SOME TENSORIAL AND HADAMARD PRODUCT
INEQUALITIES FOR SELFADJOINT OPERATORS IN HILBERT
SPACES VIA A CARTWRIGHT-FIELD RESULT

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let H be a Hilbert space. In this paper we show among others
that, if the operators A, B satisfy the conditions 0 < m < A, B < M, then

1 A2®1+1Q B2
0< 01— (M
M 2

<(1-v)A®14+vi®B—-Al"Y® B
1 A2®1+1® B?
Siy(l_y)<w

m
for all v € [0,1]. We also have the following result for the Hadamard product
1 A? 4+ B2
0<—v(l-v) ( +
M
<[1-v)A4+vBlol—Al"YoBY

2 2
Siu(l—y)<A +B
m

)

~405)

ol—AoB)

ol—AoB).

1. INTRODUCTION

We have the following inequality that provides a refinement and a reverse for the
celebrated Young’s inequality

2
(b—a) <(1-v)a+vb—a""b <

1 (b—a)?
max {a,b} ~ =2

min {a, b}

(1.1) %V(l—l/) v(l—v)
for any a,b > 0 and v € [0, 1].

This result was obtained in 1978 by Cartwright and Field [4] who established a
more general result for n variables and gave an application for a probability measure
supported on a finite interval.

Since max {a, b} min {a, b} = ab for a,b > 0, then by (1.1) we get

2
% < (1—u)a—|—ub—a1_”b”
(b—a)’

ab ’

%V (1 —v)min {a,b}
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namely
]. . a b 1—
(1.2) Ogiz/(lfu)mm{a,b} g+772 <(1-v)ya+vb—a Vb
a
Séu(l—y)max{a,b}<z+2—2>,

for any a,b > 0 and v € [0,1].

Let Iy,...,Ix be intervals from R and let f : I; X ... X Iy — R be an essentially
bounded real function defined on the product of the intervals. Let A = (A1, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hy, ..., Hx such that
the spectrum of A; is contained in I; for i = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

I.

i

is the spectral resolution of A; for i = 1,..., k; by following [2], we define
n I

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.

If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
This construction [2] extends the definition of Kordnyi [5] for functions of two
variables and have the property that

(AL, A) = fi(A1) @ .. @ fir(Ak),

whenever f can be separated as a product f(t1,...,¢x) = f1(t1)...fx(tx) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, c0), namely

f(st) = (L) f(s) f(t) for all s,t € [0,00)
and if f is continuous on [0,0), then [7, p. 173]
(1.4) f(A®B) > (<) f(A)® f(B) forall A, B> 0.
This follows by observing that, if

A= / tdE (t) and B = / sdF (s)
[0,00)

[0,00)

are the spectral resolutions of A and B, then
(15) f(A® B) :/ / £ (st)dE (t) @ dF (s)
[0,00) /[0,00)

for the continuous function f on [0,00).
Recall the geometric operator mean for the positive operators A, B > 0
A#tB = 141/2(14—1/2314—1/2)t141/27
where t € [0, 1] and
A#B — Al/Q(A_1/2BA_1/2>1/2A1/2.
By the definitions of # and ® we have
A#B = B#A and (A#B)® (B#A)=(A®B)# (B® A).
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In 2007, S. Wada [9] obtained the following Callebaut type inequalities for ten-
sorial product

(1.6)  (A#B) @ (A#B) < 5 [(A#aB) © (A#1-aB) + (A#1-aB) @ (A#aB)]

IA
N =

1
5 (A®B+B®A)

for A, B>0and a €10,1].
Recall that the Hadamard product of A and B in B(H) is defined to be the
operator Ao B € B(H) satisfying

(Ao B)ej,ej) = (Aej, e5) (Bej, e;)

for all j € N, where {e; }j cn 18 an orthonormal basis for the separable Hilbert space
H.
It is known that, see [6], we have the representation

(1.7) AoB=U"(A® B)U

where U : H — H ® H is the isometry defined by Ue; = e; ® e; for all j € N.
If f is super-multiplicative (sub-multiplicative) on [0, 00), then also [7, p. 173]

(1.8) f(AoB) > (L) f(A)o f(B) forall A, B> 0.

