TENSORIAL AND HADAMARD PRODUCT REVERSE
INEQUALITIES FOR SELFADJOINT OPERATORS IN HILBERT
SPACES RELATED TO YOUNG’S RESULT

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let H be a Hilbert space. In this paper we show among others
that, if the selfadjoint operators A and B satisfy the condition 0 < m < A,
B < M, for some constants m, M, then

M v(l—v)(M—m)
0<(1-v)A®1+v1i®B-A""®B" gln(—)
m

for all v € [0,1]. We also have the following inequalities for the Hadamard
product
M v(l—v)(M—m)
0<[1-v)A+vBlol—A'"YoBY Sln(g>

for all v € [0,1].

1. INTEGRATION

The famous Young’s inequality for scalars says that if a,b > 0 and v € [0, 1],
then

(1.1) a7 < (1-v)a+vb

with equality if and only if ¢ = b. The inequality (1.1) is also called v-weighted
arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [13]

— e if h e (0,1)U(1,00)
eln( hh—1

(1.2) S (h) = ( )

1ifh=1.

It is well known that limj,_; S (h) =1, S(h) = S(+) > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00) .

The following inequality provides a refinement and a multiplicative reverse for
Young’s inequality

(1.3) S ((%>7> a7 < (1—-v)a+vb< S (%) al=rp,

where a,b >0, v € [0,1], r = min {1 — v, v}.
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The second inequality in (1.3) is due to Tominaga [14] while the first one is due
to Furuichi [5].

It is an open question for the author if in the right hand side of (1.3) we can
replace S (%) by S ((%)R> where R = max {1 —v,v}.

Kittaneh and Manasrah [9], [10] provided a refinement and an additive reverse
for Young inequality as follows:

(1.4) r(ff\/l;fS(lfu)aJrubfal*”b”gR(\ff\/l;f

where a,b >0, v € [0,1], r = min{l — v,v} and R = max {1 — v, v}.
We also consider the Kantorovich’s constant defined by
(h+1)?
4h
The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K () for any h > 0.
The following multiplicative refinement and reverse of Young inequality in terms
of Kantorovich’s constant holds

(1.6) KT (%) a7 < (1-v)a+uvb< KR (%) al=vpY

(1.5) K (h) =  h>0.

where a,b >0, v € [0,1], r =min{l — v,v} and R = max {1 —v,v}.

The first inequality in (1.6) was obtained by Zou et al. in [16] while the second
by Liao et al. [12].

In the recent paper [4] we obtained the following reverses of Young’s inequality
as well:

(1.7) 0<(l-v)at+vb—a'""b" <v(l—v)(a—>b)(Ina—Inb)
and
(1.8) 1< % < exp [41/(1 ) (K (%) - 1)} ,

where a,b > 0, v € [0,1].
It has been shown in [4] that there is no ordering for the upper bounds of the

quantity (1 — v) a+vb—a'""b" as provided by the inequalities (1.4) and (1.7). The
(1—v)a+vb

Toupe incorporated

same conclusion is true for the upper bounds of the quantity
in the inequalities (1.3), (1.6) and (1.8).

Let I4,..., I be intervals from R and let f : I X ... X [, — R be an essentially
bounded real function defined on the product of the intervals. Let A = (A1, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hy, ..., Hx such that
the spectrum of A; is contained in I; for ¢ = 1, ..., k. We say that such a k-tuple is

in the domain of f. If

I.

i

is the spectral resolution of A; for i = 1,..., k; by following [2], we define
(1.9) f(Ag, ..., Ag) ::/ e | F (A, M) dEL (M) ® ... ® dEY, (Mg)
n Ji

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.
If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
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This construction [2] extends the definition of Kordnyi [11] for functions of two
variables and have the property that

(AL, A) = f1(A) @ ... ® fir.(A),

whenever f can be separated as a product f(¢1,...,tx) = f1(t1)...fx(tx) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, 00), namely

f(st) = (L) f(s) f(t) for all s,t € [0,00)
and if f is continuous on [0, 00), then [7, p. 173]
(1.10) f(A®B) > (L) f(A)® f(B) forall A, B >0.
This follows by observing that, if

