TENSORIAL AND HADAMARD PRODUCT INEQUALITIES FOR
SELFADJOINT OPERATORS IN HILBERT SPACES VIA TWO
TOMINAGA’S RESULTS

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. Let H be a Hilbert space. In this paper we show among others
that, if the selfadjoint operators A and B satisfy the condition 0 < m < A,
B < M for some constants m and M, then for v € [0, 1]

M
Al_”®B”S(l—y)A@l—i—ul@BSS(—) A~V @ BY
m

and

0<(1-v)A®1+v1®B—- A" ®B"

<z (1,M)1ns(ﬂ)A®1,
m m

where S (-) is the Specht’s ratio and L (-,-) is the logarithmic mean. We also
have the following inequalities for the Hadamard product

M
Alﬂ’oBVS[(171/)A+1/B]ol§S(—)A17”OBV
m
and
M M
Og[(lfy)A+uB}olfA1*”oB”gL(l,—)lnS(—)Aol,
m m

where v € [0, 1].

1. INTRODUCTION

As is known to all, the famous Young inequality for scalars says that if a,b > 0
and v € [0,1], then

(1.1) a7y < (1—v)a+uvb

with equality if and only if @ = b. The inequality (1.1) is also called v-weighted
arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by

_1
— e ifh e (0,1) U (1,00)
eln(hﬁ>
S (h) :=
lifh=1.
It is well known that lim,_, S (h) =1, S(h) = S(3) > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00) .
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Tominaga [9] had proved a multiplicative reverse Young inequality with the
Specht’s ratio [8] as follows:

(1.2) (1-v)a+vb<S (%) a"vb

for a, b> 0 and v € [0, 1].
He also obtained the following additive reverse

(1.3) (1—-v)a+vb—a b < L(a,b)lnS(%)
for a, b > 0 and v € [0, 1], where L (-,) is the logarithmic mean defined by
In lg:ilna for 7& @,
L{(a,b) :=
aifb=a.
If 0 <m < a,b< M, then also [9]
1—vpv M 1-vpr
(1.4) (a' b <) (1u)a+ub§5(>a b
m
and
M M
(1.5) 0<)(1—-v)a+vb—a""b” <al (1,) lnS()
m m
for v € [0,1].

Let I, ..., I;; be intervals from R and let f : I; x ... Xx I, — R be an essentially
bounded real function defined on the product of the intervals. Let A = (A1, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hy, ..., Hx such that
the spectrum of A; is contained in I; for ¢ = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

Ai:/ MNdE; (A;)
I;

i

is the spectral resolution of A; for i = 1, ..., k; by following [2], we define
Iy Iy,

as a bounded selfadjoint operator on the tensorial product H; ® ... ® H.

If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
This construction [2] extends the definition of Kordnyi [4] for functions of two
variables and have the property that

f (Ala aAk) = fl(Al) ®..® fk(Ak),

whenever f can be separated as a product f(¢1,...,t,) = f1(t1)...fx(tr) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, 00), namely

f(st) > (<) f(s)f(t) for all s,¢ € [0,00)
and if f is continuous on [0, ), then [6, p. 173]
(1.7) f(A®B) > (L) f(A)® f(B) forall A, B>0.
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This follows by observing that, if

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then
(1.8) f(A® B) :/ / £ (st)dE (t) @ dF (s)
[0,00) /[0,00)

for the continuous function f on [0, 00).
Recall the geometric operator mean for the positive operators A, B > 0
A#tB — A1/2(A71/2BA71/2)tA1/27
where t € [0, 1] and
A#B — A1/2(A71/2BA71/2)1/2A1/2.
By the definitions of # and ® we have
A#B = B#A and (A#B)® (B#A)=(A®B)# (B® A).
In 2007, S. Wada [10] obtained the following Callebaut type inequalities for ten-

sorial product

(1.9)  (A#B) ® (A#B) < = [(A#4B) @ (A#1_0B) + (A#1-oB) ® (A#,B)]

— N

< —
-2
for A, B>0and o € [0,1].

Recall that the Hadamard product of A and B in B(H) is defined to be the
operator Ao B € B(H) satisfying

(Ao B)ej,e;) = (Aej, e5) (Bej, e;)

(A® B+ B® A)

for all j € N, where {e; }j cn 1s an orthonormal basis for the separable Hilbert space
H.
It is known that, see [5], we have the representation

(1.10) AoB=U"(A® B)U

where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
If f is super-multiplicative (sub-multiplicative) on [0, 00), then also [6, p. 173]

(1.11) f(AoB)>(<)f(A)o f(B) forall A, B>0.