We recall the following elementary inequalities for the Hadamard product
xﬂﬂoBV2g<A;B>o1mrA,Bzo

and Fiedler inequality
(1.9) AoA !t >1for A>0.

As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [1]
showed that

AoB< (A2 01)1/2 (B2 01)1/2 for A, B>0

and Aujla and Vasudeva [3] gave an alternative upper bound
AoB< (A2 032)1/2 for A, B> 0.

It has been shown in [8] that (A% o 1)1/2 (B*01) 2 and (A?o B2)1/2 are incom-
parable for 2-square positive definite matrices A and B.

Motivated by the above results, in this paper we show among others that, if the
operators A, B satisfy the conditions 0 < m < A, B < M, then

1 A2®1+1® B?
< — — - 6 o -
0<—v(1 1/)( 5 A®B>

<(l-v)A®l+vi®B-A""®B"
1 (A2®1+1®32

IN

—v(l-v) 5

~Awb)
m
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for all v € [0,1]. We also have the following result for the Hadamard product
1 A% + B?

0< i (1-v) <+

<[1—-v)A4+vB]ol—A'"""0o B

va-n (5

01—AOB>

1
< —
m

oleB).

2. MAIN RESULTS

We start to the following result:

Theorem 1. Assume that the operators A, B satisfy the conditions 0 < m < A,
B < M, then

1 A2®1+1® B?
. <—v(l-u) | V==
(2.1) O_My(l V)( 5 A®B>
<(1-v)AR1+vi®B—- A" B
2 2
glu(l—u)<‘4 ®1+1®B)
m 2
and
—1 —1
(2.2) ogmy(1—y)<A®B ;A ®B—1>

<(1-v)AR14+vli®B-A""® B

A®B'+A'®B 1)
2

gMyu_y)(

for all v € [0,1].
In particular, we have

1 (A’®1+1® B?
2. < — —A®B
(2.3) 0_4M( . ® )
1 1 (A291+1® B>
<5 (Ae1+19B) - AY? g B2 §4m< 2 ; ® A®B>

and

(24) 0< im (

A®B'+A41'®B 1)
2

-1 1
%(A®1+1®B) AV2 @ BY? < <A®B +4 ®B—1).

2

NH

Proof. Now if t, s € [m,M] C (0,00), then we have from (1.1) and (1.2) the
following two inequalities

1
(2.5) 0 < o7rv (I-v)(P—2ts+s*) < (1-v)t+vs—t'""s"
1
< %y(l —v) (t* = 2ts + 5°)
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and
1 t s 1w g
(2.6) 0§§m1/(1—1/) g—&—% 2)<(1-v)t+vs—t
1 t s
<z _ a2
_2My(1 V)(S—I—t 2>
for v € [0,1].
If

Az/MtdE(t) ande/Mde(s)

are the spectral resolutions of A and B, then by taking the double integral ff f:l/[
over dF (t) ® dF (s), we get

1 M oM
(2.7) 0< v(l-— 1/)/ / (t* — 2ts + s*) dE (t) ® dF (s)

2 m m

/ 1—y)t+ys—t1 V"] dE (1) ® dF (s)

1—u/7:4/m < +—2)dE(t)®dF(s)

//[(1—v)t+vs—t1””]dE(t)®dF(s)

% 1_y/ / (+—2>dE(t)®dF(s).
/M M(t2—2ts+52)dE(t)®dF(s)

:/m /thZdE t) @ dF (s // s°dE (t) ® dF (s)

M M
2/ tsdE (t) ® dF (s)

and

(2.8) 0<

IN
N)M—l

IN

Observe that

=A2®1+1®B?-24® B,

/M /M [(1—v)t+vs —t'""s"] dE (t) @ dF (s)

(1u)/M/MtdE(t)®dF(s)+u[nM/7nMsdE(t)®dF(S)
/ / t'"s"dE (t) @ dF (s)

1-v)A®1+vi®@B—- A" @B
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and

M M t s
+t2> dE (t) @ dF (s)
S

T

m

/M (ts™ 4+t s — 2) dE (t) @ dF (s)
/,

m m

M M
/ ts~'dE (t) ® dF (s //t—lsdE ) ®dF (s)

M M
~9 dE (t) ® dF (s)

m m

AB '+ A '®B -2

Then by (2.7) and (2.8) we deduce the desired results (2.1) and (2.2).

