SOME TENSORIAL AND HADAMARD PRODUCT
INEQUALITIES FOR SELFADJOINT OPERATORS IN HILBERT
SPACES VIA A LOG-REVERSE OF YOUNG’S RESULT

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. Let H be a Hilbert space. In this paper we show among others
that, if A, B > 0 in the operator order and v € [0,1], then

0<(1-v)A®1+vl®B—- A" ® B
<v(1-v)[AnA)®14+1® (BInB)—A®InB— (InA) ® B].
We also have the following inequalities for the Hadamard product
0<[(1—v)A+vB]ol—Al"" 0B
<v(l-v)[(AnA+ BInB)ol—AolnB — (InA)o B].
for all v € [0,1].

1. INTEGRATION

The famous Young’s inequality for scalars says that if a,b > 0 and v € [0, 1],
then

(1.1) a7y < (1—v)a+uvb

with equality if and only if @ = b. The inequality (1.1) is also called v-weighted
arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [13]

T e (0,1) U (1,00)
(12) S(h) — eln(hh,—1>

lif h=1.

It is well known that lim,1 S (h) =1, S(h) = S(3) > 1 for h > 0, h # 1. The
function is decreasing on (0,1) and increasing on (1, c0).

The following inequality provides a refinement and a multiplicative reverse for
Young’s inequality

(1.3) S ((%) ) a7 < (1-v)a+vb< S (%) a'mvyy,
where a,b >0, v € [0,1], r = min {1 — v, v}.

The second inequality in (1.3) is due to Tominaga [14] while the first one is due
to Furuichi [5].
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It is an open question for the author if in the right hand side of (1.3) we can
replace S (%) by S ((%)R) where R = max {1 —v,v}.

Kittaneh and Manasrah [9], [10] provided a refinement and an additive reverse
for Young inequality as follows:

(1.4) T(\f—\/B)QS(l—V)a—i—ub_al—ubySR(I_\/B)Z

where a,b >0, v € [0,1], r =min{l — v,v} and R = max {1 — v, v}.
We also consider the Kantorovich’s constant defined by

(h+ 1)
4h

The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (+) for any h > 0.

The following multiplicative refinement and reverse of Young inequality in terms
of Kantorovich’s constant holds

(1.6) KT (%) a7V < (1-v)a+uvb< KR (%) al=vp”

(1.5) K (h) = , h> 0.

where a,b >0, v € [0,1], r =min{l — v,v} and R = max {1 — v, v}.

The first inequality in (1.6) was obtained by Zou et al. in [16] while the second
by Liao et al. [12].

In the recent paper [4] we obtained the following reverses of Young’s inequality
as well:

(1.7) 0<(1-v)at+vb—a'"b" <v(l—v)(a—>b)(Ina—Inb)
and
(18) 1< U2 o [ (1) (5 (2) - 1))

where a,b > 0, v € [0, 1].
It has been shown in [4] that there is no ordering for the upper bounds of the

quantity (1 — v)a+vb—a'~"b" as provided by the inequalities (1.4) and (1.7). The
(1—v)a+vb

same conclusion is true for the upper bounds of the quantity =77~

in the inequalities (1.3), (1.6) and (1.8).

Let Iy,..., Ix be intervals from R and let f : I; X ... X I; — R be an essentially
bounded real function defined on the product of the intervals. Let A = (A4, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hi, ..., Hx such that
the spectrum of A; is contained in I; for ¢ = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

incorporated

A; :/ NidE; (A;)
I,

i

is the spectral resolution of A; for i = 1,..., k; by following [2], we define
(19) f(Al77Ak) :/ f()\177)\1)dE1 ()\1)®®dEk ()\k>
I I

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.
If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
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This construction [2] extends the definition of Kordnyi [11] for functions of two
variables and have the property that

(AL, A) = f1(A) @ ... ® fir.(A),

whenever f can be separated as a product f(¢1,...,tx) = f1(t1)...fx(tx) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, 00), namely

f(st) = (L) f(s) f(t) for all s,t € [0,00)
and if f is continuous on [0, 00), then [7, p. 173]
(1.10) f(A®B) > (L) f(A)® f(B) forall A, B >0.
This follows by observing that, if

