TENSORIAL AND HADAMARD PRODUCT INEQUALITIES FOR
SYNCHRONOUS FUNCTIONS OF SELFADJOINT OPERATORS
IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let H be a Hilbert space. In this paper we show among others
that, if f, g are synchronous and continuous on I and A, B are selfadjoint with
spectra Sp (A), Sp (B) C I, then

(f(A)g(A)®1+1®(f(B)g(B)) = f(A)®g(B)+9(A)® f(B)
and the inequality for Hadamard product
(f(A)g(A)+f(B)g(B))ol> f(A)og(B)+[f(B)og(A).
Let either p,q € (0,00) or p,q € (—00,0). If A, B > 0, then
AP+Q®1+1®BP+Q 2AP®B‘1+ALI®BP’

and
(APt 4 BPF9) 01 > AP o B9+ A%0 BP.

1. INTRODUCTION

Let I,..., I be intervals from R and let f : I; X ... X I; — R be an essentially
bounded real function defined on the product of the intervals. Let A = (A1, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hy, ..., Hx such that
the spectrum of A; is contained in I; for i = 1,..., k. We say that such a k-tuple is
in the domain of f. If

A = / NdE; ()
I;
is the spectral resolution of A; for i = 1,..., k; by following [2], we define

(11) f(A17...7Ak) Z:/I , f()\17~-~7)\1)dE1 ()\1)®®dEk ()\k)

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.

If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
This construction [2] extends the definition of Kordnyi [4] for functions of two
variables and have the property that

f(AL, . Ar) = fi1(AD) @ .. ® fir(Ak),

whenever f can be separated as a product f(t1,...,tx) = f1(t1)...fx(tr) of k func-
tions each depending on only one variable.
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It is know that, if f is super-multiplicative (sub-multiplicative) on [0, 00), namely
Fst) > (<) £ () £ (£) for all 5,1 € [0, 0)
and if f is continuous on [0, 00), then [6, p. 173]
(1.2) f(A®B) > (L) f(A)® f(B) for all A, B>0.
This follows by observing that, if

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then
(1.3) lﬂA@B):/‘ /’ F(st)dE (t) @ dF (s)
[0,00) /[0,00)

for the continuous function f on [0, 00) .
Recall the geometric operator mean for the positive operators A, B > 0

A%, B = AV2(A-1/2B A1)t 41/
where t € [0, 1] and
A#B = AV2(A~V2BA-V/2)1/2 412,
By the definitions of # and ® we have
A#B = B#A and (A#B) @ (B#A)=(A®@B)#(B® A).
In 2007, S. Wada [8] obtained the following Callebaut type inequalities for ten-

sorial product

(1.4)  (A#B) @ (A#B) < 3 [(A#aB) © (A#1-aB) + (A#1-aB) @ (A#aB)]

— N

<-(A®B+B®A)

2
for A, B> 0 and a € [0,1].

Recall that the Hadamard product of A and B in B(H) is defined to be the
operator Ao B € B(H) satisfying

(Ao B)ej,ej) = (Aej, ¢;) (Bej, ;)

for all j € N, where {e; }j cn 1s an orthonormal basis for the separable Hilbert space
H.

It is known that, see [5], we have the representation

(1.5) AoB=U*(A® B)U

where U : H — H ® H is the isometry defined by Ue; = e; ® e; for all j € N.
If f is super-multiplicative (sub-multiplicative) on [0, 00), then also [6, p. 173]

(1.6) f(AoB) > (<) f(A)o f(B) forall A, B> 0.
We recall the following elementary inequalities for the Hadamard product

A1/20B1/2§ <A;B>olf0rz47 B>0

and Fiedler inequality
Ao A~ >1for A>0.
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As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [1]
showed that

AoB< (A2 o 1)1/2 (32 o 1)1/2 for A, B>0
and Aujla and Vasudeva [3] gave an alternative upper bound

1/2

AOBS(AQOBQ) for A, B> 0.