Corollary 1. With the assumptions of Theorem 1, we have

1 A? + B?
(2.9) 0< il (1-v) (

<[1—-v)A4+vB]ol—A'""0oB"

01—AOB>

1 A2 + B2
<—v(l-v) <+01—AOB)
m 2
and
A —1 —1
2.10 0<my(l_y (2B F+47B
(2.10) ( ) 5

<[(1-v)A+vBlol—A'""0oB"
AoBl+AloBl>
2

gMu(lz/)(

for allv €10,1].

In particular, we have

(2.11) 0<4]1W(AQ;BQ<>1—AOB)

%(Aol—i—loB) Al/goBl/2<ZJn<AQ;BQol—AoB>
and
(212) 0< im <A031;A1°B —1)

§%(Aol+loB)—Al/QOBl/2§

Proof. For X, Y we have the representation
XoY=U"(X®Y)U,

where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
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By (2.1) we derive

—

0< v (l=vu* (A’®1+1®B*-240 B)U

<U [1-v)A®l+vi®B-A""®B"|U
g%y(l—u)lf (A’®1+1®B*-24® B)U,
m
namely

<(lI-v)U* A )U+vU* (1o B)U-U* (A" ®B")U

O<ﬁy(1—u)[ (AP U+U (1@ B*)U—2U* (Ao B)U]

< Loaon e (et (1o Bu-wr (Ao BU).

which is equivalent to (2.9). O

Remark 1. If we take B = A in Corollary 1, then we get for an operator 0 < m <
A< M, that

1 2
(2.13) Ogﬂy(l—y)(A 0ol—AoA)

gAol—Al_”oAl’Sly(l—y)(Azol—AoA)
m
and
(2.14) 0<mrv(l-v)(AoA™'—1)
SAol—Al_”oAVSMV(l—u) (AoA_l—l)

for allv € ]0,1].
In particular, we have

(2.15) Ogﬁ(/lQolonA) §A017A1/20B1/2g%(A%lonA)
m

and

(2.16) Ogim(AoA_l—l) §A01_A1/2oBl/2§iM(AoA‘l—l).

The second main result is as follows:
Theorem 2. Assume that the finite intervals I, J C (0,00) satisfy the condition

I/J :={z/y, xe€l, yeJ} C [v,T] C (0,00). If A, B are selfadjoint operators
with Sp (A) C I and Sp (B) C J, then

1
(2.17) 0< ¥ (1-v)c(,T)
1 A*®@B*+1
< ——v(l— - _AweB!
- max{l—‘,l}y( v) < 2 © )
<1l-v4+vA®B '—A*@ BV
2 —2
S S sk G
min {7, 1} 2
1
§§V(1_V)C(77F)7
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where
T—-1)?2 <1,
c(y,T):=¢ 0ify<1<T,
GRS
T Y
and

02 rr <,
C(TI)=1 Llmax (7—1)27(F—1)2} ify<1<T,
T-=1"ifl1<n.
We also have

1
(2.18) 0< ¥ (I-v)e(v,T)(1® B)
1 A’@B '+1® B
<— y(1- —A®1
S a1 ”)< 2 A®>
<(1-v)(1e®B)+vA®l-A"® B
2 -1
o1 V(- 1) A9B'+1eB
min {~, 1} 2

IN

1
51/(1 -v)C(y,I)(1®B).
Proof. If we write the inequality (1.1) for a =1 and b = = we get

(z —1)°
AR _ar <
max {x,1} ~ vhvEs TS

(x—1)°
min {z, 1}

v(l—v)

N —

(2.19) %V(l — 1)

for any z > 0 and for any v € [0,1].
If z € [7,T] C (0,00), then max {z,1} < max{I',1} and min {~,1} < min {z,1}
and by (2.19) we get

. 2 2
1 mingepy,ry (2 — 1) 1 (x—1)
2.2 < -v(l- . < Zp(1-—
(2.20) 0= QV( V) max {T', 1} - 21/( V) max {T', 1}
1 (x —1)?
<1- —r < Zv(l—-v)— 2L
< v4+ve —a¥ < 21/( v) min {7, 17

max, () (¥ — 1)°
min {~, 1}
for any x € [y,T] and for any v € [0,1].
Observe that

IN

%V(l —v)

