A SUB-MULTIPLICATIVE PROPERTY FOR THE RELATIVE
ENTROPIC NORMALIZED DETERMINANT OF POSITIVE
OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. For positive invertible operators A, B and = € H with |z| =1
we define the relative entropic normalized determinant Dy (A|B) by

D; (A|B) := exp <A% (ln (A_%BA_%>) A%x,x> .
In this paper we show, among others, that, if A, B, C > 0, x € H, ||z|]| =1
and BA~1C + CA~1B > 0, then

D, (A|IB+C+ A) <D, (AB+ A) D, (A|IC + A).

Some examples for normalized determinant are also provided.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and 1p stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,x) > 0 for all z € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [9], [10], introduced the normalized determinant A, (A)
for positive invertible operators A on a Hilbert space H and a fixed unit vector
x € H, namely ||z| = 1, defined by A, (A) := exp (In Az, x) and discussed it as a
continuous geometric mean and observed some inequalities around the determinant
from this point of view.

Some of the fundamental properties of normalized determinant are as follows,
[9].
For each unit vector x € H, see also [13], we have:

(i) continuity: the map A — A, (A) is norm continuous;

(ii) bounds: <A‘1x,x>_1 < AL(A) < (Az, z);
(ifi) continuous mean: (APz,z)"? | Ay(A) for p | 0 and (APz,2)'/? 1 A,(A)
for p T 0;
) power equality: Ay(AY) = A, (A) for all t > 0;
) homogeneity: A, (tA) =tA,(A) and A, (tly) =t for all ¢ > 0;
(vi) monotonicity: 0 < A < B implies Az(A) < A, (B);

i) multiplicativity: A,(AB) = A,(A)A,(B) for commuting A and B;

) Ky Fan type inequality: A, ((1 —a) A+ aB) > AL (A)'"*AL(B)* for 0 <
a <1
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We define the logarithmic mean of two positive numbers a, b by

lnll;:ilna if b 7& a,
(1.1) L(a,b) :=
aifb=a.

In [9] the authors obtained the following additive reverse inequality for the oper-
ator A which satisfy the condition 0 < mly < A < M1y, where m, M are positive
numbers,

M1 —mlnM
(1.2)  0< (Az,z) — Ay(A) < L(m, M) [lnL(m,M) + n]\”; 7:’; Sk |
for all x € H, ||z|| = 1.
We recall that Specht’s ratio is defined by [19]

Lf11 if h e (Oal)U(LOO)v
eln(hm>
(1.3) S (h):=
lifth=1.
It is well known that lim,—, S (h) =1, S(h) = S(3) > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00).

In [10], the authors obtained the following multiplicative reverse inequality as
well

(Az, x) M
1.4 1< <S|—
(14) - AL(4) m
for 0 <mly <A< Mly and z € H, ||z| = 1.
For the entropy function 7 (¢f) = —tlnt, ¢ > 0, the operator entropy has the
following expression:
n(A)=—AlnA
for positive A.
For z € H, ||z|| = 1, we define the normalized entropic determinant n,(A) by
(1.5) n,(A) :=exp (— (Aln Az, z)) = exp (n (A) z, x) .

Let x € H, ||z|| = 1. Observe that the map A — n,(A) is norm continuous and
since

exp (— (tAln (tA) z, z))
=exp(— (tA(Int+1nA)z,z)) =exp(— ((tAlnt +tAln A) z, z))
=exp (— (Az,z) tInt) exp (—t (Aln Az, z))
=expln (t_<Am’r>t> [exp (— (Aln Az, x>)]_t ,
hence
(1.6) 0, (tA) = ¢ A5 [ (A)]

for ¢t >0 and A > 0.
Observe also that

(1.7) n,(1g)=1and n,(tlg) =t""
for t > 0.
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In the recent paper [3] we showed among others that, if A, B > 0, then for all
x € H,||z||=1and ¢ € [0,1],

n,(L—t) A+tB) > (n, (4)" ™" (n, (B))" .
Also we have the bounds
—(Az,x)
<A2LL’,JE> —(Az,x)
1. - < A) < (A ’
(19) <<Ax’x> <0, (4) < (A, )45
where A > 0 and z € H, ||z|| = 1.

