TENSORIAL AND HADAMARD PRODUCT INEQUALITIES FOR
SELFADJOINT OPERATORS IN HILBERT SPACES VIA A
RESULT OF KITTANEH AND MANASRAH

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. Let H be a Hilbert space. In this paper we show among others
that, if the selfadjoint operators A and B are nonnegative and v € [0, 1], then

O§r<A®1+1®Bf2A1/2®Bl/2>
<(1-v)A®14+v1i®B—A'"Y® B
SR(A®1+1®B72A1/2®B1/2>,

where r = min {1 — v,v} and R = max{1 — v,v}. We also have the following
inequalities for the Hadamard product

ogzr((AJrTB> 017A1/2oBl/2)
<[1-v)A+vBlol— A"V oBY

S?R((A;B)OI—AI/QOBI/2>,

where v € [0,1].

1. INTRODUCTION

As is known to all, the famous Young inequality for scalars says that if a,b > 0
and v € [0,1], then

(1.1) a7y < (1—v)a+uvb
with equality if and only if @ = b. The inequality (1.1) is also called v-weighted
arithmetic-geometric mean inequality.

Kittaneh and Manasrah [9], [10] provided a refinement and a reverse for Young
inequality as follows:

(1.2) Ogr(f—\/ls)Q§(l—y)a—l—ub—al_”b”SR(f—\/B)Q

where a,b > 0, v € [0,1], r = min {1 — v,v} and R = max {1l —v,v}. The case
v = reduces (1.2) to an identity and is of no interest.

We observe that, if a,b € [m, M] C (0,00), then ‘f— \/I;‘ < VM —/m and
by (1.2) we obtain the following reverse of Young inequality
2

(1.3) (1-v)a+vb—a "b < R(\/M—\/ﬁ)
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2 S.S. DRAGOMIR

We can give a simple direct proof for (1.2) as follows.
Recall the following result obtained by Dragomir in 2006 [4] that provides a
refinement and a reverse for the weighted Jensen’s discrete inequality:

1 & 18
(1.4) T je{1,2,..,n} {ps} n ; () n ; J

n

1 n 1 n
SP*ZPJ‘D(IJ')*@ szjxj
j=1 =1

1 n 1 n
<n _max  {p;} EZ@(%)—@ EZ%‘ ;
=1 =1

where ® : C' — R is a convex function defined on convex subset C of the linear space
X, {.’Z:j}je{l 5, ny are vectors in C' and {p,;} ,) are nonnegative numbers

with P, =370, pj > 0.
For n = 2, we deduce from (1.4) that
(1.5) 0<2min{r,1-v} {@(x);rcb(y) (I)(:U;—y>]
<v®(2) + (1-v)®(y) — o+ (1 —v)y

< 2max{v,1— v} (I)(x);@(y) -® (x;y)]

jefr,2,...,

for any =,y € R and v € [0,1].
If we take ® (x) = exp (z), then we get from (1.5)

. exp («) + exp (y) T4y
(1.6) OSlen{V,ll/}|: 5 exp( 5 )]
<wvexp(z)+ (1 —v)exp(y) —exp vz + (1 — v)y]

s (v 1) {exp (z) ; ) (:c ; y)]

for any z,y € R and v € [0,1]. Further, denote exp(z) = a, exp(y) = b with
a,b > 0, then from (1.6) we obtain the inequality (1.2).

Let Iy,..., I be intervals from R and let f : I; X ... X I; — R be an essentially
bounded real function defined on the product of the intervals. Let A = (A1, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hy, ..., Hx such that
the spectrum of A; is contained in I; for i = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

A = / NdE; (A)
I;

is the spectral resolution of A; for i = 1, ..., k; by following [2], we define
n I

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.
If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
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This construction [2] extends the definition of Kordnyi [5] for functions of two
variables and have the property that

(AL, A) = f1(A) @ ... ® fir.(A),

whenever f can be separated as a product f(¢1,...,tx) = f1(t1)...fx(tx) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, 00), namely

f(st) = (L) f(s) f(t) for all s,t € [0,00)
and if f is continuous on [0, 00), then [7, p. 173]
(1.8) f(A®B) > (L) f(A)® f(B) forall A, B >0.
This follows by observing that, if