(T —1)*if I <1,
min (z—1)>={ 0ify<1<T,

@€ Tl (v—1)% if1 <~
and
(v—1? i <1,
wrgrl{%};}(zfl)Qz max{(’yfl)Q,(Ffl)Q} ify<1<T,
’ T—1)72if1 <.
Then

ming ¢y (2 — 1)

max {I', 1} =c(nD)
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and )
maxX,e(,T] (x—1)

=C(v,1).
min {~, 1} 1)
Using the inequality (2.20) we have
1 1 (z— 1)
2.21 <-v(l- N<-—v(l-v)———
(2.21) 0<gv(l-vje(yl) = v V)max{I‘,l}
1 (z—1)

<l-v4ve—z"<-v(l-v)

[\]

< v -0 CT)

for any = € [,T] and for any v € [0,1].
Let ¢, s > 0 such that £ € [y,I7], then by (2.21) we get for z = £ that

1 1
2.22 0< =v(l— N<— vl -v)(3s2+1-2ts7!
(2.22) _QV( v)e(, )_2max{1",1}y( v) (t?s7% + s71)
<l—v4uvts ' —t's™V
1 1
<—— A -v)(s?+1-2s )< Zv(1-v)C(7,T).
_Qmin{fy,l}y( v) (2572 + s )_21/( v)C (v,T)

' A= /I {dE (t) and B = /J sdF (s)

are the spectral resolutions of A and B, then by taking the double integral [ [,
over dE (t) ® dF (s), we get

O§ly(l—y)c(’y,F)//dE(t)@dF(s)

g2maxl{r 1} // (2572 +1—2ts7 1) dE (t) ® dF (s)
g// [1—v+uts™' —t"s7 "] dE (t) ® dF (s)
ngmlh 7Y // (t?s72 +1—2ts7 ') dE (t) ® dF (s)

\ /\

(l—u (v, T //dE )®dF (s),

which is equivalent to (2.17).

Now, if we multiply by s in the inequality (2.22), then we get
< ;V (1 —
~ 2max {1}
<(1—v)s+uvt—t's'™"

1

<— (1 =) (s 52
_Qmin{v,l}y( V) (57 s )

§u(1 —v)C(y,T) s,

for t € I, s € J, which, by a similar argument as above, gives the desired tensorial
inequality (2.18). O

1
O§§u(1—u)c(fy,F)s v) (s + s —2t)

IN



10 S.S. DRAGOMIR

Remark 2. We observe that if 0 < v < A<T; and 0 < v < B < Ty then
we can take v = 11 and T = % in the above inequalities (2.17) and (2.18). If

T2
m

72:71:mandI‘2:F1=Mthenwecantake'yzﬁglandI‘z%Zl m
(2.17) and (2.18).

Corollary 2. With the assumptions of Theorem 2, we have the following inequal-
ities for the Hadamard product

(2.23) 0<-v(1—-v)c(y,I)

1 A?0B72+1 L
e b (AeBTAL _
< maX{F,l}V(l 1/)( 5 AoB >

<l-v4+vAoB ' —AYoB™"

2, g2
1 (1_V)(AOB+1_AOBl>

[N

= min {’y,l}y 2
< Sv (- C ),

and

(2.24) 0< %V(lfy)c(’y,F) (1o B)

2, p-1
Sil v(l—v) AoB +1OB—A01
max {T', 1} 2

<(1-v)(1oB)4+vAol—A"o B
2, -1
< 1 V(1) A?oB —|—10B_AOl
min {v, 1} 2

IA

%V(l—y)C(fy,F)(loB)

for allv € ]0,1].

Remark 3. We observe that, if 0 < m < A, B < M, then by Corollary 2 we get

2 —2
(2.25) 0< %1/(1 —) (AOBQH — Ao Bl>

<l—v+vAoB ' —A"oB™"

2 —2
S%V(l_y) (AOBH_AOB—1>
m 2
2
slvau)M(Ml) ,
2 m \m
and
2 —1
(2.26) ogﬂuay)(A OBQ+1°BA01>

<[1—=v)B+wvAlol— A" 0B
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M A20B '4+10B
gy(l—y)( ° 2+ ° —Aol)
m
1 M (M 2
< iy(l—u)— <—1) (1o B).
m \\m
In particular, for v =1/2, we derive
m [(A?0B2+1
2.2 <—(——=—— —40B7!
(2.27) 0 i ( 5 o )
< % (1+AoB™') —AY2o B2