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then
(1.11) f(A® B) :/ / £ (st) dE (t) ® dF (s)
[0,00) J/[0,00)

for the continuous function f on [0,00) .
Recall the geometric operator mean for the positive operators A, B > 0
A#tB = 141/2(14—1/2314—1/2)t141/27
where t € [0, 1] and
A#B — A1/2(A71/2BA71/2)1/2A1/2.
By the definitions of # and ® we have
A#B = B#A and (A#B) ® (B#A)=(A®B)#(B® A).
In 2007, S. Wada [15] obtained the following Callebaut type inequalities for ten-

sorial product

(112) (A#B) ® (A#B) < 5 [(A#aB) © (Afh1_aB) + (A#h1_aB) © (A#oB)

e A

<-(A®B+B®A)

[\)

for A, B>0and a €10,1].
Recall that the Hadamard product of A and B in B(H) is defined to be the
operator Ao B € B(H) satisfying
(Ao B)ej,e;) = (Aej, ¢;) (Bej, €;)
for all j € N, where {ej}j cn is an orthonormal basis for the separable Hilbert space

H.
It is known that, see [6], we have the representation

(1.13) AoB=U"(A® B)U

where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
If f is super-multiplicative (sub-multiplicative) on [0, 00), then also [7, p. 173]

(1.14) F(AoB)> (<) f(A)o f(B) forall A, B> 0.
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We recall the following elementary inequalities for the Hadamard product
A2 6 B2 < <A;B> olfor A, B>0

and Fiedler inequality
(1.15) Ao Al >1for A>0.

As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [1]
showed that

AoB< (A201)1/2(3201)1/2 for A, B> 0

and Aujla and Vasudeva [3] gave an alternative upper bound
AoB< (A2 032)1/2 for A, B> 0.

It has been shown in [8] that (A% o 1)1/2 (B%o1) Y2 and (A? 0 B?) "2 are incom-
parable for 2-square positive definite matrices A and B.

Motivated by these results, in this paper we provide among others some upper
bounds for the Young differences

1-v)A®1+v1®@B—- A" @B

and

[(1-v)A4+vB]ol—A'""" 0B
for v € [0,1] and A, B such that 0 < m; < A < My, 0 < mg < B < M> for some
constants my, mo, My and My,

2. MAIN RESULTS

The first main result is as follows:

Theorem 1. Assume that the selfadjoint operators A and B satisfy the condition
0<m< A, B<M, then
>U(1—u)(M—m)

M
(2.1) og(lu)A®1+y1®BA1”®B”§ln(
m

for allv €0,1].

In particular,
(2.2) 0< M—NN@)BW <In (%)
Proof. If a, b € [m, M] C (0,00), then
0<(a—0b)(lna—1nd) =|(a—b)(Ina — Inb)|
=la—bl|lna—Inb < (M —m)(InM —1lnm).
By (1.7) we then get
(2.3) 0<(1-v)at+vb—a b <v(l—v)(M—m)(InM —Inm)

for all a, b € [m, M].
If

(M)

M M
A:/ tdE (t) and B:/ sdF (s)

3
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are the spectral resolutlons of A and B, then by taking the double integral fm fgf
over dE (t) ® dF' (s) in (2.3) we get

(2.4) 0</ / [(1=v)t+vs—t'7"s"] dE (t) ® dF (s)

M
<v(l—v)(M—m)(InM —Inm) / dE (t) ® dF (s)

=v(l—-v)(M—m)(InM —Inm).
Observe that, by (1.9),

/[o /[o [(1—v)t+vs—t'""s"] dE (t) ® dF (s)

,00) /0,
=(1-v) /Ooo /000 tdE(t)@dF(s)Jru/[O’oo) /[O’OO) sdE (t) ® dF (s)