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then
(1.11) f(A® B) :/ / £ (st) dE (t) ® dF (s)
[0,00) J/[0,00)

for the continuous function f on [0,00) .
Recall the geometric operator mean for the positive operators A, B > 0
A#tB = 141/2(14—1/2314—1/2)t141/27
where t € [0, 1] and
A#B — A1/2(A71/2BA71/2)1/2A1/2.
By the definitions of # and ® we have
A#B = B#A and (A#B) ® (B#A)=(A®B)#(B® A).
In 2007, S. Wada [15] obtained the following Callebaut type inequalities for ten-

sorial product

(112) (A#B) ® (A#B) < 5 [(A#aB) © (Afh1_aB) + (A#h1_aB) © (A#oB)

e A

<-(A®B+B®A)

[\)

for A, B>0and a €10,1].
Recall that the Hadamard product of A and B in B(H) is defined to be the
operator Ao B € B(H) satisfying
(Ao B)ej,e;) = (Aej, ¢;) (Bej, €;)
for all j € N, where {ej}j cn is an orthonormal basis for the separable Hilbert space

H.
It is known that, see [6], we have the representation

(1.13) AoB=U"(A® B)U

where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
If f is super-multiplicative (sub-multiplicative) on [0, 00), then also [7, p. 173]

(1.14) F(AoB)> (<) f(A)o f(B) forall A, B> 0.
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We recall the following elementary inequalities for the Hadamard product
AY? 0 BY? < <A;B> olfor A, B>0

and Fiedler inequality
(1.15) Ao At >1for A>0.

As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [1]
showed that
2 1/2 1 p2 1/2
AOBS(A ol) (B 01) for A, B>0

and Aujla and Vasudeva [3] gave an alternative upper bound
AoB < (420B%)"* for A, B> 0.

It has been shown in [8] that (A% o 1)1/2 (B%o 1)1/2 and (A% o B?) "2 are incom-
parable for 2-square positive definite matrices A and B.

Motivated by these results, in this paper we provide among others some upper
bounds for the Young differences

1-v)A®1+v1i®@B- A" @B

and

[(1-v)A4+vB]ol—A'""" 0B
for v € [0,1] and A, B > 0.

2. MAIN RESULTS
We start to the following main result:
Theorem 1. Assume that A, B >0 and v € [0,1], then
21) 0 < (1-v)A®1+vi®B—-A""®B"
< v(1-v)[(AnA)®1+1®(BlnB)—A®InB — (In4) ® BJ.

In particular,

1
(22) 0 < 5(A®1+1®B)—Al/?@BW

1
< 1 [(AlnA)®1+1®(BInB)—A®InB— (In4)® BJ.

Proof. From (1.7) we have

(2.3) 0<(1—v)t+vs—t'""s" <v(l—v)(t—s)(nt—Ins)
for all ¢, s > 0 and v € [0,1].

If
A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then by taking the double integral f[o 00) f[o 00)
over dFE (t) ® dF (s) in (2.3) we get

(2.4) 0< /[0700) /[0700) [(1—v)t+vs—t'""s"] dE (t) ® dF (s)

Sl/(l—y)/[om) /[0700) (t—s)(Int —Ins)dE (t) @ dF (s).
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Observe that, by (1.9)

/[0 /[0 [(1—v)t+vs—t'""s"] dE (t) ® dF (s)

:(1_y)/000 /000 tdE(t)(g)dF(S)+V/[(],oo)/[0,oo)8dE(t)®dF(S)

/ / 77" dE (t) @ dF (s)
[0,00) J/[0,00)
=(1-v)A®1+v1®B - A" ® B

and
/ / (t—s)(Int —Ins)dE (t) ® dF (s)
:/ / (tInt+ slns—tlns — slnt) dE (t) @ dF (s)
:/ / tintdE (t) @ dF (s / / slnsdE (t) ® dF (s)
[0,00) J[0,00)
/ / tinsdE (t) ® dF (s / / sintdE (t) ® dF (s)
[0,00) J/[0,00) [0,00) J[0,00)
(AlnA)®1+1® (BlnB) -~ A@mB — (InA)® B
and by (2.4) we get (2.1). O