It has been shown in [7] that (A% o 1)1/2 (B%o 1)1/2 and (A% o B?) "2 are incom-
parable for 2-square positive definite matrices A and B.

Motivated by the above results, in this paper we show among others that, if f, g
are synchronous and continuous on I and A, B are selfadjoint with spectra Sp (A),
Sp(B) C I, then

(fA)g(A)el+1a(f(B)g(B)) = f(A)®g(B)+g(4)e f(B)
and the inequality for Hadamard product
(f(A)g(A)+f(B)g(B))ol=f(A)og(B)+ f(B)og(4).
Let either p,q € (0,00) or p,q € (—00,0). If A, B > 0, then
AP @1+ 1@ BPY > AP @ B + A ® BP,

and
(Ap+q+Bp+q) 01> AP o B?+ A%0 BP.

2. MAIN RESULTS

We start to the following main result:

Theorem 1. Assume that f, g are synchronous and continuous on I and h, k
nonnegative and continuous on the same interval. If A, B are selfadjoint with
spectra Sp (A), Sp(B) C I, then

(2.1) [h(A) f(A)g(A)]®k(B)+h(A) @ [k(B)f(B)g(B)
> [h(A) fA)] @ [k(B)g(B)] +[h(A)g(A)] & [k(B) f(B)]
or, equivalently
(2.2) (h(A)@k(B))[(f(A)g(A)®@1+1a(f(B)g(B))
> (h(A)@k(B)[f(A)®g(B)+g(A) @ f(B).
If f, g are asynchronous on I, then the inequality reverses in (2.1) and (2.2).

Proof. Assume that f and g are synchronous on I, then

F@gt)+f(s)gls) = f(t)g(s)+ f(s)g(t)

for all t,s € I.

We multiply this inequality by h (t) k (s) > 0 to get
(t

k
F@®) g @) h(t)k(s) +h(t) f(s)g(s)k(s)
> f@)h(t)g(s)k(s)+ f(s)k(s)g(t)h(t)
forall t,s € I.
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If we take the double integral, then we get

(2.3) // §) +h(t) £ () () k ()] dE (1) ® dF (s)
//fth $)+ £ (s)k (5) g () b (D) dE () ® dF (s)
Observe that
// $)+h() £ ()9 (5)k ()] dE (t) ® dF (s)

://f (s)dE (1) ® dF (s)
// s)dE (t) ® dF (s)

(A)g(A]©k(B)+h(A)@[k(B)f(B)g(B)]

and
// s)+ f(s)k(s)g () h(t)]dE (t) ® dF (s)
//f E (t) ® dF (s)
/I/Ig (s)k(s)dE (t) ® dF (s)
=[h(A) f(A)]®[k(B)g(B)]+[h(A)g(A)] @ [k(B)f(B)].

By utilizing (2.3) we derive (2.2).
Now, by making use of the tensorial property

(XU)eYV)=XeY)(UV),
for any X, U, Y,V € B(H), we obtain
[h(A) f(A) g(A)]®@k(B)+h(A)®[k(B)f(B)g(B)

= (A ekB)[(f(A)gQ) 1]+ (h(A)ek(B)[1e(f(B)g(B))
= (h(A)@k(B)[(f(A)g(A)@1+1x(f(B)g(B))]
and
[ (A) f(A)] @ [k(B) g (B)]+ [h(A) g (A)] @ [k(B) f(B)]
= (h(A)@k(B)(f(A)@g(B))+ (h(A)®@k(B))(9(4)® f(B))
= (h(A)@kB)[f(A)@g9(B)+g(A) e f(B)],
which proves (2.2). O