/ / 77" dE (t) @ dF (s)
[0,00) J/[0,00)
1-v)A®1+v1®B—- A" @B,

which gives, by (2.4), the desired result (2.1). O

Corollary 1. With the assumptions of Theorem 1, we have the following inequal-
ities for the Hadamard product

M v(1—v)(M—m)
")

(2.5) 0§[(11/)A+1/B}01A1”0B”§1n<

for allv €10,1].
In particular,

(M —m)
(2.6) OSA;BM—AU%BU?gln(M) .
m

Proof. For the operators X and Y we have the representation
XoY=U"(X®Y)U,

where U : H — H ® H is the isometry defined by Ue; = e; ® e; for all j € N.
If we take U* to the left and U to the right in the inequality (2.1), we get

(2.7) 0<U [1-v)A®1+vi®B-A""®B"|U

v(l—v)(M—m)
<lIn <M> Uuu.
m

Since

U [(1-v)A®l+vli®@B—- A" B"|U
(I—v)U* (A U+ vU* (1@ B)U -U* (A" @ B")U
=(1-v)(Aol)+v(loB)— A" o B
(
=

1-v)(Aol)+vBol—A'""0oB"
(1-v)A+vBlol—A'""" 0B,
hence by (2.7) we get (2.5). O
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Remark 1. If we take B = A in Corollary 1, then we get

v(1l—v)(M—m)
(2.8) 0<Aol—A'""0A"<In <M)
m

for allv € ]0,1].
In particular,

$(M—m)
(2.9) 0<Aol—AY?0A4Y2<In (M> .
m

We also have:

Theorem 2. Assume that the selfadjoint operators A and B satisfy the condition
O<m1§A§M1,0<m2§B§M27 then

(210) 0<(1-v)AR1+vIi®B—-A"""®B” <T, (m1, M1, mq, My) A® 1,

where

v(l—v) %71
In (241) (5:-) if1<m

ma

In
FV (mlleam27M2) = fax . Mz

ml)u(lu)(ﬁ;1) n (Ml)u(lu)(ﬁgl)}

i <1<

v(1l-v)( 2t —1
In (5) (B pan <
for allv €10,1].
In particular,
AR1+1® B

(2.11) 0< f—AWc@Bl/2 < Ty (my, My, ma, My) A® 1.

Proof. We consider the function f (¢t) = (¢t — 1) Int, t > 0. We observe that
, 1
S =mt+1--

and

1 1 t+1
1
t = — _ = —
Frt)=1+5="75
for t > 0.
This shows that the function f is strictly convex on (0, 00), decreasing on (0,1),
increasing on (1, 00) with

te%{r;o)f (t)=f(1)=0.
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my My

My m72:| s which shows

If0<m1§t§M1,0<m2SSSMg,thenuzzﬁe[
that

f(%—;) if1<m

= M,
max fu)= max{f(%),f(%)} if]\7"7;<1<M

[my oMy

“E{szmQ]

mo
f(5) it <

mo —

My

1
M\ ™2 : m

By (1.7) we get

(2.12) Og(1—V)t—|—1/s—tl_”s”SI/(l—Z/)t(§—1)1nf
§ V(l—V)tP (ml,Ml,mg,Mg)

for0<my <t < M, 0<mo <s< Ms.
If

A= /Ml tdE (t) and B = /M2 sdF (s)

mi1 m2

are the spectral resolutions of A and B, then by taking the double integral fnlzl me22
over dE (t) ® dF (s) in (2.12) we get

(2.13) 0< /Ml /M2 [(1 _V)t"rl/s—tl_”SV] dE(t) ®dF(8)

11 ma

My M
SV(l—V)F(ml,Ml,mmMz)/ / tdE (t) @ dF (s).

Since
M M-
/ / (1=v)t+vs—t'""s"] dE (t) ® dF (s)
=(1-v)A®1+vli®B-A""® B
and

M- Mo
/ / HAE (1) © dF (s) = A® 1,

ma2

hence by (2.13) we get (2.10).
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Corollary 2. Assume that the selfadjoint operators A and B satisfy the condition
0<m<A, B< M, then

t/(lfz/)(MA}m)
(2.14) 0§(11/)A®1+V1®BA1”®B”§1n<) A®1,
m

for allv € ]0,1].