Definition 1. For positive invertible operators A, B and x € H with ||z|| = 1 we
define the relative entropic normalized determinant D, (A|B) by

D, (A|B) :=exp (S (A|B) z,x) = exp <A% (ln (A_%BA_%)) A%m,x> ,
where the relative operator entropy S (A|B), is defined by
(1.9) S(A|B) = A% (m (A—%BA—%)) A3
We observe that for A > 0,
Dy (A[lg) = exp (S (Allg) =, 2) = exp (= (Aln Az, z)) = n,(A),
where 7,.(+) is the normalized entropic determinant and for B > 0,
D, (1g|B) :=exp(S(1y|B)z,x) = exp (In Bz, z) = A,(B),

where A, () is the normalized determinant.
Motivated by the above results, in this paper we show, among others, that, if A,
B,C>0,z€H, |z|=1and BA7'C +CA~'B >0, then

D, (A|IB+C+ A) <D, (AB+ A)D, (A|C + A).
Some examples for normalized determinant are also provided.
2. MAIN RESULTS

Further on, in order to simplify notations, instead of k1y with k a real number,
we write k.
The following representation result holds:

Lemma 1. For all U, V >0 and a > 0 we have
(2.1) Im(U+a)+In(V+a)—In(U+V +a)—Ina
:/ (a+>\)_1S(/\,a,U,V)d/\+/ (a+X)""Q(\a,U,V)dA,
0 0
where
SN a,UV)=U+V+a+N) " (UV+VU)(U+V+a+A)""
and
QN a,UV)=U+V+a+A)"
><[V(U+a+A)*1UV+U(V+a+A)*1VU
X (U+V4a+N"
for A > 0.



4 S.S. DRAGOMIR

Proof. Observe that for ¢t > 0, t # 1, we have

/“ dX Int 1 u+t
= + In

o A+t)(A+1) t—-1 1-—t u+1

for all u > 0.

By taking the limit over u — oo in this equality, we derive

Int / > dX
t—1  Jo A+t)(A+1)
which gives the representation for the logarithm

o0 A
(2.2) lnt:(tfl)/o 6T 0D

for all ¢ > 0.
If we use the continuous functional calculus for selfadjoint operators, we have

(2.3) lnT:/OOO)\_li_l(T—l) (A+T)""dx

for all operators T' > 0.
Observe that

o0 1 o0
/ — (T-1)(A+T) 1d)\:/ C(T+ A= A—1)(A+T)""dx
o A+1

:/ ~(+T)

and then

Therefore
(2.4) 1n(U—|—a)+ln(V—|—a)—ln(U+V—|—a)—lnaz/OOOKAd)\,
where

—(U+VHa+N) @+ N ' —U+a+N) ' = (V4+a+ N
To simplify calculations, consider ¢ := a + A and set

—U+V+) o U+ (V4!
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If we multiply both sides by U + V 4+ § we get
Wi = (U+V +8)Ls (U+V +0)

= U4V +0)+5 U4V +6)

— U4V 48U+ (U+V+50)
—(U+V+0) (V48 (U+V +9)
—(U+V+8)+6U+V+6)?
—(U+V+0) =V U+6 " (U+V+56)
—U(WV48) U4V +68)—(U+V+96)
=0 YU+ V+0) - VWU +6) V-V
—U(WV+8'U-U—-(U+V+96)

