TENSORIAL AND HADAMARD PRODUCT INEQUALITIES FOR
FUNCTIONS OF SELFADJOINT OPERATORS IN HILBERT
SPACES VIA A CARTWRIGHT-FIELD RESULT

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let H be a Hilbert space. In this paper we show among others
that, if the functions f and g are continous and positive on the interval I and
such that there exists the positive numbers m < M with

t
0<77’L§&§Mforaﬂt€]'7

g(t)
then, for the selfadjoint operators A, B with spectra Sp (A), Sp(A) C I, we
have the tensorial inequalities

1
0< —v(l-—
<)

{(f2 (A)g ' (4)®g(B)+g(A) @ (f*(B)g~"(B))
2

SA-v)f(A)®g(B)+rg(A) @ f(B)~ (f7"(A)g" (A)® (f(B)g" " (B))

X

f(A)®f(B)}

IN

1

ot 1-v)

y {(F (A) g~ (A) ®g(B)+g(A)® (f2(B)g~* (B))
2

- A fB)|.

Some similar inequalities for Hadamard product are also given.

1. INTRODUCTION

We have the following inequality that provides a refinement and a reverse for the
celebrated Young’s inequality

(1.1) %y(l—u) b—a) <(1—V)a+vb—a1‘”b”<%V(1—V) 0=

max {a,b} ~ - min {a, b}
for any a,b > 0 and v € [0,1].

This result was obtained in 1978 by Cartwright and Field [4] who established a
more general result for n variables and gave an application for a probability measure
supported on a finite interval.

Since max {a, b} min {a, b} = ab for a,b > 0, then by (1.1) we get

1 . (b_a)z 1-vyiv
iy(lfy)mln{a,b}ibg(lfz/)aJrz/bfa b
a

(b—a)®
ab ’

< %V (1 — v)max{a, b}
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namely
]. . a b 1—
(1.2) Ogiz/(lfu)mm{a,b} g+772 <(1-v)ya+vb—a Vb
a
Séu(l—y)max{a,b}<z+2—2>,

for any a,b > 0 and v € [0,1].

Let Iy,...,Ix be intervals from R and let f : I; X ... X Iy — R be an essentially
bounded real function defined on the product of the intervals. Let A = (A1, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hy, ..., Hx such that
the spectrum of A; is contained in I; for i = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

I.

i

is the spectral resolution of A; for i = 1,..., k; by following [2], we define
n I

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.

If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
This construction [2] extends the definition of Kordnyi [5] for functions of two
variables and have the property that

(AL, A) = fi(A1) @ .. @ fir(Ak),

whenever f can be separated as a product f(t1,...,¢x) = f1(t1)...fx(tx) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, c0), namely

f(st) = (L) f(s) f(t) for all s,t € [0,00)
and if f is continuous on [0,0), then [7, p. 173]
(1.4) f(A®B) > (<) f(A)® f(B) forall A, B> 0.
This follows by observing that, if

A= / tdE (t) and B = / sdF (s)
[0,00)

[0,00)

are the spectral resolutions of A and B, then
(15) f(A® B) :/ / £ (st)dE (t) @ dF (s)
[0,00) /[0,00)

for the continuous function f on [0,00).
Recall the geometric operator mean for the positive operators A, B > 0
A#tB = 141/2(14—1/2314—1/2)t141/27
where t € [0, 1] and
A#B — Al/Q(A_1/2BA_1/2>1/2A1/2.
By the definitions of # and ® we have
A#B = B#A and (A#B)® (B#A)=(A®B)# (B® A).
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In 2007, S. Wada [9] obtained the following Callebaut type inequalities for ten-
sorial product

(16) (A#B) b2 (A#B) S [(A#QB) ® (A#l—(xB) + (A#l—aB) ® (A#GB)]

— N

<-(A® B+ B®A)

2
for A, B>0and a € [0,1].
Recall that the Hadamard product of A and B in B(H) is defined to be the
operator Ao B € B(H) satisfying
(Ao B)ej,e;) = (Aej, €;) (Bej, €;)

for all j € N, where {e; }j cn 18 an orthonormal basis for the separable Hilbert space
H.
It is known that, see [6], we have the representation

(1.7) AoB=U"(A®B)U
where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.