We recall the following elementary inequalities for the Hadamard product
A2 o B2 < <AJ2FB> olfor A, B>0

and Fiedler inequality
(1.12) Ao At >1for A>0.

As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [1]
showed that

AoB < (4201)?(B201)"? for A, B>0
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and Aujla and Vasudeva [3] gave an alternative upper bound

1/2

AOBS(A2OBQ) for A, B> 0.

It has been shown in [7] that (A% o 1)1/2 (B%o 1)1/2 and (A% o B?) "2 are incom-
parable for 2-square positive definite matrices A and B.

Motivated by the above results, in this paper we show among others that, if the
selfadjoint operators A and B satisfy the condition 0 < m < A, B < M for some
constants m and M, then for v € [0, 1]

Al”®B”§(1—y)A®1+u1®B§S(M>A1”®B”
m

and

0<(1-v)A®1+vi®B-A""®B"

<L<1,M> lnS(M>A®1,
m m

where S () is the Specht’s ratio and L (-, -) is the logarithmic mean. We also have
the following inequalities for the Hadamard product

A" o BV < [(1—U)A+VB]01§S<M> A" o BY
m
and
0< [(1V)AJrVB]olAl”oB”gL(l,M)lnS(M)Aol,
m m
where v € [0, 1].

2. MAIN RESULTS

Our first main result is as follows:

Theorem 1. Assume that the selfadjoint operators A and B satisfy the condition
0<m<A, B<M for some constants m and M, then for v € [0,1],

(2.1) Al_”®B”g(1—y)A®1+u1®BgS(M)Al_”®B”
m

and

(2.2) 0<(1—1/)A®1+V1®B—A1_”®B”<L<17M)1nS<M)A®1.
m m

In particular,

1 M
(2.3) A1/2®Bl/2§2(A®1+1®B)§S<) AY? @ pl/?
m
and
1 M M
(24) 0< §(A®1+1®B)—A1/2®Bl/2 gL(l,) 1nS<>A®1.
m m
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Proof. From (1.4) we get
(2.5) s <(1—-v)t+vs< S (JT\T{) tvs”
for all t, s € [m, M] and v € [0,1].

Assume that
M

A= tdE (t) and B = /M sdF (s)

m

are the spectral resolutions of A and B. Now, if we take the double integral fm fgf
over dE (t) ® dF (s) in (2.5), then we get

(2.6) / / 1V dE (1) ® dF (s) < //M[(l—u)t+us]dE()®dF()

( >/ / t'7Vs"dE (t) @ dF (s).

M M
/ / t'7"sVdE (t) @ dF (s) = A*™" @ BY

m m

Since

/ / [(1-v)t+vs|dE(t)®@dF(s)=(1-v)A®1+v1® B,

hence by (2.6) we get (2.1).
By (1.5) we get

(2.7) 0</M/M[(1—l/)t+l/s]dE(t)®dF(s)

- /mM /Mtl_”s”dE (t) @ dF (s)
§L< )ms( )/ / tdE (t) @ dF (s)

/ / tdE (1) ® dF (s) = A® 1,
m m
hence by (2.7) we deduce (2.2). O

and since

Remark 1. If0 <m < A < M for some constants m and M, then
M

(2.8) A1”®AV§(1—V)A®1+V1®A§S(>A1”®AV
m

and

(2.9) 0§(1I/)A®1+1/1®AA1”®A”§L<1,M>lnS(M
m m

JEET

In particular,

—_

(2.10) A1/2®A1/2§(A®1+1®A)§S<

M) A1/2 ® A1/2
2

m
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and

(2.11) 0<;(A®1+1®A)—A1/2®A1/2<L(1,M>1nS<M
m

m

)as1.