=6 (U +UV 46U+ VU +V?+ 6V +6U + 6V +6°)
—VU+8)'V-2V—UWV 406 'U-2U-96
=0 (U + UV +VU+V?) +2V +2U +6
VU4 ' V-UWV+8§)'U-20—-2V -6
=5 N (UPHUVHVU V) V(U +6) 'V -UV+)'U
=0t [U2+UV+VU+V2—5V(U+5)*1V—5U(V+5)*1U]
=0T U2 OV A VU VAV (U 1)V - U (7 1)
Observe that
VEoV(5T\U+1) TV
—V(TU+) T (U ) V-V (U )Y
—VETU+1) T (U1
=5 WU+ UV =V U +5) T UV

and
vt-Uu (V1)U
—U W) VA NU-U (VD) T
UG V)T TV 11U
=5 U V) VU =U(V +06) VI
Therefore

Wy =6 [UV+VU+V(U+5)‘1UV+U(v+5)‘1VU],

which gives that
Ls:=(U+V+8) " WsU+V+0)".

ul.
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We obtain then the following representation

25) Kn=@+N) " (U+V+a+XN) " OV+VU)U+V+a+)"
+(@+N T U+V+at+N)!
X V(U—i—a—i—)\)_lUV—i—U(V—i-cH—/\)_lVU} U+V4at+N)!
=(@+N)""SNa, U V)+(a+ N P(\a,UV)

for a, A > 0.
By utilizing (2.4) and (2.5) we derive the representation (2.1).

Corollary 1. For oll U, V > 0 we have
(2.6) mh(U+1)+(V+1)-ImU+V+1)
= /OOO (1+>\)IS()\,U,V)d)\+/OOO (1T+N)"Q\U,V)dA,
where
SNUV):=U+V+14+N " (UV+VU)U+V+14+N)""
and
QNUV)=U+V+1+N""
X [V(U+1+/\)_1UV+U(V+1+)\)_1VU
x(U+V+1+X0"".
We have the following operator inequalities

Theorem 1. For allU, V >0 and a > 0 we have

(2.7) /OO (a+X)""S(\a,U,V)dA
goln(U-l-a)-l-ln(V—Fa)—ln(U—|—V+a)—lna
</Ooo(a+>\)1R()\,a,U,V)d)\,

where

RNa,UV)=U+V+a+N) " U+V?U+V+a+)!

for A > 0.
In particular,

(2.8) /OOo (1+AN)""S(\U,V)dA
<In(U+1)+In(V+1)-In(U+V+1)
g/oo(l—i—/\)*lR()\,U,V)d)\,

0

where
RANUV)=U+V+14+N " U+V?PU+V+14+0)7"
for A > 0.
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Proof. Assume that U, V' > 0. Observe that for a, A > 0
U+a+N)""U=U+a+N"'"U+at+r—a—-N
—1—(@+NU+a+N"",
which shows that
0<U+a+N'U<L.
If we multiply this inequality both sides by V| then we get
0<V{U+a+N UV <V
Similarly,
0<U(V+a+N)'VU<U
Therefore
0<VWU+a+N) ' UV+UV +a+N) " VU<U?>+V?
and by multiplying both sides by (U +V + 1+ )\)_1 we deduce
0<QNa, U, V)< U+V+at+ N (U +VHU+V+a+A)"

for a, A > 0.
Now, if to this inequality we add S (A, a,U, V'), then we obtain

(2.9) S\ a,UV)<Q\a,UV)+S(\a,UYV)
SU+V+a+ N (U+V)U+V+a+A)!
+ U4V +a+N)"UV+VU)U+V+a+2)""
—(U+V4a+N) " U+V)?U+V+at+N"

= R (A7 a’ U’ V)
for a, A > 0.
If we multiply (2.9) by (1+A)~" > 0, integrate over X on [0, 00) and use repre-
sentation (2.1) we derive (2.7). O

Corollary 2. Let U, V >0 and a > 0.
(i) If UV + VU > 0 for the positive number w, then