If f is super-multiplicative (sub-multiplicative) on [0, 00), then also [7, p. 173]
(1.8) f(AoB) > (<) f(A)o f(B) forall A, B> 0.

We recall the following elementary inequalities for the Hadamard product
JMNOBUQ§<A;B>OlbrA,BZO

and Fiedler inequality
(1.9) AoA™' >1for A>0.

As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [1]
showed that

AoB< (A2 01)1/2 (B2 01)1/2 for A, B>0

and Aujla and Vasudeva [3] gave an alternative upper bound
AoB < (A20B%)"? for A, B >0,

It has been shown in [8] that (A% o 1)1/2 (B%o 1)1/2 and (A% o B?) "2 are incom-
parable for 2-square positive definite matrices A and B.

Motivated by the above results, in this paper we obtain some lower and upper
bounds for the quantities

(L-v)f(A)@g(B)+vg(A) e f(B) - (f7"(A)g"(4) & (f"(B)g' ™" (B))

and

(1=v)f(A)og(B)+rg(A)of(B)— (f"(4)g"(A)o(f"(B)g'™"(B))
with v € [0, 1] ,under the assumptions that the functions f and g are continuous and
positive on the interval I and such that there exists the positive numbers m < M

such that
O<m§i§Mforallt€I,

(t)

while the selfadjoint operators A, B are with spectra Sp (A), Sp (4) C I.

~

<
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2. MAIN RESULTS
We have the following main result:

Theorem 1. Assume that the functions f and g are continuous and positive on
the interval I and such that there exists the positive numbers m < M such that

t
0<m§m§Mf0'rallt€I,
g9(t)
then for the selfadjoint operators A, B with spectra Sp (A), Sp(A) C I, we have
the tensorial inequalities

(2.1) 0< %1/ (1-v)

(f2(A)g ' (A) ®g(B)

<(A-v)f(AegB)+vg(4) e f(B)
— (S (A)g" (W) e (f7(B)g' ™" (B))
<Mv(l-v)

TN B)g(B) + (ST (A)g(A) ® f(B)
2

—9(A)®g(B)

forv e [0,1].

Proof. Now if a, b € [m,M] C (0,00), then we have from (1.1) and (1.2) the
following two inequalities

1
(2.3) 0< my(l —v)(a®—2ab+b*) < (1—v)a+vb—a' "V

1
< %V(l —v) (a® — 2ab + b?)

and
1 a b 1—vv
(2.4) Ogimu(l—y) 34—;—2 <(1-v)a+vb—a b
1 a b
< = _ a2
_2M1/(1 V)(b—i—a 2>
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for v € [0,1].
Since

Ao ((fOY 0
23 0= gl )<<g<t>> %90 9

and

for all t,s € I and v € [0,1].
If we multiply the inequalities (2.5) and (2.6) by g (t) g (s), then we get

L1/ —v () s) — s 1*(5)
en o< goa-n(L80-2rwsm+L0)

<U-0) (0 g(s) +vg () F(s) — (g (0) 1 ()8 (5)
2 2 s
<1u<1u><f Do)~ 27(t) 7 (s) + L ”gu))

- 2m g () g g(s)
and
1 0(s) , 90
@8 0= gma-n (7055 + 4070 - 20090
<A T 9 +re 0 F ()~ P (1) () 1 (5)9' (5
1 v(l—v 9(s) L 9®) s) — s
< g0 (055 + 207 ()20 ()

forallt,s € I and v € [0,1].
If

A= /tdE (t) and B = [ sdF (s)
I I
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are the spectral resolutions of A and B, then by taking the double integral [, [;
over dE (t) ® dF (s) in (2.7) and (2.8) we get