Remark 1. With the assumptions of Theorem 1 and if we take k = h, then we get
(2.4) [h(A) f(A) g (A)]@h(B)+h(A)@[h(B)f(B)g(B)]
> [ (A) f(A]@[h(B)g(B)]+[h(A)g(A)]@[h(B) f(B)],

where f, g are synchronous and continuous on I and h is nonnegative and contin-
uous on the same interval.
Moreover, if we take h =1 in (2.4), then we get

25)  (f(Ag(A)ol+1e(f(B)g(B)=f(A)®g(B)+g(4) e f(B),
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where f, g are synchronous and continuous on I
Corollary 1. Assume that f, g are synchronous and continuous on I and h, k
nonnegative and continuous on the same interval. If A, B are selfadjoint with

spectra Sp (A), Sp (B) C I, then

(2.6) k(B)o[h
)

If f, g are asynchronous on I, then the inequality reverses in (2.6).
In particular, we have

(2.7) h(B)o[h(A)f(A

and

28)  (f(A)g(A)+(f(B)g(B))el=f(A)og(B)+[f(B)og(4).

Proof. If we take U* to the left and U to the right in the inequality (2.1), we get

U ([h(A) f(A) g (Al @k (B)U
[k )

+U" (h(A) @[k (B) f(B)g(B))U
>U" ([ (A) f(A] @ [k(B)g(B))U
+U([n(A) g (D] @[k (B) f(B))U

which is equivalent to (2.6). O

Corollary 2. Assume that f, g are synchronous and continuous on I and h, k
nonnegative and continuous on the same interval. If A;, B; are selfadjoint with
spectra Sp (A;), Sp (B;) C I and p;j,q; >0, j € {1,...,n}, then

29) (ijh(Aj)f(Aj)g(Aj)) @ (Z qik<Bi>>
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In particular,

(210) (ijh(Aj)f(Aj)g(Aj)) @ (Z qui))

and, if 335_ pj = 3_7_1q; = 1, then

(2.11) (ijf (Aj)g(Aj)) ®1+1® (Z a.f (Bi)g (Bz)>
j=1

i=1

> (Zij(Aj)) ® (Z‘Zig (Bi)>
j=1 i=1
+ (ijg(flj)) ® (Z ql'f(Bi)> :

Proof. We have from (2.1) that
[h (A7) f(Aj) g (Aj)] @k (Bi) + h(A;) @ [k (Bi) f (Bi) g (Bi)]
> [h(4;) f(Ap] @ [k (Bi) g (B:)] + [h(4;) g (A;)] @ [k (Bi) f (By)]

for all i,5 € {1,...,n}.
If we multiply by p;j¢; > 0 and sum over j, ¢ € {1,...,n}, then we get

> piai[h(A)) f(A)) g (A)] @k (By)

Jyi=1

+ Y piapiaih (A) @ [k(Bi) f (Bi) g (By)]

J,i=1

> Y pjai[h(4)) f (A @ [k(Bi) g (By)]

J,i=1

+ ) pjailh(45) g (A)] ® [k (Bi) f (B)]

jri=1

and by using the properties of tensorial product we derive (2.9).
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Remark 2. If we take B; = A; and p; = q;, i € {1,...,n}, then we get

(2.12) (sz ) >®1+1®<2p1 z)g(Ai)>

i=1

> <szf(Az)> ® <sz'g (Av))
+ (Zn:pig (Az)> & (ipif (Az)> )

where f, g are synchronous and continuous on I and A; are selfadjoint with spectra
Sp(A;) CI,p;i >0 forie{l,..,n} and > p;i=1.
By (2.12) we also have the inequality for the Hadamard product

(2.13) (Zpif(Ai)g(Ai)> ol> <szf(Az)> ° (Zpig (Al)) ,

where f, g are synchronous and continuous on I and A; are selfadjoint with spectra
Sp(4;))C1,p; >0 forie{l,...,n} and > " p;=1.