(2.10) m(U+V+a)+lna<ln(U+a)+In(V+a).
In particular,
(2.11) m(U+V+1)<In(U+1)+In(V+1).
(il) If U4+ V < Q, with Q a positive constant, then

0?2 _
(212)  WU+a)+W(V+a)=(U+V+a)—Ina<—(U+V+a) L

In particular,

(2.13) In(U+1)+n(V+1)-In(U+V+1)<QU+V+1)"".
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Proof. (i) If UV + VU > 0, then by multiplying both sides by (U +V 4+a+ A)~"
we get

0SS U4V +a+N) " UV+VU)U+V+a+A)""
for a, A > 0, which implies that

og/ (a+N " U+V+a+N""UV+VU)U+V +a+X)""dx
0

:/ (a+X)""S(\a,U,V)dA
0

and by (2.7) we get (2.10).
(ii) U +V < Q, then

U4V4a+ ) U+V? U4V +a+N) " <QPU+V+a+A)2

for a, A > 0. This implies that
(2.14) / (a+ N U+V4+a+ )" U+V?PU+V+a+2)""dr
0
SQQ/ (a+N)""U+V+a+)d
0
Q2 [ 9
<— | U+V+a+A)dn
0

Now, if we take the derivative over ¢ in (2.2), then we get

00 !
¢ :/ A+~ ani )N
0 A+t

[ 1 A+l [ —2
_/0 A+1) ()\+t)2d)\_/0 (A+1)2dA.

This gives that
/ U+V+a+N)2d=U+V+a)"
0
and by (2.14) and (2.7) we obtain (2.12). O

We have the following representation result:
Theorem 2. For all A, B, C' > 0 we have the representation

(215)  S(A|B+A)+ S(A|C+A) —S(AB+C+ A)
:/OO(1+>\)_1<I>(>\,A,B,C)d>\+/OO(1+/\)_1\I/(/\,A,B,C’)d)\,

0 0
where
®(N\A,B,C):=AB+C+(1+N)A) " (BATIC+CA'B)
x(B+C+(1+MNA)""A
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and
¥ () A, B,C)
=AB+C+1+NA4)""
X [(J (B+(1+N)A) " BATIC+B(C+(1+X)A)~" OAle]
X(B+C+(1+MNA)"A
for A > 0.

Proof. Consider U = A~Y/2BA=1/2 and V. = A=1/2CA~1/2, then

In(U+1)+In(V+1)—In(U+V+1)

=In (A*I/QBA*”2 + 1) +1n (A*l/zc,arl/2 + 1)
( “UV2BATY2 4 ATH20ATY? 1)

= (472 (B+A)A72) £ (A2 (C + ) A7)
(4

—In

“1/2(B 4 C + A) A*W) :

S(\U, V)

and

= (4712BATY2 4 ATPCAT 2 4140

-1

% (A—1/2BA—1/2A—1/20A—1/2 + A—1/2CA—1/2A—1/2BA—1/2)

-1
% <A71/2BA71/2 LATY20AY2 o 1_|_>\)

=AV2(B+C+(1+NA
x AV2(B+CH 1+ A" AY?
=AY2(B+C+(1+MN)A) " (BAT'C+CA™'B)
X (B+C+(1+X)A)~"AY?

)t AVRATYE (BATICATY £ CATIB) AT

Q\UV)

=AYV2(B+C+(1+N)A) " AV?

X [A‘l/QC’A‘l/?Al/Q (B+(1+X) A)"HAYV2ATY2BAT2 A7 20A7Y2
+ATPBATIZAYZ (C 4 (14 2) A)7 A1/2A‘1/QCA‘1/2A‘1/2BA‘1/2}
x AV2(B+C+ 1+ A)~"AY?
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—AV2(B+C+ 1+ A4)" 1 AY?

xA_l/Z[ (B+(1+)) )1BA‘1C+B(C+(1+)\)A)’1CA‘1B]A‘1/2
x AV (B+C+ (1+X)A)" A2

= AP (B+C+(1+1A4)7"