(2.9) o<iy1 )

e

/ / (=) f(£) g(s)+vg () F(s)— F1" (£) g" (1) £ (s) g~ (5)]
x dE (t) ® dF (s)

2(s
fg(i))g (t)) dE (t) ® dF (s)

g(s)—=2f(t) f(s)+

f2 ) 72 ()
<[ [(EFaw 210+ L 0) i@ sare

and

<[ [ (1053 2816 -2 096)) ap @ 0 dr o

- /1/1 (=) F(£)g(s) +vg (1) f ()= 17 (D) g (1) 1 ()6 (5)]
)

for all v € [0,1].
Now, by (1.3) we get

//<f2 =2f (@) f(s)+ f2((s)) ())dE()®dF()

= [ [ Erareare s [ faw
—2//f ) @ dF (s)

A)g~ (A)) ®g(B)+g(A) @ (f*(B)g" (B))
2f( )® f(B),

t) ®dF (s)



TENSORIAL AND HADAMARD PRODUCT INEQUALITIES

| [10=010)+vs 07 6)= £ 05 ©) £ ()9 ()]

x dE (1) @ dF (s
1—1///f s)dE (t) ® dF (s +1/// t) ® dF (s)
//fl v [V (5)g" ™" (s)dE (t) @ dF (s

(1-v)f(A)@g(B)+vg(4)® f(B)
(f1 Y (A)g” (A) @ (f*(B) g (B))

and

—2// g(s)dE (t) ® dF (s)

(B)g(B)) +(fT (AWg(4) @ f(B)
- 29 (A) ®g(B)

Then by (2.9) and (2.10) we get (2.1) and (2.2).

Remark 1. We observe that for v = 1/2 we obtain the following inequalities

@) 0= [P @) g @) +aU e (2B ()]
~f ()& f(B)]

cfA)@g(B)+g(A)e f(B)
= 2

- (rE@g @) e (17289 (B))
< [2 (2 (W (W) @g(B)+g(A)e (£ (B)g (B))]
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Corollary 1. With the assumptions of Theorem 1 we have

(2.13) 0< —v(l—v)

<A =v)f(A)og(B)+vg(A)o f(B)
= (f7 (A g (A) o (£ (B)g' " (B))
<Mv(l-v)

NS A e (B9 (B) + (S (A)g(4) o f(B)
2

—g(A)og(B)

for allv €0,1].
Proof. For X,Y € B(H), we have the representation
XoY=U"(XeY)U

where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
If we take U* at the left and U at the right in the inequality (2.1), then we get

Ogiy(lfy)

M
oy | AT (A) ®g(B);g(A) ® (f2(B)g " (B)) — A f(B)|U
SU[(1-v)f(A)®g(B)+vg(A)® f(B)

— (@) g () @ (f1(B) g (B)]U

< %l/ (1-v)

e [C N D) 03B+ 9D BT E) 4o 5w
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namely

1
OSMV(lfy)

U [(F2A)g ' (A) @gB)U+U [g(A) @ (f2(B)g~" (B)|U
2

X

U (f (A e f(B)Ul
<A =»UT[f (A g B)U+vU (g(A) @ f(B)U
U [(F7(A) g (A) @ (1 (B)g' ™" (B)] U

which is equivalent to (2.13).

Remark 2. We observe that for v = 1/2 we obtain the following inequalities

215) 0= 7[5 [P () g (B + ()0 (7 (B)g (8)
~f(4)0 f(B)
_J(W)og(B)+g(A)of(B)
- 2
— (P g2 () o (£172(B) g (B))
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Now, if we take B = A in Corollary 1, then we get

(217) < w1 - ) [( (g™ (A) 0g(4) ~ f (A)o f (4]
< F(A)og(A) = (/' (A)g" () o (” (4) g (4))
< -0 [(FF(A)g™ () 0 g (4) ~ F (A)o f (4)]

and

(218)  0<my(1-v)[f(4)o (" (A)g(4) —g(A)og(4)]