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then
(1.9) f(A® B) :/ / £ (st) dE (t) ® dF (s)
[0,00) J/[0,00)

for the continuous function f on [0,00) .
Recall the geometric operator mean for the positive operators A, B > 0
A#tB = 141/2(14—1/2314—1/2)t141/27
where t € [0, 1] and
A#B — A1/2(A71/2BA71/2)1/2A1/2.
By the definitions of # and ® we have
A#B = B#A and (A#B) ® (B#A)=(A®B)#(B® A).
In 2007, S. Wada [13] obtained the following Callebaut type inequalities for ten-

sorial product

(110) (A#B) ® (A#B) < 5 [(A#aB) © (Afh1_aB) + (A#h1_aB) © (A#o B)

e A

<-(A®B+B®A)

[\)

for A, B>0and a €10,1].
Recall that the Hadamard product of A and B in B(H) is defined to be the
operator Ao B € B(H) satisfying
(Ao B)ej,e;) = (Aej, ¢;) (Bej, €;)
for all j € N, where {ej}j cn is an orthonormal basis for the separable Hilbert space

H.
It is known that, see [6], we have the representation

(1.11) AoB=U"(A® B)U

where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
If f is super-multiplicative (sub-multiplicative) on [0, 00), then also [7, p. 173]

(1.12) F(AoB)> (<) f(A)o f(B) forall A, B> 0.
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We recall the following elementary inequalities for the Hadamard product
Al/2 o B1/2 < (A—;B> ol for A, B>0

and Fiedler inequality
(1.13) Ao A~ >1for A>0.

As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [1]
showed that
2 1/2 2 1/2
AOBS(A ol) (B 01) for A, B>0

and Aujla and Vasudeva [3] gave an alternative upper bound
AoB < (420 B*)"? for A, B> 0.

1/2 1/2

It has been shown in [8] that (A%201)"" (B%01) ' and (A%o B2)1/2 are incom-
parable for 2-square positive definite matrices A and B.

Motivated by the above results, in this paper we show among others that, if the
selfadjoint operators A and B are nonnegative and v € [0, 1], then

0§r(A®1+1®B—2A1/2®Bl/2)
<(1-v)AR14+vi®B—-A""® B
gR(A®1+1®B—2A1/2®Bl/2),

where r = min{l —v,v} and R = max{l —v,v}. We also have the following
inequalities for the Hadamard product

0§2T(<A;B> olAl/zoBl/z)

<[Q1-v)A4+vB]ol—A'""0oB"

<2R(<A;B>01—A1/2031/2)7

where v € [0, 1].
2. MAIN RESULTS

The first main result is as follows:

Theorem 1. If the selfadjoint operators A and B are nonnegative and v € [0, 1],
then

. <r({A®l+1®B— ®

(2.1) 0 (A 1+1® B — 242 31/2)
<(1-v)A®1+v1®@B-A""®B"
gR(A®1+1®B—2A1/2®Bl/2),

where r = min {1 —v,v} and R = max {1l —v,v}.

Proof. From (1.2) we have

2.2 r(t—2tY212 1 <(1=-)t+vs—t'"""s*<R t—2t1/261/2 1 ¢

(2.2)

for all t, s > 0 and v € [0,1].
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If

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then by taking the integral f[o 00) f[o 00)
over dF (t) ® dF (s) in (2.2), we derive that

(2.3) r/o /0 (t—2t1/2sl/2+5> dE (t) @ dF (s)
< /[0 . /[0 . [(1—v)t+vs—t'""s"| dE (t) ® dF (s)
gR/ )/ )(t—2t1/2$1/2+s> dE (t) ® dF (s).
0,00 0,00

Observe that
/ / t s 2t1/251/2) dE (t) ® dF (s)
[0,00) /[0,00)

/ / tdE (1) ® dF (s / / sdB (1) © dF (5)
[0,00) /[0,00) 0,00) /[0,00)

- 2/ / tY2sY24E (t) @ dF (s)
[0,00) J/[0,00)
=A®1+1® B —2A4Y% % B'/?

and

/ / [(1—v)t+vs—t'""s"]| dE (t) ® dF (s)
[0,00) /[0,00)

:(1—y)/00<> /000 tdE(t)@dF(s)ﬁ-v/mm) /[0700) sdE (t) ® dF (s)

/ / t17VsYdE (t) @ dF (s)
[0,00) J[0,00)
1-v)A®1+v1®@B - A" @B

and by (2.3) we obtain (2.1). O

Remark 1. If0 <m < A < M for some constants m and M, then

(2.4) 0§r(A®1+1®A72A1/2®A1/2)
<I-vA1+vi®A—- A" A
<R(A®1+104-24"204Y2).