Corollary 1. With the assumptions of Theorem 1 we have the following inequalities
for the Hadamard product

(2.5) 0 < [1-v)A+vBlol—A""0oB"
< v(1-v)[(AlnA+BlnB)ol—AolnB — (InA) o B

forv e 0,1].
In particular,
(2.6) ogAJQFBM—Al/?oBW

< i[(AlnA—l—BlnB)ol—AolnB—(lnA)oB].

Proof. For the operators X and Y we have the representation
XoY=U"(X®Y)U,

where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
If we take U* to the left and U to the right in the inequality (2.1), we get

27 0<U [1-v)A®l+vi®B-A""e@B"|U
<v(l-v)U [(AnA)®1+1®(BInB)—A®InB - (InA) ® B]U.
Observe that
U [(1-v)A®l+vieB—- A" B"|U
=(1-v)U* AU+ (1o B)U-U* (A" @B U
=(1-v)(Aol)+v(loB)— (A" 0oBY)



6 S.S. DRAGOMIR

and
U [(AnA)®1+1® (BInB)—A®InB — (In A) ® B|U
=U" (AmA)e)U+U" (1® (BInB))U
— U (A B)U -U" (InAd) @ B)U
=(AlnA)ol+1o(BlnB)—AolnB—(InA)o B
and by (2.7) we derive (2.5). O

Remark 1. If we take B = A in Corollary 1, then we get
(2.8) 0<Aol—A""0A" <2 (1-v)[((AlnA)o1l— AolnA)]
for allv € ]0,1].

In particular,
1
-2

Corollary 2. Assume that A;, B; > 0 and p;, ¢;j > 0 fori € {1,...,n}, j €
{1,...,m}, and put P, := """ piy Qum = Z;nzl q;, then

®1+vPl@ | Y ¢B;
j=1
n m
(S ) o (S
i=1 j=1

<v (1 — I/) [Qm <Zp1Al 1DA1> ®1+ Pnl X (Z Qij In Bj)
i=1 J=1

_ <ZplAl> X (Z q; lnBj) — <Zpi IHAI> X (quBj):|
=1 Jj=1 =1 Jj=1

for allv €10,1].
In particular,

(2.9) 0<Aol—AY20A4Y2 < Z[((AlnA)ol— AolnA).

H'M§

(210) 0 1 — VvV Qm (

(2.11)

l\')\»—l

. .
— —

Z;m) ®1+ Pl (Z% )]

) {ger)

(ZpZA 1nA> @14 P,1® (quBj 1nBj)

j=1

Ai) o (éqj mBj) - (ém lnAi> ® (i‘; quj)

| /\
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Proof. From (2.1) we have

<1-v)A4®l+vi®B; — A" ®BY
<v(l-v)[(Ailn4;)®1+1®(BjInB;)—A;®InB; — (InA;) ® By].

If we multiply this inequality by p;q; and sum, then we get

(212)  0<(1-v) ZZquJA ®1+VZZplqjl®B

i=1 j=1 i=1 j=1
=3 pigi ATV @ BY
i=1 j=1
v(l—v) ZZZH% (Ailn4;) @1+ ZZpiqjl ® (B;In Bj)
i=1j=1 i=1 j=1
- Z ZPinAi ®InB; — Z Zpiqj (InA;) ® B;
i=1 j=1 i=1 j=1

Observe that

Z ZPinAz‘ ®1=Qn sz‘Ai ®1,
i=1 =1

Jj=1

Jj=1

HM:

i=1 j=1

i=1 j=1

n

szqj (A4, InA)®1=0Q, (ZP:A 1nA>
1j=1

1=

n

ZZPin1®(lenBj)=Pn1® qulenBj ,
i=1 j=1

=1 j= Jj=1

m

n m
ZZpquA ®1DB = (Z 1A1> X qu hlBj
Jj=1 i=1 j=1

1=1

and

m

> pigj(Indy) @ B; = (ZpilnAi) ® (> 4B
i=1 j i=1 Jj=1

)

