+ € mi
then we also get (2.12) for ma = m;. O

Corollary 2. Assume that B > mg > 0 and C > my > 0, then for x € H with
]| = 1,

A.(B)

«(C)

< expl[|B = C| @ (m1,ms)].

(2.14) exp[—||B = C|| ® (my,m2)] <

g

Further on, we also have
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Theorem 3. Assume that 0 < m < A<M, 0<y<C<T and0<k<B-C<
K, then

(2.15) 1< (1+[1f> Ba
. (1+[lf>kKM<A2T z) . gi Ej‘g; . <1+5>Kk<A 2,z

IA

—

+
e
N————

for x € H with ||z|| = 1.

Proof. Since 0 < k < B—C < K then by multiplying both sides by (AA + (1 — ) C' + tB)f1 >
0 and then by A > 0, we get

KAMA+(1—t)C+tB) 2 A
<AMM+A—-t)C+tB) " (B-C)(M+(1—-t)C+tB)" ' A
<KAM+(1—-t)C+tB)°A

for all t € [0,1] and A > 0.
If we take the integrals over ¢t and A\ and use the identity (2.8), then we derive

o) 1
(2.16) k/ / AMA+ (1—1t)C +tB)"? Adtd\
0 0
< S(A|B) — 5 (A|C)
[e'e] 1
gK/ / AA+ (1—1)C +tB) % Adtd.
0 0
Observe that
M+(1-t)C+tB=XA+C+t(B-C).

Then
Im+y+th <A+ (1-t)C+tB<AM+T+tK

for all ¢ € [0,1] and A > 0, which implies that

AM4T+tK) "< AA+ (1 —t)C+tB) ' < (Am+y+tk) ",
which gives that

AM 4T +tK) 2< A+ 1 —t)C+tB) > < (Am+~y+tk) 2,

for all t € [0,1] and A > 0.
If we multiply both sides by A > 0 we get

AMM 4T +tK) A< AN+ (1 —t)C+tB) A< Am+~+tk) > A,

for all t € [0,1] and A > 0.
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If we take the double integral over ¢t € [0,1] and A > 0, then we get

(2.17) A (/000 /01 (AM +T +tK)™? dtd/\> A

oo 1
< / / AMA+ (1 —1t)C +tB)~> Adtd\
0 0
e} 1
<A (/ / ()\m+”/+tk)2dtd>\> A.
0 0
Observe that

1
/ (Am + 7y + th) "2 dt = !
0

L m )

i
(Aer’y - (Am+w+k)*1>,

oo 1
/ < (Am + + th) > dt> dX
0 0

- ;/OOO ((Am+7)*1 - (Am+7+k)*1) X

L0 i) e
)

By the first identity in (2.1

o0
ln(’y—l—k) —lnl:/
m m m 0
namely
e}
J

which gives that

[e%e) 1
/ (/ (/\m+’y+tk)_2dt>d)\Z[ln('erk) In]
0 0
.
:ln(l—l—k) .
v
1 M
) Ly K\ %
/ /()\M+F+tK) dtdA1n<1+F) .
0 0

By (2.16) and (2.17) we then obtain

m+y+k)

w\r—

which gives

in the scalar case, we have

) (a2 E - A,
( m) m m

5 -1
(r+21) —<A+7+k> ]d)\zln(v—&-k)—ln’y
m m m

Similarly,

K\'* ! .
(2.18) O§In<1—|—r> A2§k/ /A(/\A+(1—t)0+tB)2Adtd)\
0 0
< S(A|B) - 5(A|C)

Km
k

0o 1 .
gK/ /A()\A+(1—t)C+tB)_2Adtd)\§1n<1+$> A%
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which is an operator inequality of interest in itself.
If we take the inner product over z € H, ||z|| = 1, then we get

0g1n<1+[1f)k%<,42$,x>
/ / AQA+(1—t)C+tB)” Am,;c>dtd>\
S (A|B) z,z) — (S (A|C) z, z)

<K// AQMA+ (1 —t)C +tB)~ Ax7m>dtd)\

<In (1 + ) <A2m,x> ,
Y
and by taking the exponential, we derive (2.15). |

Corollary 3. Assume that 0 < v < C <T' and 0 < k< B —C < K, then

k

(2.19) 1<(1+f)K<Af(B)<(1+j)

for x € H with ||z|| = 1.