The following result for sums also holds:



6 S.S. DRAGOMIR

Corollary 1. Assume that the selfadjoint operators A; and B; are nonnegative and
p; >0 forie{l,...,n} with Y i p; =1, then

(2.5) 0<r l(i piAi> R1+1® (i piBi>

i=1

-2 (imﬁli”) ® (ipiBiW)
=1

i=1

<(1-v) (ipi/h‘) RI+rvIR (i}%Bi)
i=1

i=1
() o ($5m)
=1 i=1
i=1 1=1

1=1 =1

Proof. From (2.1) we have

r(Ai®1+1®ij2Ail/2®B;/2)
<Q-v)A®l+vl®B;— A" @B/
<R(4@1+19B;-24/ 2 B},

fori,5 € {1,...,n}.
If we multiply by p;p; > 0, then we get

7’Zpipj(Ai®1+1®Bj,2A;/2®B;/2>

,j=1

< Z DiD; [(171/)Ai®1+V1®Bj fAil_”®B;-’]
i,j=1

<RY pip (Ai®1+1®Bj—2A§/2®B;/2),

4,j=1

which is equivalent to (2.5). O
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Remark 2. If we take B; = A;, i € {1,....n} in (2.5), then we get

(ipiAZ) ®1+1® <ipiAi>

i=1

-2 (f}mi”) ® (znjpiA}”)
i=1

i=1

<(1-v) (ipw‘h) @l+vl® (i:p#h)

=1
- ( piAw) ® (ZpiAi”)
=1 i=1
S R (ZpiAz') X 1 + 1 (24 (ZpiAi>
=1

i=1
—2 <ipw4§/2> ® (Zn:piA;M)
=1 i=1

We have the following result for the Hadamard product:

(2.6) 0<r

Corollary 2. Assume that A, B >0 and v € [0,1]. Then

(2.7) 0§2r(<A;B> o1—A1/2031/2)
<[(1-v)A+vB]ol—A'""0B"

§2R(<A;B>01—A1/2031/2>,

where r = min {1 — v,v} and R = max {1 —v,v}.
In particular, for B = A,

(2.8) 0<2r (Ao1_A1/20A1/2) <Aol— Ao A
< 2R (AOI — A2 031/2) ,
Proof. We have the representation
XoY=U"(X®Y)U,
where U : H — H ® H is the isometry defined by Ue; = e; ® e; for all j € N.

Now, if we apply U* to the left and U to the right in the inequality (2.1), then
we get

U (A®1+1®B—2A1/2®B1/2>u
<U [1-v)A®1l+vi®B—A""®B"|U
< RU* (A®1+1®B—2A1/2®Bl/2>u,
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which gives that
r [u* (Ao VU +U* (1® B)U — 2U* (A1/2 ® 31/2) u]
<(A-v)U (A )U+vU* (1o B)U-U* (A" ®B")U
<R [u* (A2 DU +U" (1© B)U — 2U* (A1/2®Bl/2)u} :
namely
r(Ao1+10B-2420BY2) < (1-v) Aol +vloB— A" 0B
gR(Ao1+1oB—2A1/%Bl/2),
which is equivalent to (2.7). O

Remark 3. Assume that the selfadjoint operators A; and B; are nonnegative and
pi >0 fori€{l,...,n} with >\ p; =1, then

(2.9) 0<2r [(ijAi;rBi> ol— (sz'A:m) o (ZmB}”)
=1 i=1 =1

S (ipl [(1 — 1/) Az + Z/Bl]> ol — (iplAlly> o (iszly)
i=1 i=1 i=1
(ipiAi ;— Bi) o]l — (ipiAilm) o (ipi33/2>
i=1 i=1 =1

In particular, for A; = B; where i € {1,...,n}, then

<iP1Ai> ol — <ipiz4;/2> © (ipiA3/2>
i=1 i=1 i=1
< (im&) ol — (i:piAi_y> ° <zn:pzf41y>
i=1 i=1 i=1
<§TL:P1'A¢> ol — <§TL:P1'A;/2> © (ipzfliﬂ)
i=1 i=1 i=1

We have the following result for tensorial product of continuous functions of
operators:

<2R

(2.10) 0<2r

<2R

Theorem 2. Assume that f, g are continuous and nonnegative on the interval I
and selfadjoint operators A and B with spectra Sp (A), Sp(B) C I,