In particular,

I
(2.15) 0< w—Nﬂ@Bl/Q <In (M> A®1.
m

The proof follows by Theorem 2 for my = my = m and M} = My = M.

Corollary 3. With the assumptions of Theorem 2, we have the following inequal-
ities for the Hadamard product

(2.16) 0<[(1-v)A+vBlol—A""0oB” <T, (my, My, mg, My) Ao 1
for all v € [0,1].
In particular,
A+ B
2
If0o<m<A, B<M, then

(2.17) 0< ol — AY?0BY? < Ty (my, My, ma, M) Ao 1.

M—m)
M

11(171/)(
2.18 0<[1-v)A4+vB]lol—A""oB" <In|— Aol,
(2.18) (1-v)
m

for all v € ]0,1].
In particular,

A+B

(2.19) 0<

M—m
4aM
01—A1/2oBl/2g1n<M) Aol.
m

If we take B = A in Corollary 3, then we get

u(l—u)(M]Qm)

(2.20) Ongl—Al”oA”§1n<> Aol,

m
for all v € [0,1].
In particular,

M Aﬁ;/]m

(2.21) 0<Aol—AY20A4Y2<In <> Aol.
m

Further, we can also state the following multiplicative reverse of Young’s inequal-
ity:

Theorem 3. Assume that the selfadjoint operators A and B satisfy the condition
0<m1§A§M1,0<m2§B§M27 then

(2.22) A" @B <(1-v)A®1+vli®B
S exp [AV (ml, Ml,mg, Mg)] Aliu X BV,
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where

(M1 —m3)? . m
m,QMl Zfl S V;

(My—mq)?  (My—my)?
max { mi Mo ) meo My

fr <1< i

ma

A, (my, My,me, M) :=v (1 —v) X

(My—m1)? f M <

ma My my =
for allv € ]0,1].

In particular,
AR1+1®B

(2.23) AY? @ BY? < 5

< exp [Ay s (m1, My, ma, Ms)] AY? @ BY/2.

Proof. If 0 < my <t < Mp, 0 <mg <s < M, then u := é € [%,%},Which
shows that

K(M) if1 < m

max K (u) = max{K(%),K(%)}if%<l<%
wel i3]

which gives that
max K (u) -1

M
ue[%,mfﬂ
(M —ms)? my
4m2M1 lf 1 S M2
_ (Ma—m1)® (Mi—m2)® | :c my My
= max{ Toi M dmgil if i <l<id
(Ma—m1)? . M,y
4m1M2 lf mao S 17
(My —m3)? my
777421\/[1 lf 1 S M2
= 1 X max (Mz—m1)2 (Ml_m2)2 lf oL <1< My
T4 miMz 7 maoM; Mo ma
(M2—77L1)2 i My
ih if s < 1.

From (1.8) we derive

1< % < exp [41/(1—1/) (K (z) — 1)}
<exp[A, (my, My, ma, Ms)],
which gives
(2.24) 1< (1—v)t+vs<explA, (my, My, mg, Mo)]t*7"s",
for0O<my <t< M, 0<mg <s< M.
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Now, by making a similar argument to the one in the proof of Theorem 2 and
utilizing inequality (2.24), we deduce (2.22). O

Corollary 4. Assume that the selfadjoint operators A and B satisfy the condition
0<m<A, B<M, then

(2.25) A" @B" " <(1-v)A®1+v1i®B
M —m)2
< exp lu (1-v) % A"V @ BY.
In particular,
2
(2.26) A2 o BY/2 < A®1+10® B < ex M A2 & Bl/2
' - 2 - dmM '

We also have the following inequalities for the Hadamard product:

Corollary 5. With the assumptions of Theorem 2, we have the following inequal-
1ties