We also have:

Theorem 2. Let f, g : [m, M] C R — R be continuous on [m, M| and differentiable
on (m, M) with ¢’ (t) # 0 fort € (m,M). Assume that

!/ t !
in f/(), sup r®) =TI < oo,
te(mM) ¢' (8)" tem,nr) 9 (1)
and A, B selfadjoint operators with spectra Sp (A), Sp (B) C [m, M], then for any
continuous and nonnegative function h defined on [m, M],

(2.14) 7 [(h(A) ¢ (A)) @ h(B) + h(A) ® (h(B) ¢* (B))
~2(g(A)h(4)  (h(B)g(B))]
< [h(A) f (A) g (A)] @ h(B) +h(A
~[h(A) (W] @[ (B)g(B )] [
<T[(h(A)g* (4)) ® h(B) +h(4) &
~2(g(A)h(4) ® (h(B)g <B>>1 .

—oco <y =

)@ [h(B) f(B)g(B)]
A)g(A)] @ [h(B) f(B)]
® (h(B)g*(B))

In particular,

(215) ~[¢*(A)®1+1®g¢*(B)—29(A)®g(B)]
<[f(A)gA)]@1+1x[f(B)g(B)] - ( )©g(B)—g(A)® f(B)
<T[*(A)@1+1©¢%(B)-29(A)@g(B)].

Proof. Using the Cauchy mean value theorem, for all ¢, s € [m, M] with ¢ # s there
exists £ between ¢ and s such that

Therefore
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for all ¢, s € [m, M], which is equivalent to

v [g% (t) =29 (t) g (s) + g° (9)]
<f@g)+ (8)9() fF@g(s)—f(s)g(®)
<T[g%(t) —29(t) g (s) + g° ()

for all ¢, s € [m, M].
If we multiply by h (t) h(s) > 0, then we get
2g

v[h(t)g® (t)h(s) =29 (t) h(t) h(s) g (s)+ h(t)h(s)g* (s)]
<h@)f(t)gt)h(s)+h@)h(s)f(s)g(s)
—h@)f@)h(s)g(s)—h(t)g(t)h(s)f(s)

ST [h(t)g® (t)h(s) —2g(t)h(t)h(s)g(s)+h(t)h(s)g* (s)]
for all ¢, s € [m, M].
This implies that
/ / — 29 () h (8 h(s)g (s) + h(t) h(s) g (5)]
x dE (t) ® dF (s)
/ / h ) (5)+h () h(5) £ (5) 9 (5)
h(s)g(s)—h(t)g(t)h(s)f(s)dE(t) @ dF (s)
<r/ / (5) =29 (1) h(B) h(s) g () + h (8) h(s) g2 ()]

x dE (t) @ dF (s)

and by performing the calculations as in the proof of Theorem 1, we derive (2.14).
O

Corollary 3. With the assumptions of Theorem 2 we have

(2.16) v [h(B)o (h(A4)g* (A)) +h(A) o (h(B)g* (B))
—2(g(A)h(A)) e (h(B)g(B))]
<h(B)o[h(A)f(A)g(A)]+h(A)e[h(B)f(B)g(B)]
—[h(A) f(A)] e [h(B)g(B)] = [h(A)g(A)]e[n(B) f(B)]
<T[h(B)o (h(A)g*(4)) +h(A)o (h(B)g*(B))

< )o

=2(g(A)h(A))o (h(B)g(B))].
In particular,
(2.17) 7 ([[9% (4) +¢° (B)] o1 =29 (A) 0 g (B)]

[f(A)g(A)+[f (B)g(B)Jol—f(A)og(B)—g(A)o f(B)
(B)] o1—2g(A)og(B)].