Corollary 1. Assume that the selfadjoint operators A; and B; satisfy the condition
0<m<A;, Bi<M,p; >0 forie{l,..,n} withY." p; =1, then

.12 (ZM) ® (ipiffz)
(1-v (2:]92 Z) RI1I+rv1I® <§n:piBi>

i=1

<S <Anf> (E p#ﬁ‘”) ® (E pi&”)
=1 =1
and

(2.13) (1-v (Z piA ) R1+v1® (i piBi>
o))

oo 2 () (Er)

Proof. From (2.1) we have
M
A" @Bl <(1-v)A;®1+v1®B; < S() A7V @ BY
m

for i, j € {1,...,n}.
If we multiply by p;p; > 0 and sum, then we get

Z pipjA; " ® BY < Z pip; (1 —v)A; ®14+v1® Bj]

i,j=1 4,5=1
M - 1-v v
<S (m) Z pipjA; " @ BY,
7,7=1
which is equivalent to (2.12).
The inequality (2.13) follows in a similar way from (2.2). O

Remark 2. If we take B; = A;, i € {1,...,n} in Corollary 1, then we get
(2.14) (ZpiA}—”> ® <ZpiA;;’>
(1-v <Zpl ) ©l+vl® (Zm&)

i=1

<S <m> (;piA}”> ® (ipiAl{)
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and

(2.15) (1-v) (Zpl ) R1+v1® (ipiAZ')
- (ZpiAg—"> ® (fjmz)

< (u5)ms () (Era) o

Corollary 2. With the assumptions of Theorem 1,

(2.16) A oB" <[1-v)A+vB]ol1< S (Z) A=V o BY

and

(217)  0<[1-v)A+vB]Jol—-A""0oB"<L (1%) 1ns(ﬂnf> Aol.

In particular,

(2.18) A1/20B1/2§A+B01§S<M)Al/2031/2
2 m
and
A+ B M M
(2.19) 0< 4t ol—A1/20B1/2§L<1,>ln5<>Aol.
2 m m

Proof. If we use the identity (1.10) and apply U* to the left and U to the right of
inequality (2.1), we get

(2.20) U (A" @B YU <U*[(1-v)A®1+vl® BlU
M
<S () U (A" e B")U,
m
which is equivalent to (2.16). O

Remark 3. Assume that the selfadjoint operators A; and B; satisfy the condition
0<m<A;, B;<M,p; >0 forie{l,...,n} with Y, p; =1, then by Remark 2
we get

(2.21) (i:p,;Ag_”> o (ipﬁlé’) < (Xn:pu‘L) ol

S ) ()
=1 i=1
and

(2.22) 0< (i:piA,»> ol — (i:p,Al ”) (ZpZA">
L

(13 (30 (ma) o1

IN
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Theorem 2. Assume that f, g are continuous and nonnegative on the interval I
and there exists 0 < v < I' such that

f@)
VSW

then for the selfadjoint operators A and B with spectra Sp (A), Sp (B) C I,

<T foralltel,

(2.23) (fQ(”’ (4) g (4)) @ (£ (B)g*1=) (B))
< (1=) 2 (A) @ ¢* (B) +vg* (4) @ [* (B)
<s ((F>> (720 (g7 () o (£ (B) 20 (B))
>
and
(2:24) 0<(1-v) f2(A)® ¢* (B) +vg* (4) @ J (B)

— (PO @ g () @ (12 (B)g* ) (B))

DN | =

IN
~
/N
—
/‘\
——
[ )
~__—
=
n
/N
/~
2|
N~
[\v)
~
~
(]
=
®
Q
[\v]
S

then we get

(2.27) (fz(“f_y(ﬁ(s))ys(lu) f(t)wf“s)

for any t, s € I.
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Now, if we multiply (2.27) by ¢2 (t) g% (s) > 0, then we get
(2.28) f2(1 () g (1) 7 (s) g
v) () g% (s) + vg* () £ (s)

F ? 2(1—v) 2v l/)s
<7>>f (8) £ ()20 (s)
A:/tdE(t) andB:/de(s)
I I

are the spectral resolutions of A and B.
Further on, if we take the double integral [, [, over dE (t) ® dF (s) in (2.28),
then we get

) [ [P 08 05 950 () aB @ 0 dF ()

1—1///f2 t) ® dF (s)
+u// t) @ dF (s)

<( > )// e () 17 (5) 9> =) (s) dE (t) @ dF (s).

2(1— u)( )

for any ¢, s € 1.
Assume that

Since
/ / 2070 (1) 2 (1) 2 (5) 20 (s) dE (1) © dF (s)
/f2(1 V) ) g? () dE (t /f2u g20- u)( )dF (s)
= (1P @) g (1) @ (f2“< )21 (B)),
/,/If2(”92(8) £ @ dF (s /f2 t)dE (¢ / () dF ()
fo( )@ ¢?(B),
// t)@dF (s) = / /f2 dF (s
— (4 )®f2(

hence by (2.29) we get (2.23).
From (1.5) we obtain

09 L0 L (PO) (2O

<O () s ((5))

for any t, s € I.
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If we multiply by g2 (t) g? (s) > 0 then we get
(230) (1) ()6 (5) + va® () £2 (5) — F2079 (0% () £ (5) 62 (9