(211) 07 [f2(4) @ ¢* (B) + g2 (4) @ [ (B) ~2(F (A) g (4)) & (/ (B) g (B))]
< (1-v) f2(A) ® ¢* (B) + vg* (A) ® /2 (B)
= (PO @) g () 2 (1 (B) 20 (B)
< R[[2(A)® ¢ (B) + 6> (4) @ f2(B) = 2(f () g (4)) @ (f (B) 9 (B))]

for all v € ]0,1], where r = min {1 — v, v} and R = max {1l —v,v}.
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In particular, for B = A we get
(2.12) 0 <7 [f2(A) @ ¢® (4) +g° (A) @ 2 (4) = 2(f (A) g (A)) & (f (4) g (A))]
< (1-v) f2(A) @ g (A) +vg* (A) ® [ (A)
= (£ () g () @ (2 (4) g2 (4))
SR[fP(A)@g° (A) +g* ()@ f(A) —2(f(4)
Proof. If we use the inequality (1.2) for

9(A) @ (f(4)g(A))]

ORI O
20 T )
then we get
2o O | 6
(213) OST@%w POPIOREIE
2 ) PO (2N
U= T f@) (f@)
2w W) ()
= R<92 (t) —% Hgs) g (8)>

for all ¢, s € I.
Now, if we multiply (2.11) by g2 (¢) g% (s) > 0, then we get
) f

)
(2.14) 0<7r(f2(t) g (s) = 2f () g (t) f (5) g (5) + F* (5) g* (1))
<(1-v) 2 () g% (s) +vg? (t) £

(s)
— 2 () g (t) £ (s) g2 (s)
<SR(f2(t) g (s) —2f (t) g (8) f (s) g (s) + £* (5) g (1))

for any ¢, s € 1.
Assume that

A:/ItdE(t) ande/Ide(s)

are the spectral resolutions of A and B.
Further on, if we take the double integral [, [, over dE (t) ® dF (s) in (2.13),
then we get

(2.15) ww//f2 () —2F (1) g (1) F(5) 9 (5) + 12 () 6* (1)
x dE (t) ® dF (s)

<[ [0-nf 0o ro
— PP (1) g7 (1) £ (5) 20 (5)] A (1) @ dF (s)

<R//f2 ) —2f (1) g () f(5)g(s)+ 17 (s) 6 (1))
x dE (t) ® dF (s).
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Observe that, by (1.7)

// (P2 (1) g% (s) — 2 () g (1) £ () 9 (5) + 1 (5) 6° (1)) dE (1) ® dF (5)

://f2 1) @ dF (s //ﬁ t) @ dF (s)
—2//f E(t) @ dP (5)

= (A)®g*(B)+g° (4 )®f2( )=2(f(A)g(A) @ (f(B)g(B))

and
| [la=nr 0@+ o ro
—PA () g (1) 12 (5) 20 (3)| dE (1) @ dF (s)
(1-v) / / /() t) @ dF (s)
+v / [0 ) @ dF (s)
- [ [0 @ 0 £ ()50 (a8 1) @ aF (o
=(1-v) (A ®g*(B) +vg* (A) & f*(B)
— (PO () () @ (£ (B) g2 (B)).
Therefore, by (2.15) we derive the desired result (2.11). O

Corollary 3. With the assumptions of Theorem 2 we have the following inequalities
for the Hadamard product

(2.16) 0 <7 [f*(A)og®(B)+g*(A) o f2(B) —2(f(A)g(A)o(f(B)g(B))]
< (1-v)f2(A)og*(B) +vg®(A)o f*(B)

_ (f2(1 V) (A) ( )) (f2u 2(1 v) (B)

R[f*(A)og®(B)+g*(A) o f*(B) —2(f(A)yg

for allv €10,1].
In particular, for B = A we get

(A) o (f(B)g(B))]

(217) 0= 2 [/ (A)og* (4) - (f(A) (A)) (f (A) g (4)]
< S (A) 0 g? (A) = (2077 (A) g% (4)) o (12 (4) g0 (1)
<2R[f*(A) 0 g* (4) — (f (A)g ( Do (f (A)g ()]

We have the following result for sums of operators:
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Corollary 4. Assume that the selfadjoint operators A; and B; are nonnegative and
p; >0 forie{l,...,n} with Y i p; =1, then