We also have:
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Corollary 4. With the assumptions of Theorem 2 and if A; are selfadjoint with
spectra Sp (A;) C I and p; >0, j € {1,...,n}, with 337_, p; = 1, then

(2.18) v { (Zpng (A¢)> ®1+1 (ZPZ‘QQ (Ai))

i=1

Proof. From (2.15) we get

v[9? (A) @14+ 1@ g* (4;) — 29 (Ai) ® g (A;)]
<[f(A)g(A)]@1+1®[f(A;)g(4))]

— [ (Ai) ®g(4;) —g(A) ® f(4))

<T[g? (A) ®1+1® g% (A;) — 29 (A) ® g (A))]

for alli,j € {1,...,n}.
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If we multiply by p;p; > 0 and sum, then we get

7S piy [07 (A) @ 14+ 18 62 (4,) — 29 (A1) @ g (47)]

1,j=1

< > e {lf (A) g (A)] @ 1+ 1@ [f (4;) g (4;)]

—fy(;h) ®g(A4;) —g(A) @ f(4;)}
=T Z pip; |97 (Ai) @ 1+ 1@ g° (4;) — 29 (Ai) ® g (4;)]

which gives (2.18). O

3. SOME EXAMPLES

Let either p,q € (0,00) or p,q € (—00,0) and r € R. If A, B > 0, then from
(2.4) we get

(3.1) ATTPHe g B" 4+ AT @ B™HPTeI > A" P @ BTTe 4 ATH BT'-i-p7
while from (2.6) we obtain
(3.2) ATFPTa 6 BT 4 AT o BTHPHA > ATHP o BT 4 AT o BTHP,

If one of the parameters p,q is in (—o00,0) while the other in (0,00), then the
inequality reverses in (3.1) and (3.2).
If we take ¢ = p, then we get

(3.3) AT @ BT + A" @ B"T? > 24P @ BTTP,
and
(3.4) AP o BT 4 AT 0 B™T2P > 9ATTP o BTHP

for p,r € Rand A, B > 0.
If we take ¢ = —p, then we get

(3.5) 2A" ® B" > ATTP © B'P 4 AT @ BT,
while from (2.6) we obtain
(3.6) 2A" 0o B" > A"™P o B"TP 4 A""P o B"1P,

for p,r € R and A, B > 0.
Assume that A; >0, p; >0, j € {1,...,n} with 3°7_, p; = 1, then by (2.12) we
get

(3.7) (znj piAerq) ®1+1® (i: piAerq)

i=1 1=1
2 <Zpu4f> ® (ZP'LA?) + <szx4?> ® (sz‘Af> .
i=1 i=1 i=1 i=1

if either p,q € (0,00) or p,q € (—00,0). If one of the parameters p, g is in (—oo,0)
while the other in (0, 00), then the inequality reverses in (3.7).
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In particular, we derive
(3.8) <Zn:piAfp> R1+1® (Xn:p,;Afp> > (ipﬁlf) ® (ip,Af)
i=1 i=1 i=1 i=1
and
(3.9) 2> (ipﬁl?) ® (ipiAip> + <ipiz4i”> ® (im@) :
i=1 i=1 i=1 i=1

From (2.13) we obtain

i=1 i=1 i=1

if either p,q € (0,00) or p,q € (—00,0). If one of the parameters p, g is in (—oo,0)
while the other in (0, 00), then the inequality reverses in (3.10).
In particular, we have

(3.11) (ipiA?p> ol > (ipiAf> o (zn:piAgJ)

and

(3.12) 1> <ZpiAf> o <ZpiA;”> ;
i=1 =1

forp e R, A; >0,p; >0,5€{l,..,n} with 3°7%_ p; = 1.

Consider the functions f (t) = P, g (t) = t¢ defined on (0,00). Then f’(t) =
ptP~, g’ (t) = qt?~" for t > 0 and

e _ Pyp—a 5 0.
g (1)

Assume that either p,q € (0,00) or p,q € (—00,0). Then g > 0 and ;:Eg is
increasing for p > ¢ and decreasing for p < ¢ and constant 1 for p = q.
Assume that 0 < m < A, B < M, then