2 -2 2
<<A ° B +1—AoBl> gM<M—1> ,

— 4m 2 8m \'m
and
A20B1+10B
(2.28) 0347;\2( ° 2+ ° Aol)
SA—;BOI—A”OBl_V
M (A20B~'+10B 1M (M 2
<= ° R P P (1oB).
4 2 8m \'m
<A

m

Moreover, if 0 <m
A2 1

(2.29)O<V1—1/< °of Tt —AoA1>

<l—-v+vAoA™ 1fA”oA v

2 2
1_1/( 2o A~ +1_AOA—1>S;V(1_V)M<M_1) ;
m

M, then by taking B = A in (2.25)-(2.28), we get

m
and
(2.30) Og%u(l—y)(AZOB_l—Aol)ngl—A”oAl_”
g%u(yy)(A?oB*lfAu)
2
S;V(l—v)%(if—l) (1o A).

In particular, for v =1/2, we derive

24 42 -1
(2.31) 0< m <AOA+1 — AoA1> < # —AY2 5 A471/2

4M 2
2 —2 2
S% A’0 A +1—A0A_1 S% %_1 ’
4m 2 8m \m
and
(2.32) 0< 8% (A26 A1 — Aol) < Aol— AY2o A1/

M 1M /M 2
< (A20A —Aol) < (= —1) (1oA).
8m 8
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3. SOME INEQUALITIES FOR SUMS

We have:

Proposition 1. Assume that the operators A;, B; satisfy the conditions 0 < m <
A, Bi <M and p; >0 forie {1,..,n} with Y., p; =1, then

(3.1) 0< %V (1-v)

(e o (5,0 5.0)
(1-v) (sz ) @1+vl® (;pi3i>
_ (ipi/lil_y> ® (ime)

%V(l —v)

« ((Z?_lpiA%) ®1 "; 1® (i, piB (sz z) ® (i:piBi>>

\ A

IN

and

(32) 0<mr(l-v)
y ((Z?_lpiAo ® (S piBY) + (Bl pAT) @ (Sl piBi) 1)
2

(1-v) (sz Z> RK1+rvlI® (ZpiBZ)
i=1
— (Zm@‘”) ® (Zpi&")
i=1 i=1

<Mv(l-v)
y ((Z?_lpiAn ® (S piB) + (Sl pAT) @ (DL piB) 1)

2

for allv € ]0,1].

Proof. From Theorem 1 we have

(3.3) 0< ov(1=v) (A7 ®1+1® B} —24; ® B))
<Q-v)A4®l+vle®B;— A" @B/
1
< —v(l—-v) (4 ®1+1® B; —24; ® B;)

2m
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and
1 -1 -1
(3.4) 0§§my(1—u) (Ai®@ By '+ A7 ' ® B; —2)
<1-v)A40l+vl®B;— A" ®BY

1 _ _
< oMy (1-v) (4 ®B;'+A7'®B-2)
for all i,5 € {1,...,n}.
If we multiply the inequalities (3.3) and (3.4) by p;p; and sum, then we get

n

Ogiy(l—u) Zpipj (A?®1+1®B?_2Ai®3j)

2M “
1,7=1
n
<Y pipi [1-v)Ai®@1+v18B; — A" ® BY]
ij=1
1 n
<5 -v(l-v) > pipj (A7 @1+ 1@ B —24; © B;)
ij=1
and
1 < _ _
0< §mV(1—V) > pipj (Ai@ B+ A7 @ B; - 2)
i,j=1
S Z pipj [(1—1/)AZ®1—|—1/1®B] —Az_l/@B]y]
i,j=1
1 n _ B
< iMu(l—Z/) Z DiDj (Ai®Bj 1+Ai 1®B—2)7
ij=1
which gives (3.1) and (3.2). O

Corollary 3. With the assumptions of Proposition 1 we have the following inequal-
ities for the Hadamard product

(3.5) 0< %I/ (1-v)

(S (557 - (Sr) (50

X

IN
—
N 3

s

_

|

=

=

+

X

iy
~

(o)

°.

|
—
ingh

i

s

2

]
N——

()
—
ingh

S

X
N——

IN



14 S. S. DRAGOMIR

and

(3.6) 0<mv(l—v)
XCzlwﬂowzlwﬁf%HleMf)MZZwﬁ»_Q

2

§]\4Z:(1—V)
XCEZ&MONZﬁwﬁf%HEZwMT)MZZwﬁﬁ_Q
) .