< P2 (H)g?(s) L (17 (5)) S ((5))

for any ¢, s € 1.
If we take the double integral [; [, over dE (t)®dF (s) in (2.30) and use a similar
argument as above, we deduce the desired result (2.24). ]

Corollary 3. With the assumption of Theorem 2, we have the following inequalities
for the Hadamard product

(2.31) (fQ(l’”) (4)g> (4 >)o(f2”< ) g2 (B))
v) f2(4) 0 g (B) + vg® (A) o 2 (B)

( 5)) (7207 () g () o (£ (B) g7 (B))

and
(2.32) V)fz( ) 9% (B) +vg* (A) o f*(B)

<(1-
( (1—v) Y (A) o(f2u(B) 2(1— u)( )>
L

e

In particular, for v =1/2,

IN

(233) (F(4)g ()0 (F(B)g(B) < 5 [(4) 04 (B) + ¢* (4) o £ (B)]
F 2
<5 ((7) ) (f (4)g(4) o (f (B)g (B)
and
(231) 0< L2 (A) 0 (B) + 42 (A)o £2(B)] - (F (A) g (4) o (£ (B) g (B)

IN
h

) () e

Remark 4. If we take B = A in Corollary 3, then we get the simpler inequalities

(2.35) (7207 (4) g (4)) o (£ (4) 20 (4))
< /2 (A) 0 g% (4)

<s ((2)) (70 () g2 () o (72 (4) 520 ()
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and

(236) 0= f2(A)0g® (4)— (2077 (4) g (4)) o (12 (4) 27 (4))

<L (1, (5)2) InS ((5)2) f2(A)og?(A).

In particular, for v =1/2,

237)  (f(A)g(A)o (F(A)g(A) < 12 (A) 0 g (A)
F 2
<5 <(7) ) (f (A) g (A)) o (f (A) g (4)
and
(2.38) 0< 12 (A) 0 g2 (A) — (F (A) g (4)) o (f (A) g (A))

<L (1, (5>2> In S ((Sf) f2(A)og?(A).

Corollary 4. With the assumption of Theorem 2, then for the selfadjoint operators
A; and B; with spectra Sp (A;), Sp(B;) C I, and p; > 0 for i € {1,...,n} with
S pi =1, then

(2.39) (Zn:pifz(lu) (Az) i ) <szf2u 2(1 v) (Bz)>
<(1-v) (szf2 > (sz B; )

® (ZPJZ” g (BJ)

and

(240) 0<(1-v) (Zplﬁ >® <ipig2 (B¢)>

+v (ZP¢Q2 (AJ) & (ZPifQ (Bl)>

<szf2(l v) z 21/ ) (szfQV 2(1 y)( z))

() ) ()
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If take B; = A; and consider the Hadamard product version, then we get the
simpler inequalities

(2.41) <Zpif2(1—u) (Ai) g ) ) (Zplfzu N 2(1—v) (Az)>

< (Zzn:pifz (Az')> o (Zpi92 (Ai)>
()

(Zp f2y 2(1 v) (Az)>

(242)  0< (> pf*(A ) (sz )

>
< pif?0 ) (Ay) ) (pr2” 2“””)(%11))
() M ) () ().

3. SOME RELATED RESULTS
Further on, observe that if a, b > 0 and

(3.1) O<l_l§%§L<oo,
for some L, [ > 0 with LI > 1, then

S (%) <max {S (I"1),S (L)} = max {S (1), S (L)}
and by (1.2) we have
(3.2) (1—-v)a+vb<max{S(l),S(L)}a"""v"
for every v € [0,1].
Theorem 3. Assume that
(3.3) 0<mi < f(t) <M <oo, 0<mg<g(t) <M < oo,

forteI. Ifu(t), v(t) >0 and continuous on I, then for the selfadjoint operators
A and B with spectra Sp (A), Sp(B) C 1,

(34 (FA)ud)e @ (B)g(B)
< % (u(A) 7 (A)) ® v (B) + %u (4) @ (¢ (B) v (B)

<mac{s (22) s (M)} s uan e @@ @),

1 my
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In particular, forp=q=2
35)  (f(Au(4) e (B)g(B))
< % [(u(A4) 2 (A)) ®v(B) +u(A) @ (¢° (B)v(B))]

< max{s ((j‘j)) 5 ((j‘j)) } (f (A)u(A) ® (v(B) g (B)).