< f(A)og(A) = (f17"(A)g" (4)
<SMv(1-v)[f(A)o (fH(A)g(

for all v € [0,1].
In particular, for v = 1/2 we get

(2.19) 0< = [(£7(4)g7" (4)) o g(4) - f(A) o f(A)]

< o [P (A) g7 () 09 (4) — F(A) o (4)]

and

(2200 0<m[f(A)0(F(A)g(4)) —g(4)0g(4)]
< F(A)og(A) = (£2(A) g2 () o (£172 () 9"/ (4))
< TMF(A) 0 (77 (4)g(4) — g (4) 09 (4)].

3. INEQUALITIES FOR POWER SERIES

Assume that the operators A and B satisfy the conditions
0<m<A B<M
for some constants m and M.
Consider the functions f (t) = t*, g (¢t) = t? for ¢t > 0 and p # ¢ are real numbers.
We have % =tP~9 and
mP™4 < —= < MP79 for p > q
and

MPT1T < ——2 <mP79 for p<yq

for all t € [m, M].
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For p > q we get by Theorem 1 that

1 A%r—1g B1 4+ A1 g B4
— _ AP q
(3.1) 0< Mpiqy(l v) { 5 AP ® B }
< (1—v)AP ® Bl 4+ A1 ® BP — AU-VPtva g grat(i-vip
1 A%r—9 % BY1 4+ A9 @ B2P—4
< y(1y){ b A AP®B‘7]
mpP—1 2
and
AP ® B1"P 4+ A9~P @ BP
32) 0<mP U (l-v) { 2 ; 25 _se Bq}

<(1-v)A? ® B + vA? @ BP — AUl-vptva @ grat(i-vip
AP ® BI~P 4 A9—P @ BP
2

SMpqu(l—V){ —Ap®Bq],

for all v € [0,1].
We also have the following result for power series

Theorem 2. Let f (2) = > -, an2" be a power series with nonnegative coefficients
and convergent on the open disk D (0,R) C C, R > 0. Assume that 0 < A, B <1,
p>qand0<a,B <R, then

(33) 0<v(l—v)

[ (aA?=9) @ f(BBY) + f (aA9) ® f (BB*79)
2

<(1—-v)f(ad?)® f(BBY) +vf(aA?) @ f (BBP)
—f (OLA(lfu)qu) ® f (BBWHU*V)Z?) _

If R = oo, then

(34) 0<v(1—v)

f (aA2p—q) ® f(ﬂBq) + f(aAq) Qf (ﬂB2p—q)
2

(1 =v) f(aA?)® f(BB?) +vf(aA?) @ f(6B”)
—f (aA(l—V)p+uq> ® f (ﬁBuq—‘r(l—u)p)

— f(aA?)® f(BBY)

— f(aA?)® f(BBY)

<

aA?) @ f (BBI7P) + f (2AT?) ® [ (BBP)
2
Proof. From (3.1) and (3.2) we have for 0 < A, B <1 that
A?r—4 @ B 4+ A9 @ B2r—4
2
< (1—v)AP @ B4+ vA? @ BP — AU—vIptva g grat(-vp

AP @ BI—P 1 A9—P & BP
9(1_”)[ @ "; @ —AP®B‘1},

e e f (ﬂBﬂ |

(3.5) 0<u(1—u){ —AP®B‘1]
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for p>qand v € [0,1].
Since 0 < A, B <1, then 0 < A", B/ <1 fori,j =0,1,... and by (3.5) we get

Ai2r—9) @ Bi1 1 Al @ Bi(2p—9)
2
<(1-v) AP @ BI1 4 p A g BIr — All(l-v)ptvd] o pilva+(1-v)p]

AP @ Bila—p) 4 Aila—p) g RBIP ) .
Sv(l—y){ © _g ® _Azp®Baq],

36)  0<v(l-v) { _Arg qu}

fori,7=0,1,... 4
If we multiply this inequality by a;a’ and a;3’, then we get

0<v(l-v)

a;at AP i aijqu + a;0lAM @ aijBj@p*q)
2

< (1-v)a;a'A? @ aJﬂijq + va;at A ® ajﬂijp

— a;at A= )ptrd o ajﬁij[Vqu*V)p]

— ;' AP ® aj,Bijq

<v(l-v)
MMAW®%WBWFMQMMAMﬂ”®%WBMfmyAm®%me7
for,5=0,1,...