/t /t
f()zgmp*qand sup fi()ZBMpquOTP>q

in
teim,M] ¢’ (t) g e 9 (1) q
and
! !
in f, (1) = EMp_q and sup L, (t) = Bmp—q for p < gq.
te[m,M] g (t) q te[m,M] 9 (t

Assume that either p,q € (0,00) or p,q € (—00,0) and 0 < m < A, B < M.
From (2.15) we get for p > ¢ that

(3.13) 0<Zmra (4291410 B> - 249 BY)
q
gAp+q®1+1®BP+Q_AP®BQ_AQ®BP

< Ppra (A*¥®1+1® B> —247® BY)
q
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and for p < ¢q
(3.14) 0<ZMP9 (A% 91 +10 B% - 2472 BY)

q
SAp+q®1+1®Bp+q_Ap®Bq_Aq®Bp
<P (4291410 B% - 2470 BY).

q

From (2.17) we also have the inequalities for the Hadamard product for p > ¢ that

(3.15) 0< gm”_q ((A% + B> o1 — 2470 BY)

< (Ap+q+Bp+q)ol—Apqu—Aqon
§QMP_‘?((A%—&-BQ‘?)01—2Aqqu)
q

and for p < ¢
(3.16) 0 < Zap=a (4% 4 B2) 01— 2470 BY)
q
< (Ap+q+Bp+q) ol—APo B9 — A%0 BP
< Bypp=a (4% 4 B2) 01— 2490 BY).
q

Assume that either p, ¢ € (0,00) or p,q € (—00,0) and 0 <m < A; < M, p; >0,
j€{l,..,n} with Z;Lzl p; = 1. By (2.18) we get for p > ¢

(3.17) 0< gmﬂ { (Zpiqu> ®1+1® (Zpiqu>

i=1 i=1

(o) (509)

<iPiA€+q> R1+1® (ipiAf“)

=1 i=1

- (ZpiAf) ® <ZpiA?> - (ZPiA§> ® <ZpiAf>
i=1 i=1 i=1 i=1

gMp‘q { (Z piqu> ®1+1® (ipiAf‘J)

i=1 i=1

(o) (559

IN

IN
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and for p < ¢q

(3.18) 0< SMM { (ZpiA§q> R1+1® (ZpiA?q>

i=1 i=1

() (3]

(ipiAE;’*q) ®1+1® (ipiAf“)

i=1 i=1

() () () (S

P pyq - 2q - 2q

i=1 i=1

Also, by (2.19) we get for p > ¢

() ()5
(ZpiAfﬂ) ol— (Zmﬁ) o (ZpiAg>

IN

IN

(3.19) 0< mp a

IN

< pMp a <szA2q> ol— <sz > ° <Zn:p¢A3> 7
=1
while for p < ¢
(3.20) 0< pMp ! (szAzq> ol— (szAq> ° (imﬂ)
=1

mP—1

(5] ()5

=1 =1 =1

() (S ()
i=1 i=1 i=1

Consider the exponential functions f (t) = exp (at), g (t) = exp (St) with o, 5 €
R. If a8 > 0 then the functions have the same monotonicity. If a8 < 0 they have
different monotonicity.

If a8 > 0 and A, B are selfadjoint operators, then by (2.5) we get

(3.21) exp[(a+B8)A]®@1+1®exp|(a+ [) B
> exp (@A) ® exp (BB) + exp (BA) @ exp (aB)
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and
(3.22) exp[(a+ 8)Alol+1oexp|(a+ ) B]
> exp (aA) oexp (BB) + exp (BA) o exp (aB).

If a8 < 0, then the reverse inequality holds in (3.21) and (3.22).
If we take f (¢t) =t and ¢ (t) = Int, we also have the logarithmic inequalities

(3.23) (APInA)®1+1® (B’ InB) > A ®InB+1nA® B?,
and
(3.24) (APInA+ BPInB)ol > APolnB+1nAo B?,

for A, B> 0and p > 0. If p < 0, then the inequality reverses in (3.23) and (3.24).
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