M

Proof. Now, if we write the inequality (3.2) for | = —%, L = my
1

mg 9 a = fp (t) 9
b=yg%(s) and v = %, and use Young’s inequality, then we get

1., 1, M3 My
B FWa) < 0+ o6 <max{s (12).5 (5r ) 109
for any ¢, s € 1.
If we multiply (3.6) by u (¢) v (s) > 0, then we get
(37 FOu®v(s)g(s) < %u@) 17 () (s) + éuu) g (s) v (5)

< max{s (f‘nf) S (W)}f(t)u(t)v@)g@)

1 )

for any ¢, s € I.
If we take the double integral [, [, over dE (t)®dF (s) in (3.7) and use a similar
argument as above, we deduce the desired result (2.24). (]

Corollary 5. With the assumptions of Theorem 8 we have the tensorial inequalities

(38)  (f(A)g(A) e (f(B)g(B)
< % (9(4) 17 (A) ® f (B) + ég (A) ® (g% (B) f (B))

<max{s () s (M)} (g ) ¢ B9 @)

1 my
and
(3.9) (2 (A) @ (% (B))
< % (F7*1 () @ g (B) + éf (A) @ (¢ (B))
< max{s C\Z) s (ﬁr{)} (72 () @ (42 (B)).

For p = q = 2, we obtain
(310)  (f(A)g(A) e (f(B)g(B))
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and

(3.11) ( A) @ (9°(B))
[( ()) g9(B)+f(A)® (¢°(B))]

<max{ <( )2> <( ))}(f2<A>)®(92<B>).

We have the following results for Hadamard product:

I.\NH

Corollary 6. With the assumptions of Theorem 3,
(3.12) (f (A)u (A)) e (v(B)g (B))

< - (U(A) (A))ov(B) + u(d)e (g (B)v(B))

v (B
<max{s< )s( )} A))o(v(B)g(B)).

In particular, forp=q=2
3.13)  (f(A)u(4))o(v(B)g(B))
< L [(w(A) £ (4) o0 (B) +u(4) o (52 (B)v (B))]

< max{s ((ﬁf)) s ((;‘f)) } (f (A)u(A)) o (v (B) g (B)).

For v = u, we get

(3.14) (f (A)u(A)) o (u(B)g(B))
1
4))

3.15)  (f(A)u(A))o (u(B)g(B))

Moreover, if we take in (3.14) and (3.15) B = A, we get
(3.16) (u(A) f(A)) e (u(A)g(A))

< (w2 + o] ) oua)

St (ff) S (%) b £ @)oo ().
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In particular, for p =q¢ =2
(317)  (u(A)f(A))o(u(A)g(A))

< (u (A) [f2 (A);“"? (A)D o u(A)

< max{s ((ﬂf)) 5 ((i‘f)) } (u(A) £ (4)) o (u(4) g (4)).

Moreover, if we take g = f in (3.17), then we get
(3.18) (u(A)f(A)) o (u(A)f(A) < (u(A) f*(A)) ou(A)
My

<5 (() ) (u(A) £ (A)) o (u(4) f (A))

ma
We also have the following inequalities for sums:

0

)

Corollary 7. Assume that f and g satisfy the conditions (3.3). If u(t), v (t) >
and continuous on I, then for the selfadjoint operators A; and B; with Sp (A;)
Sp(B;) C 1, and p; >0 fori€ {1,...,n} with Y ., pi =1,

(3.19) Czlpifmi)umi)) & (Zp (Bz->g<Bi>>
<! (Zpu (A) 7 <Ai>) 8 (Zp (B»)
+1 (gmumi)) ® (gpg <Bi>v<Bi>>
() ()

. (ilpifmnumi)) © (Zp <Bi>g<Bi>> .

In particular, for p=q =2
(3.20) (épif(Ai)u(Ai)> ® (émv (Bi)g(Bi)>
<! Kipmmﬁ <Az—>> ® (Zp (B»)
" (ipiu<Ai>> ® (Zpg <Bi>v<Bi>>

i=1

oo () ()

X (Zsz(Az)U(Az)> ® (ZPW (Bi)g(Bi)> -
i=1

i=1
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From (3.20) for g = f, v =w and B; = A;, i € {1,...,n}, we get the inequality
for the Hadamard product

(3.21) (ZPW(&)“&)) o (Zpiu(Ai)f(Ai)>
(_ piu (A;) f? (Az‘)> ° (ZP:‘U(AO>
<S ((%;) ) (Zpif (Ai)u(Ai)> ° (Zpiu(Ai)f(Ai)> .