Remark 4. We observe that for B; = A;, i € {1,...,n} in Corollary 3, then

v(l—v ((szffz) - <§;p’A"> ° <§;piAi>>

z) (z) o (Z)

and

(3.8) 0<mv(l—v ((Zpl ) o (ipiAi1> - 1)
() (S ()
< Mv(1-v) <<Zpl ) o (i_ilpiAil> - 1) )

4. INEQUALITIES FOR POWER SERIES

(37 0<

i\H

IN
VR

IA
S\H

We also have the following result for power series

Theorem 3. Let f (z) = ZZOZO anz™ be a power series with nonnegative coefficients
and convergent on the open disk D (0,R) C C, R > 0. Assume that 0 < A, B <1
and 0 < a, 8 < R, then

(67 2 « 2
(41) 0<v(l-v) 18/ A)®1;f( )1®f(ﬁB)—f(aA)®f(BB)

SA-v)f(B)fad)@l+vf(a)1® f(BB) - f(ad'™") ® f(BB")
for allv €10,1].
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In particular, for v =1/2 we get

1[£B)f(ad®) @1+ f(a)1® f (BB2)
(42) 0<3 5 - f(ad)® f(BB)
<TG Fad @1+ f@)10(BB) - f(adV?) @ £ (38Y2).
-2

If R =00, then for 0 < A, B<1 and 0 < a, 3,

[£(8) f (aA2) @1+ f (a) 1@ f (BB2)
2

<(1-1)f(B)f (@A) @1+ vf(a)1® f(BB) - f (aAl™) ® f (BB)

(43) 0<v(l—v)

—f(aA)® f(BB)

vl “C“A’W“B)z“mmﬂﬁB)—ﬂanwn}
for allv € 0,1].
In particular, for v =1/2 we get
(44) 0< % lf(mf o ®1;f(a)1®f(ﬂB2) —f(aA)® f(BB)
<SPG a1+ f@)1efEB) - f(ad?) o f (58'7)
! -1 aA~l
g% flaA)® f (BB )gf( A )®f(5B)_f(a)f(ﬁ)1 .

Proof. From Theorem 1 we have for 0 < A, B <1 that

2 2
(4.5) 0<y(1—u)<A®1—;1®B—A®B>

<(1-v)A®1+vi®B-A""® B

-1 -1
gu(l—u)<A®B ;A ®B_1>

for all v € [0,1].
Since 0 < A, B <1, then 0 < A*, BY <1 fori,j =0,1,... and by (4.5) we get

A2 ®1+1® BY , ,
0§V(1—1/)< © _; ® —A1®BJ>
<(1-v)A'®1+vleB — Al"Vig BY

Al@Q B~I+ A~t @ BI
<v(l-v) ( ® —; © — 1) .
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If we multiply this inequality by a;a’ and a; 7, then we get

— a0t A" ® ajﬁjB])

<(1-v)aa'A'® ajﬁjl +rva;a’l ® ajﬁij —a; ATV g ajﬂjB”j
i Al BB 4+ q;at A 37 Bi S
<V(1_V)<aa ® a;B + a;« ® a;f3 —aiala]—ﬁﬂ)

2

fori,7=0,1,...
If we sum over ¢ from 0 to n and over j from 0 to m, then we get

(4.6) 0<v(l-v)

Zal LA2z>® iajﬁj 1
§=0
+;<Zal )1@ iajﬁjBQj

J=0

_< aiaiAl) ® Zajﬁij
Jj=0

=0

(1-v) (Zal >® iajﬂj 1
§=0
—l—l/(iaiai)l@ Em:ajﬁij
i=0

Jj=0

— <§n: aiOAiA(l_V)i) ® f:ajﬁjBuj
=0

Jj=0

(1-v)

;(Z‘“ ) > a;f’B
=0

N |—|T

<iazo/A Z) iajﬂij
j=0
_(" ala> Zajﬁj 1

for all m,n > 0.
If0<A B<1land0<a,fB<R,then 0<ad? B2 aA,BB,aA'~") BB <
R, which shows that the series
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m

(o] (o] (o] (o] (o]

i j igi J 1 i p2i § 122j
E a;a’, g a; B, E a;a A’ g a; B’ B, E a;at A7, g a; B’ B,
i=0 §=0 i=0 §=0 i=0 j=0

i a;at A=) and i ajﬁjB”j
i=0

=0

are convergent, and by taking m,n — oo in the first two inequalities in (4.6) we
deduce (4.1).