By (2.12) we derive (2.10).
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Corollary 3. With the assumptions of Corollary 2, we have the inequalities for
the Hadamard product

(2.13) 0<|a-v) QmZpiAi—l—z/Panij ol
i=1 =1
(S e (um
i=1 j=1

v(l—v) QmZpiAilnAi—i—PanijlnBj ol

i=1 j=1

- (ZpiAi> o qu' lnBj - <Zpi lnAl> o quB]
i=1 Jj=1 i=1 Jj=1

for allv € ]0,1].
In particular,

mszA + P, ZQJ ol

1
2.14) 0< -
( -2

\ /\

QmZpZA InA; + P, Zq]B B |ol

j=1

( ) (qu 1nB> — (épiln/lz) o (équj)

Remark 2. We observe that for m = n, B; = A; and q; = p; in Corollary 3, we
get

(2.15) 0< (sz ) ol— (iwﬁ”) ° <§ﬂ:piA?>
(P ZpLA lnA) ol — (Zp, ,) o (ipiln/Lv)
i=1
In particular,

(216)  0< <Zp Ai)ol- <Zpiz43/2> o (ZP#@”)
=1 =1 =1
1
< —
=3

(Pn EnjpiAi IHAi> ol — <§n:piAi> ° (Zn:]% 1nAi>
i=1 i—1 i=1

HM:

<2v(1-v)

for all v € [0,1].
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3. INEQUALITIES FOR POWER SERIES

We also have the following result for power series:

Theorem 2. Let f (z) = >, a,z™ be a power series with nonnegative coefficients
and convergent on the open disk D (0,R) C C, R > 0 and let v € [0,1]. Assume
that 0 < a < R,0< B < R, 0<aA < R,0< 8B < R,0< adl™V <R,
0<pBY< R and 0 < «, B < R, then

31) 0<(1-v)f(B)flad)@1l+vf(a)1® f(BB)~f(ad'™") @ f(BB")
<v(d=v)faf(B)(f (ad) AmA) @1+ Bf ()1 (f' (BB) BlnB)
—Bf" () f (@A) @InB — af' (a)lnA® f (BB)],

and, in particular,

32)  o0< f(ﬁ)f(aA)®1;f(a)1®f(ﬁB) _f(aA1/2> ®f(5Bl/2)

< 1 0f (5) (' (0A) A A) @ 1+ 6 (a) 1 (f (5B) BIn B)
~5f () f (@A) ©n B~ af () A& [ (BB)].

Proof. From (2.1) we get

0<(1-v)A'®1+v1® B — A1) g B
<v(1-v)[(iAmA)®1+1® (jB'InB) — jA'®In B — (ilnA) @ B],

for all : € {0,...,n}, j € {0,....,m}. ‘
Now, if we multiply by a;a’ and by a;/3’, then we get

0<(1—v)ajfai’A" @1 +vaa'l ®a;f B
— ;0 A7) @ q; 37 BTV
<v(l-v) [(ajﬁjaiaiiAi nA)®1+aa'l® (ajﬁjij In B)
—jajﬂjaiaiAi ®InB — (iaio/ In A) ® aijBj] ,

for all : € {0,...,n}, j € {0,....,m}.
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Now if we sum over ¢ from 0 to n and from j from 0 to m, then we get

53 (M]) (S o
(zmwa e (s 5)
(£) &)
(g
(o) (5o0)

for all v € [0,1].
Since0 < a < RLO<KB<R 0<aA< R, 0<pBB<R,0<ad'™" <R,
0 < BBY < R, then the following series are convergent and

Zaiai = f(a) Zajﬂj = Zal f(ad),
i=0 =0

iaiaiAi(l_”) = ozA1 ” Za BBV = f(BB").