(2.27) A" oBY <[(1-v)A+vB]ol <explA, (m1, My, mg, My)] A'™" o BY,

for allv €10,1].
In particular,

A+ B
(2.28) AY?2 6 BY? < % ol <exp [A1/2 (ml,Ml,mg,Mg)] A2 o BY/2,

With the assumptions of Corollary 4,

(2.29) A" oB" <[1-v)A+vB]ol
< exp lu (1-v) W A"V o BV,
In particular,
(2.30) A2 0 BY2 < uolgexp [(Mmﬁ)z A% o BY/2,

If we take B = A in (2.29) and (2.30), then we get for v € [0, 1] that

2

2.31 A7V 0 AV < Aol < exp Vl—l/M AV 0 AV,

M

m

In particular,

2
(2.32) AY2 60 AY? < Aol <exp [m A2 6 A2,

m




TENSORIAL AND HADAMARD PRODUCT INEQUALITIES 11

3. SOME INEQUALITIES FOR SUMS
We have:
Proposition 1. Assume that the operators A;, B; satisfy the conditions 0 < m <

A;, Bi <M, p;, qj >0 forie{l,..,n}, je€{l,...,m}, and put P, := Y | pi,
Qum = Zjnzl q;, then for v € [0,1],

i=1

Jj=1

- <Zpiz4}”> ® Z%‘B}'
=1 =1

v(l—v)(M—m)
M

m

In particular,

1 u -
(3.2) 0< 5 |@n (Zm&) ©1+P1® Y 4B,
i=1 j=1
piA; q; 5y
i=1 j=1

Proof. From (2.1) we have

M> v(1—v)(M—m)

(3.3) 0<(1-v)A4;®14+vI®Bj— A" @B <In| —
J 7 7 m

forie{1,..,n},j€e{l,..m}.
Now, if we multiply by p;g; > 0 and sum, then we get

(34  0<Y > pigi[1-v)Ai@l+vi®B;— A" @ B/
i=1 j=1
M v(l-v)(M—m) n m M v(1—v)(M—m)
(T (2 e

i=1 j=1

Observe that

n m

ZZpiqj [(1-v) A4 ®14+v1@B;— A" ®B§-’]
i=1 j=1
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n

m n.m
= (1—l/)zzpiq]‘Ai®1+llzzpiq]‘1®3j

i=1 j=1 i=1 j=1

—> > pigA;V ® By

i=1 j=1

=(1-v)Qmnm (Zp#h) R1+vP1® Z%‘Bj
i=1

Jj=1
- (ZPiA%”) ® quB;’
i=1 j=1
and by (3.4) we get (3.1). O

Corollary 6. With the assumptions of Proposition 1, we have the following in-
equalities for the Hadamard product

(3.5) 0< |(1—v)Qm (ZpiAZ) +vP, | Y q;Bj || o1
i=1 j=1

- (Zwﬁ”) o | D aBy
i=1 j=1

v(l—v)(M—m)

M

S ln () PnQ'm-
m

In particular,

Qi (S piA) + Po (S 45B))
< 2

- (ipiA§/2> o inB;/Q
i=1 j=1

L(M—m)
M 4
<In (m> ProQm.

We observe that if m = n, ¢; = p; and B; = A; then we get from (3.5) that

(3.7) 0< P, (f:p#h) ol— (f:pz‘A}V> o <§:Pif4;j>
i=1 i=1 i=1

v(1—v)(M—m)
M
<lIn <> P?

n’
m

(3.6) 0

ol

where 0 <m < A; <M, p; >0forie{l,..,n} and v € [0,1].
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In particular,
n n n
i=1 i=1 i=1

L(M—m)

M\*

<In () P2,
m

We also have the following inequalities:

Proposition 2. Assume that the operators A;, B; satisfy the conditions 0 < my <
A; <M, 0<me < Bj <M, pi,q; >0 forie{l,...,n}, je{l,...,m}, and put
Py =" 1 pi, Qm = Z;nzl q;, then for v € [0,1],