If we sum over ¢ from 0 to n and over j from 0 to m, then we get

(3.7 0<v
[(Z?—o aiaz‘Ai(2p—q)) ® (Z;”:o ajﬁijq)
X

2

n (Xioaa’A) @ (Z;‘nzo ajﬁij(Qp_q)>
2

— (i aiaiAip> ® iajﬁijq
i=0 j=0




TENSORIAL AND HADAMARD PRODUCT INEQUALITIES 13
m
(1-v) E a; 0t AP | @ E a; [’ B’
=0
m
+v E a; ' AY | ® E a; [’ B'P
Jj=0

a;a ot AO- V)p+uq> ® Zajﬁij[Vqu(l*V)p]

=0

IN

" g iAip) ® (E;‘n:o ajﬁij(q—p)>
2

&
-

o @i ot Aila— p)) (Z;"ZO ajﬁijp)
2

— (i aiaiAi”> ® iajﬁijq
i=0 j=0

for p> g and v € [0,1].
FO<A B<1land0<a B <R, then 0 < aA?1, 3B7, 0 A9, BB~ qAP,
BBP, aAld—vIptvd  gBlvat(1-=v)P] <« R which shows that the series

Z a;ot AHP=a) Z a; 3 B4, Z aiot A, Z ajﬁij@pfq)
i=0 j=0 i=0

=0

ZaiaiAi”, Za]ﬂijq, ZaiaiAi[(lﬂ’)p+”Q] and
i=0

j=0 i=0

Z a; 37 Bilva+(1=v)p]

=0

are convergent. By taking m,n — oo in the first two inequalities in (3.7) we deduce
(3.3).

If R = oo, then the series Y72 a; 3’ B/(7P) and Y 7% a;a’ A77P) are also
convergent, and by taking m,n — oo in all inequalities in (3.7), we derive (3.4). O
Corollary 2. Let f(z) = Y., janz" be a power series with nonnegative coeffi-

cients and convergent on the open disk D (0,R) C C, R > 0. Assume that 0 < A,
B<1,p>qand0< a,8 < R, then

(38) 0<v(l-v)

[ (aA?79) o f (BBY) + f (aA?) o f (BB*P~1)
2

< (1 =v) f(aA?)o f(BBY) +vf(aA?)o f(BB")
—f (aA(lfl/)pﬂ/q) of (5Buq+(1ﬂ/)p) )

— f(aAP)o f(BB)
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If R = o0, then
(39) 0<v(l-v)

N 2p—q) o q aA?) o 2p—q
N EACaUL (LIRS ACIULYd s RTAPOTaen
< (1 —-v) f(aAP)o f(BBY) +vf(aA?)o f(BBP)
(aA(l V)zH-VQ) of (BBVq+(1_V)p)
<v
{ aAp f(BBIP) + ! f (AT P)o f(BBP) — f(aAP)o f (IBBq)]
forve0,1].