If R = oo, then the series Y .- a;o' A™% and Z;’;O ajﬁjB_j are also convergent,
and by taking m,n — oo in all inequalities in (4.6), we derive (4.3). O

Corollary 4. Let f(z) = Y 07 anz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0,R) C C, R > 0. Assume that 0 < A,
B<1and0<a,B <R, then

F(B) f (aA?) + [ (a) f (BB?)
2

<[ =v)f(B) f(@d) +vf(a)f(BB)ol~ f(ad'™")o f (BB

for allv €1]0,1].
In particular, for v =1/2 we get

o<t lf(ﬁ)f (a4) + [ (a) £ (BB°)

(4.7 0<v(l-v)

ol—f(ad)o f(BB)

(4.8) ol—f(adA)o f(8B)

e~

2

—

<5 B) fad)+f(a) f(BB) o1~ f (aAl/z) of (531/2) .

If R = o0, then for 0 < A, B<1 and 0 < «, 3,

_ A2 o 2
F8) £ ( A);ﬂ VBB 1 fladyo £ (5B)

<[(1=v) F(B)f (@A) + vf () f (BB)] o1 - f (aA1™7) o f (BBY)

[ f(ad)o f(BB™Y) + f (aA™") o f(BB)
2

(49) 0<v(l-v)

<v(l-v)

f(a)f(ﬂ)1]

for allv € ]0,1].
In particular, for v =1/2 we get

[£(B) f (aA?) + f(a) f (BB?)
2

[f(B) f(aA)+ f(a) f(BB)]ol—f (aAl/a) of <ﬂ31/2)

[ flaA)o f(BB™Y) + f («A~Y) o f (BB)
2

(4.10)

o
IN

== N = N
r r

ol—f(ad)o f(5B)

IN

IN

—f(a)f(5)1]~

Let h(z) = > 07 yan2" be a power series with complex coefficients and conver-
gent on the open disk D (0, R) C C, R > 0. We have the following examples
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(4.11) hiz)=Y_

1
- ’ €D0717
n 1—2z : 0,1)

= 1
h(z)= Z 2?" = cosh z, z € C;

— 1
h(z) = Z —— 2"t —ginhz, z € C;

an(Zn—&—l)!

> 1
h = "= e D(0,1).
@ =3 " == € D0

Other important examples of functions as power series representations with non-
negative coefficients are:

(4.12) hiz)=>) %w =exp(z) z€C,

(4.13) h(z) = i ! 2271 = tanh ™! (2), z€ D(0,1)

n:12n—1
_ T+ T(n+B8)T () ,
h(2) —2F1(a75,7,z)—nzzo AT (@) T ()T (n + ) Z2" a, 8,7 >0,
z2€D(0,1);

where I' is Gamma function.
Assume that 0 < A, B < 1 and 0 < «a,f8 < 1, then by writing the inequality
(4.7) for the function f (z) = (1 —2)" ", we get

(1-8)""(1—ad?) ' +(1-a) ' (1-5B)"

2 ol

(4.14) 0<v(l-v) [

~(-at)to(1-5B)"]
<[a-va-pa-an)+v-a) 1= o1
—(1—ad"") o (1-pBY)!

for all v € [0,1].
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If0< A, B<1andO0<q,f, then by (2.19) for f(2) = exp z, we get
15) 0<v(l-v)
exp (B + aAz) + exp (a + ﬁBQ)
2
<[1-v)exp(B+ad)+vexp(a+ 5B)ol
— exp (OzAliu) oexp (6BY)

ol —exp(ad)oexp(SB)

<v(l-v)
A B! A1 B
exp () o exp (8 )‘;QXP(Q ) oexp (5 )—exp(a+5)1
for all v € [0,1].
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