==

It follows by (2.15) for A=1,

3. RELATED RESULTS

Let U and V be strictly positive operators on a Hilbert space H such that
V —U > m > 0. In 2015, [11], T. Furuta obtained the following result for any
non-constant operator monotone function f on [0, 00)

B1  fV)=FU) = FAUI+m) = £AUD = FAVID = £ AV =m) > 0.
If V>U >0, then [11]

1

32 SO =f@) = W+ | =701
o =07

> p v - £ [Ivi- HW1U>H

The inequality between the first and third term in (3.2) was obtained earlier by
H. Zuo and G. Duan in [21].

If we write the inequality (3.1) for f (t) = Int, then we get for V.—U > m > 0
that

[U|[ +m VI
(3.3) InV —InU >1n < >In|———]>0.
1]l V[ —m
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If V> U > 0, then by (3.2) written for for f (¢t) =Int, we get that

1

(3.4) InV -InU>In |1+
Wi -o™|

i -o

= 1n > 0.

i -o| -1

Proposition 1. Assume that B — C > mA > 0 for the positive constant m, then

1 1 (Az,x)
' D, (A]C) ~ HA*%CA*%
1 1 (Az,x)
A 2BA™z2
> - >1
HA*EBA | —m

for all x € H with ||z| = 1.

Proof. Since B—C > mA > 0, then by multiplying both sides by A"z >0, we get
A 2BA 2 —A"2CA 2 >mandby (3.3)for V=A"2BA 2 andU = A" 2CA"2
we get

In (A—%BA—%) —In (A—%CA—%)

|a-tca-t
In

+m HA*EBA*E

>

> 0.

|atca

If we multiply both sides by Az > 0, then we get the operator inequality of interest
S (A[B) — 5 (A[C)

|atcat] +m |a-tpat
>1In A>1In A>0.
|atca |atBat|-m
If we take the inner product over z € H with ||z|| = 1, then we get
(S(A]B)z,x) — (S (A|C) z, )
Azx,x Azx,x
|a-tcaz] +m e |a-tBa- e
> In >1n > 0.
|atcai |atBa-i] = m
If we take the exponential, then we derive the desired result (3.5). g

Corollary 4. Assume that B — C > m > 0 for the positive constant m, then
A (B) _|Cl+m _ 1B]
A (C) — el —Bl[-m
for all x € H with ||z| = 1.

(3.6) >1
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Proposition 2. Assume that B > C > 0, then for A > 0,

(Az,z)
D, (AB) :
o B8 (- e
oo aim o]\
> .
(i oat o)

for all x € H with ||z| = 1.
In particular,

s ttfe-o e sife-o]

(3.8)

~©@ = Tara-er T~ isife-or-

for all x € H with ||z| = 1.

Proof. 1f we take V.= A"2BA~2 and U = A"2CA™? in (3.4), then we get

(3.9) In (A*%BA*%> —In (A*%CA*%>

>ln(1+ 1 )
Jatoazsflat s - )7 af|
Jatpat]at -0 at] \
|a-tBa-i|||az (B - )" ab| -1

>1In

If we multiply both sides by Az > 0, then we get the operator inequality
(3.10) S (A|B) — S (A|C)

>ln(l+ L )
atoazs[|laf 5 - )7 af|

A | N AU
HA iBA- HHA (B-C)~ AH 1

If we take the inner product over z € H with ||z|| = 1, then we get
(S (A|B)z,z) — (S (A|C) z, )
(Az,x)
> 1n (1 + 1 )
a-teai]jat -0y ad|

( a-tpa-t |4t 5 -0 at] ) h
>1In

|a-tBa-t|||at (B - ) ab| -1

and by taking the exponential, we derive the desired result (3.7). [
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