Remark 3. Assume that 0 < A <1, p > q and 0 < o, < R, then by taking
B=Ain (3.8), then we get

(3.10) 0<v(1l—v)

o[£ (@A) o f (8A7) + f (@) o £ (842071)
2

< (1 —=v) f(aAP)o f(BAT) +vf(ad?)o f(BAP)
—f (O(A(lfu)pwtz) of (5Auq+(1fu)p) ’
and for a = B =1 we derive
(3.11) 0<v(l—v)[f (A7) — f(AP)] o f(A9)
< F (A7)0 f (A7) = ] (ACTIPEe) o f (Averr)
If R = oo, then
(3.12) 0<v(1—v)

aA2P—a) o q aAl) o 2p—d
[HAT) S GAN @A T (BT iy

< (1 =w) f(ad?)o f(BAT) +vf(aA?) o f(BAP)
—f (aA(l V)p+Vq) of (BAVQ+(1_”)p)
<v(l-v)

{f(aAp) f(ﬁAqu);rf(aAq’p) o f(BAF) f(aAP)o f(ﬂAq)}

— J (adP) o f(BAY)

X

and for a = =1 we derive
(3:13) 0<v(L=w)[f (A7) = f(A")] o [ (A7)
< F(A7) o f(AT) - f (A0=ew) o g (Arr0=0)
<v(L=v) [f (A7) = f(AN)] o £ (A7)
forvel0,1].
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Let h(z) = Y07 yan2" be a power series with complex coefficients and conver-
gent on the open disk D (0, R) C C, R > 0. We have the following examples

=1 1
14 h(z) = " =1 D(0,1);
(3.14) (2) an no— 2€ (0,1);

— 1
h(z):Z .zznzcoshz, z € C;

2n+1

z =sinhz, z € C;

- 1
h(z)zZz”:i, z€ D(0,1).
n=0

Other important examples of functions as power series representations with non-
negative coefficients are:

— 1
(3.15) h(z) = Z Ez" = exp(2) z€C,
n=0
01 4, 1. (142
= =1 D (0,1);
h(z) Z2n_1z 2n(1_z>, z€ D(0,1);

(3.16) h(z) = i L 22t = tanh ™! (2), z€ D(0,1)

n:12n—1
B =T+ T (n+B8)T () ,
h(z) —2 Fl(avﬂap}/az)*ngo n'F(a)F(ﬁ)F(n+7) z aaaﬁ77>07
z€ D(0,1);

where ' is Gamma function.

Assume that 0 < A, B <1, p > qand 0 < «,8 < 1, then by writing the
inequality (3.3) for the function f(z) = (1 —2)"", we get
(3.17) 0<v(l-v)

. [(1 —aA?9) '@ (1- BB 4 (1 —ad?) o (1-gB¥P-1) "
2

~(aa) e f -
<(A-v)(1-ad?) "o (1 -8B ' +r(1—aA) o (1-pB")"

_ (1 _ OéA(lﬂf)eruq)_1 ® (1 _ ﬁBuqu(l*V)p)_l )
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From (3.11) we also have the inequalities for the Hadamard product
(3.18) 0< v (1—v) [(1 ) R Ap)_l} o(1— A
—1 —1
<(1- Ap)—l o(1-— Aq)—l _ (1 _ A(lfl’)pﬂ/q) o (1 _ AWIﬂL(l*V)P) ,

forve0,1],0<A<1,p>q.
Assume that 0 < A, B <1, p>gqand 0 < «,f, then by writing the inequality
(3.4) for the function f (z) = exp z, we get

(3.19) 0<v(l-v)

exp (aA?P~9) @ exp (BB?) + exp (ad?) ® exp (BB*~1)
2

— exp (aA?) ® exp (BB)

< (1—v)exp (ad?) @ exp (BBY) + vf (0A) & f (3B7)
— exp (O[A(lfﬂ)zﬁuq) ® exp (BBVqu*V)p)

<v(l-v)

. [e"p (aA”) ® exp (BBI) + exp (¢ A1) © exp (BBP)
2

—exp (aA?) @ exp (B7)].
Finally, from (3.13) we derive
(3.20) 0<v(l—v)exp (A%9) — exp (4P)] o exp (A?)
< exp (AP) o exp (A1) — exp (A(l—u)p+uq) o exp (A”4+<1—”>P)
<v(1—v)[exp (ATP) — exp (A7)] o exp (A7)

forve[0,1],0<A<1,p>q.
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