v(l—v)

Also

oo oo
Ziaio/ = Ziaio/ =a (a1 + 2a2a + 3asza’ + L) =af (@)

=0 =1
> jaiB =Bf(B), Y iaia' Al = aAf (aA), Y ja;8 B’ = BBf (BB).
=0 i=0 j=0

By taking the limit over n,m — oo in (3.3), we deduce the desired result (3.1). O

Corollary 4. With the assumptions of Theorem 2, we have the following inequal-
ities for the Hadamard product

(84)  0<[L—1)F(B)f(ad)+vf(a)f(BB)ol— f(aA")o f(8B")
<v(1-v)[[af (3) f (¢A) Aln A+ Bf (a) f' (3B) Bl B] o 1
—Bf'(8) f (@A) ol B — af' (a)ln Ao f (3B))],
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and, in particular,

65) o< LOSEALTOTEB) ) p(aar2) o (512)
< i [(af (B) f (@A) Aln A+ Bf (o) f (BB) BInB) o 1
—Bf"(B) f(@aA)olnB —af' (a)lnAo f(BB)],

forv e [0,1].

If we take f (t) = expt, then from Corollary 4 we get for a € [0, 1] that

(3.6) 0<[1—v)exp(B+ ad)+vexp(a+ B)]ol
— exp (ozAl_”) oexp (8BY)
<v(l—v)[aexp(f+ald)Aln A+ fexp(a+ SB)BlnB]ol
—Bexp(f+adA)olnB —alnAdoexp(a+ B)],

and, in particular,

. )< @B(5+ad) +exp(atBB)
’ - 2

— exp (aA1/2) o exp (531/2)
< i [[aexp (B4 ad) Aln A+ Bexp (a+ BB)BInBo1
—Bexp(f+ad)olnB—alnAdoexp(a+ B)],

1

for all o, >0and A, B > 0.

4. RELATED RESULTS

Recall that if a, b > 0 and

lnz:ilna if a 7& b’
L(a,b) :=
bifa=1b

is the logarithmic mean and G (a,b) := Vab is the geometric mean, then L (a,b) >
G (a,b) for all a, b > 0.
Then from (1.7) we have for a # b that

0<(1—v)at+vb—a'"" <v(l—v)(a—>)(Ina—Inb)

slna—1Inbd (a—b)?

a—b —V(]'*V) \/(% )

=v(l-v)(a—-0)
which implies that
(41) 0< (1= v)at+vb—a" "t < v(1—v) (a3/2b71/2 _ 9al/2p/2 4 afl/zb:s/z)

for all a,b > 0.
The following result provides a simpler upper bound than the one from Theorem
1 that involves the logarithmic function.
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Theorem 3. Assume that A, B >0 and v € [0,1], then
(4.2) 0<(1-v)A®1+vi®B—- A" ® B

<v(l-v) (As/z ® B Y2 _ 9425 BY2 L A" 1/2 g 33/2) _
In particular,

1
(4.3) og§(A®1+1®B)—A”%@Bl/2

< (Ag/z © B2 _ 942 g BY/2 4 A-1/2 ®B3/2) _

1
4

The argument follows in a similar way to the one from the proof of Theorem 1
by employing the inequality (4.2) above.
Corollary 5. With the assumption of Theorem 1, we have the following inequality
for the Hadamard product
(4.4) 0<[(1-v)A+vBlol—A""0B"

<v(l-v) (A3/2 0B 1/2 _941/2 4 Bl/2 4 p-1/2 B3/2)

for allv € ]0,1].
In particular,

(4.5) OSA;BOI—AI/QOBI/Q
<! (A3/2 o B2 242, BY2 L A71/2, 33/2) )
=4

If we take B = A in Corollary 5, we get
(4.6) 0<Aol— A"V oA <2 (1 - ) (A3/2 o AT12 _ A2, Al/2)

for all v € [0,1].
In particular,

(4.7) 0<Aol— AV20A1/2 < % (A3/2 0 AV/2 _ Al/2 A1/2) '
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