X [C(B+(1+A) A)YBATIC+ B(C+ (1+ ) A)_lCA‘lB}

X (B+C+(1+))A) " AY2,

Now, if we use the identity (2.6) multiplied both sides by A'/? > 0, we obtain the
desired representation (2.15). (]

Corollary 3. Assume that A, B, C > 0.
(i) If BA7'1C + CA™1B > 0, then

(2.16) S(AB+C+A)<S(AB+A)+S(AIC+A).
(ii) If B4+ C < OA, with © a positive constant, then
(2.17) S(AIB+A)+S(AIC+A)—S(AIB+C+ A)

< @AV (B+C+ At A2,
Corollary 4. For all A, B, C > 0 we have the representation

D, (A|B + A) D, (A|C + A)
D, (AlB+C+A)

= exp (/OOO (1+X)"®(\ A, B,C)z,z) d)\>

(2.18)

X exp (/OOO (14X (U (N A B,C)x,z) d>\> :
Proof. If we take the inner product over z € H, ||| = 1 in the identity (2.15) then
we get
(S(AIB+ A)z,z) + (S(A|IC+ A)z,x) — (S(A|IB+ C + A) z,z)
= /OOC (14+X)"(® N A B,C)a,x)d\+ /OOO (14X (U (N A, B,C) z,z) dA
and by taking the exponential we derive the desired result (2.18). O
Corollary 5. Assume that A, B, C >0 and z € H, ||z| = 1.
(i) If BAT'C + CA™'B > 0, then
(2.19) D, (Al B+C+A)<D,(AlB+A)D,(A|IC+ A).
(ii) If B4+ C < ©A, with © a positive constant, then

D, (A|B+ A) D, (A|C + A)
D, (A|B+C + A)

< exp [@2 <A1/2 (B+C+ A" A1/2x,x>} .

(2.20)
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3. SOME RELATED RESULTS
In the case of A =1 we derive by (2.15) the representation
A, (B+1) A, (C+1)
A, (B+C+1)

wp(émﬂ+k)1¢QJlCﬁM>

(3.1)

XWp</mu+Ay4quzcyu),

0
where B, C >0 and z € H, ||z|| =1
®(\,B,C):=(B+C+(1+A\)1)""(BC+CB)
x (B+C+(1+N1)7"

and
U(\B,C):=(B+C+(1+N)1)""
xcmB+u+mn*Bc+Bw+@+wnr%w}
x(B+C+(1+N1)7"
for A > 0.

If B, C > 0 with BC + CB > 0, then
(3.2) A (B+C+1) <A, (B+1)A,(C+1),

for all z € H, ||z| = 1.
Also, if B, C' > 0 with B+ C < O, where O is a positive constant, then

A, (B+1)A, (C+1)
A, (B+C+1)

for all x € H, ||z|| = 1.

The symmetrized product of two operators C, B € B(H) is defined by S(C, B) =
CB + BC. In general, the symmetrized product of two operators C, B is not
positive. Also Gustafson [12] showed that if 0 <m < C < M and 0<n < B <N,
then we have the lower bound

(3.3)

< exp {@2 <(B +C+1)7" m,x>} ,

(3.4) SMJ%Ean—%Mi—mMN—nL

which can take positive or negative values depending on the parameters m, M, n,
N.
So, if 0<m<C<Mand0<n<B<N with

8mn > (M —m) (N —n),
then by (3.2) we get that
(3.5) A, (B+C+1)<A,(B+1)A,(C+1),
for all x € H, ||z|| = 1.
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FO<m<C<Mad0<n<B<N,then C+B < (M+N)1 and
(B+C+1)""'<(m+n+1)""1and by (3.3) we also obtain that

Ay (B1)A(CH+D) _ (M + N)?
A, (B+C+1) — (m+n+1))’

for all x € H, ||z|| = 1.

(3.6)
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