(2.18) 0<r [(Zn:piﬂ (Ai)) ® (ZPiQQ (Bi)>

+ (ZpiQQ (Ai)> ® (Zpifz (Bz')>

i=1

-2 (Zpif(Ai)g(Ai)> ® (Zpif(Bi)g(Bi)>

=1

(1-v) (ZpiQ ) (imgQ (Bi)>

=1

+v (Zpng (A7)> & (Zpif2 (Bz)>

i=1

- (Zpifw—” (A7) 9> <Ai>) ® (me?” (B;) g2 <Bi>>

i=1

R (ipiﬁ (Ai)> ® (imgg (Bi)>
+ (Z";pigz (Az')> ® (ﬁ;puﬂ (Bz-))
—2 (ipj(z‘lﬁg(&)) ® (anpif(Bi)g(Bi)> :
In particular,
(219)  0<r Kipu‘z (Ai)> ® (imzf (Ai)>
N <Zpg <Ai>> ® (pr (A»)
~2 (ipif(Ai)g(Ai)> ® <jzlpif(Ai)g(Ai)>
(-1 (Zplfz >® (_zn;pigz <Ai>>
ey (ngz (A») 8 (ipifQ <Ai>)

<Zp £ 2 > (szf” ) g? (Az'))
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Al S
+ <n pig° (Ai)> ® (ZPifQ (Ai)>

—2 (Zpif(Ai)g(Ai)> ® <ZP¢f(Ai)9(A¢)>
i=1 i=1
Remark 4. The corresponding Hadamard inequality we can get from (2.19) is

(2.20) 0<2r [(Z”;pifQ (Ai)> ° (ipzf (Ai)>

_ (anpif(Ai)g(Ai)> o <ipif(Ai)g(Ai)>
(zn;pif? (A») . (Zpg <A¢>>
- (jzlpifz(l—” (4:) g ) (Zp £ (A g*t <Az-))
_ (ipif(Ai)g(Ai)> o (ipif(Ai)g(Ai)>

forv e 0,1].
3. SOME EXAMPLES

forve0,1].

IN

<2R

Consider the functions f (t) = t? and g (¢t) = t?for ¢ > 0 and p,q # 0. If the
selfadjoint operators A and B are nonnegative and v € [0,1], then by Theorem 2

(3.1) 0<r (A @ B* + A* @ B* — 24P+ g BPTI)
< (1 _ l/) A2p ® B2q + Z/A2q ® B2p o A2(1—V)P+2Vq ® B2l/p+2(1—1/)q
<R (A2p ® B24 + A% ® B2P _ 9 APt4 ® Bp+q)

for all v € [0,1], where r = min {1 — v,v} and R = max {1l —v,v}.
In particular, for B = A we get

(32)  0<r (A @A + A% @ AP — 24PT1 @ APHI)
S (1 _ V) A2p ® A2q + l/AQq ® A2p _ A2(1—V)P+2Vq ® A2up+2(1—u)q
<R (AZP ® A2 4 A2 ® A2P _ 9 APta ® Ap+q)

for all v € [0,1].
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If we take p =1/2, ¢ = —1/2 in (3.2), then we get
(3.3) 0<r(A@A'+A'®A-2)
<AI-v)AA ' 4vA A - AT gAY
<R(A®A'+A7'9A-2)

for all v € [0,1].
We also have the inequalities for the Hadamard product

(3.4) 0 <7 (A% o B* 4 A% o B* — 247" o Bra)
< (1 _ I/) A2p o BQq + VA2q ° B2p _ A2(1—V)I)+2Vq ° B2up+2(1—u)q
< R (A 0 B?! + A% o B* — 2AP11 o BPT)

(3.5) 0 < 2r (A% o A%1 — APF1 0 APTI)
< A% o A% A20=v)p+2vq o f2vp+2(1-v)q
< 2R (A2p 0 A%4 _ prta g Aerq)

for all v € [0,1].
If we take p=1/2, ¢ = —1/2 in (3.5), then we get

(3.6) 0<2r(AoA™ ' —1) < Ao A" — A" o A !
<2R(AcA™' 1)

for all v € [0,1].
Now, assume that Sp (4;) C [m, M] C (0,00) and p; > 0 for 7 € {1,...,n} with
> pi =1, then from (2.20) we derive

i=1 i=1 i=1 i=1
< (ipiAfp> o <§n:pz-z43q>
i=1 i=1
- S p,A?(l—V)pHVq) o ( - p,A?VP+2(1_V)Q>
() () () (B0
i=1 i=1 i=1 i=1

<2R

for all v € [0,1].
If we take p = 1/2, ¢ = —1/2 in (3.7), then we get

(38) 0<2r l(ipi&) o (ipiA;1> - 1]
= (i:p#h) ° (ipiAi_l) - (i:piA}_b) o <zn:piz4?u_l>

(2o (Se)

<2R
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all v e [0,1].

The interested reader may also consider the examples f (t) = exp (at), g(t) =
exp (Bt) with a # 8 and t € R.

(1]
2]

ME
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