(3.9) 0<(1-v)Qm (Zm&) ®1+vP,1® Z%‘Bj
=1

j=1
- (Zpﬂ‘ﬁ"> @ | D_aBy
i=1 j=1

S 1_‘l/ (mla M17m27 MZ) Qm (szAz> ® 1

i=1

In particular,

1 & S
(3.10) 0< 3 Qm (ZpiAz) ®1+P1® Z%‘Bj
i=1

j=1
- 1/2 S 1/2

- (zmi ) S8
i=1 j=1

< T'ij2 (ma, My, ma, Ma) Qm, <ZP¢A1‘> ® 1.

i=1

Corollary 7. With the assumptions of Proposition 2, we have the following in-
equalities for the Hadamard product

(3.11) 0<|(1-v)Qm <ZpZAZ> +vh, ZQij ol
i—1 j=1

- (ZP’L‘ATQ o | D aBy
i=1 j=1

=1

<T, (mi, My, ma, M2) Qm <ZpiAi> ol
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In particular,

Qm (3= pidi) + Pa (E}":l quj) ,
o)

3.12 0<

(o) e (S
i=1 j=1
n
< 1—‘1/2 (m17 M17m27M2) Qm <szAz> ® 1.
=1

We observe that if m =n, ¢; = p; and B; = A;, then we get from (3.5) that

n n n
(3.13) 0< P, (ZpiAZ) ol — (ZpiA}-”> o <ZpiAi”>
i=1 i=1 i=1
v(1—v)(M—m) n
M
<1 — P, i A 1,
(%) (Sr):

where 0 <m < A; <M, p; >0forze€{l,...,n} and v € [0,1].
In particular,

n n n
=1 =1 i=1
(M —-m) n
M 1
<Iln|— P, i A 1.
= 1n (m> n (;pl 7,) ©

Proposition 3. With the assumptions of Proposition 2, we have the multiplicative
reverse of Young’s inequality

(3.15) <ZpiA§‘”> @ | D aB]
i=1 j=1
<(1-v)Qn (Zpi/h') @1+vP1® Z%Bj
i=1 J=1

< exp [A, (ma, My, ma, Mp)] <ZP¢A3_V> @D ¢8|,
i=1 j=1

for allv €1]0,1].
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In particular,

(3.16) (ZpiAZW) @Y 4B}
i=1 j=1
1 n m
<L, (zpiAz) s1spie (Sun
i=1

j=1

< exp [A1/2 (m1,M17m2,M2)} (ZpiAg/2> ® quB;M
i=1 j=1

Corollary 8. With the assumptions of Proposition 2, we have the following in-
equalities for the Hadamard product

o (S (Sum
i=1 =1

m

n
< A1=v)Qm <ZP¢A1> +vP, | Y q;Bj || o1
i=1 =1

m

<exp A, (m1, M1, mz, M>)] (Zp#ﬁ‘”) o> B!,
i=1 =1

for allv € 1]0,1].

Proposition 4. In particular,

(3.18) <ZpiA§/2> o[> 4B}
i=1 j=1

Qm (Z?:1 piAi) + Py (Z;n:l Qij)
= 2

gexp [Al/Z (ml,Ml,m27M2)] <Zp1A11/2> o ZqJBJl/2
i=1 j=1

ol

We observe that if m = n, ¢; = p; and B; = A;, then we get from (3.17) that

(3.19) (Zp#l,}”) o <ZPZA;’>
i=1 i=1
<P, (ipw‘h) ol
=1 ) § i
< exp ly (1-v) (ZWm—me)l <Z pﬂ‘ﬁ”) ° (ZPZ‘A;‘)>

for all v € [0,1], where 0 < m < A; < M, p; >0 forie{l,...n}.



16

(3.

S.S. DRAGOMIR

In particular,
20) dopidi | o [ Y opal”?
i=1 i=1
<P, ZpiAi ol
i=1

(M m)2 n y n y
- 1/2 1/2
< exp A ;:l pid; ° ;:1 pid;""

where 0 <m < A; < M, p; >0forie{l,..n}.
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