4. SOME EXAMPLES

P ndg():tqfort>0andp7q7é0. If A,B

IN

Consider the functions f ()

are selfadjoint operators with Sp (4), Sp (B) C [m, M] C (0,00) . Then
m =P~ for t > 0.
g(t)
Therefore
t
mP~™9 < Et; < MP~%for t € [m,M] and p > q
g
and
t
MP~1 < i;(t; <mP~? for t € [m, M] and p < q.

From Theorem 2 we get for p > ¢ that
(41) AQ(lfV)PJrZVq ® BQUp+2(171/)q

<(1-v)A* @ B + vA* @ B

2(p—q)
<9 <<M) ) A2(=v)pt2vg o p2up+2(1-v)q
m

and

(42) 0< (1 o V) A2p ® B2q + VA2q ® B2p . A2(17V)p+21/q ® le/p+2(171/)q

2(p—q) 2(p—q)
§L<1,<M) )ms((M) >A2p®32q.
m m

In particular, for v = 1/2,

—_

(4.3) APTI @ BP9 < = (A* ®@ B! 4+ A* @ B*)
2(p—q)
< S <(M> m ) APT4 @ BPT4a
- m

(A% ® B 4 A* @ B*) — AP*1 @ Brtd

2(p—q) 2(p—q)
L (1, (M> ) InS <<M) ) A% @ B*,
m m

[\

and

(4.4)

l\J\»—A

IN
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We also have the inequalities for the Hadamard product

(4.5) A2(1-v)pt2vg o grp+2(1-v)g

<(1-v) A%P o B%4 + A% o B?P

2(p—q)
< S <<M> ) A20=v)p+2vq o B2vp+2(1-v)q

- m
and

(4.6) 0< (1—v)A% 0B 4 yA% o B2 — A2(-VIpt+2va o g2vp+2(1-v)g

M 2(p—q) M 2(p—q)
<L (1, () ) InS <<) A% o B,
m m

In particular, for v = 1/2,

(4.7) APTa o BPta < % (A% o B* + A%1 0 B?)
2(p—q)
< S % r APtTa o gpta
- m
and
(48) 0< % (A2p o B2q + A2q o BQP) _ APt Bpta

M 2(p—q) M 2(p—q)
<L <1, () > InS (() A% o B2,
m m

Moreover, if we take B = A in (4.5)-(4.8), then we get
(4.9)

A2(1—V)p+2uq OA2vp+2(1—u)q < A2poA2q

2(p—q)
<S ((M> ) A20=v)p+2vq o f2vp+2(1-v)q

m

and

(410) 0< A2p OAZq _ A2(1—u)p+2uq oAQup+2(1—u)q

M 2(p—q) M 2(p—q)
<L (1, () ) InS (() A% o A%,
m m

In particular, for v = 1/2,

M 2(p—q)
(4.11) APTa o APTT < A%P 5 A21 < § <) APtd o APta
m

and

(4.12) 0 < A% 0 A%7 — APt o APTY

2(p—q) 2(p—q)
<L (1, (M> > InS <<M) ) AP o A%,
m m

17
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Now, assume that Sp (A;) C [m, M] C (0,00) and p; > 0 for ¢ € {1,...,n} with

i pi =1, then from (2.41) and (2.42) we derive

(4.13) (ZpiA?(l—V)P-Huq) o (ZpiA?l/p-'r?(l—y)q)

=1 i=1

< (ipi/ﬁj o <ipi14§q>
=1 i=1

2 n n
<S ((F) > (ZpiAz?(l—v)er?uq) o (ZpiA?uerQ(l—u)q)
7 1=1 i=1
and

(4.14) 0< (i A2p> (ipiAf‘J)
=1 =1
B <Z 420 u)p+2uq> . (2": " Af”f’“(l—”)q)

i=1

< L( )lnS ((5) > (ipiA?p> o (Zn:piA?q>
for v € [0,1].

In particular, for v = 1/2 we get

(415) (szAf+q> o (szAf+q>
i=1 i=1

< (im/ﬁ”) o (Zn:piA?q>
i=1 . ) . =1
=7 <(v> ) (ZpiAfﬂ) (ZP’W
i=1
and

|
() o)) ()

S

i=1 i=1

o)) () ()

i
The interested reader may also consider the examples f (t) = exp (at), g(t) =
exp (Ot) with o # 5 and ¢ € R.
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