A VARIANT OF RADON’S INEQUALITY FOR SEMINORMS
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Abstract. In this paper some new Radon type inequalities for some seminorms on pseudo-
Hilbert spaces and norms in Hilbert spaces are presented. Then several consequences and
applications are given.
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1. INTRODUCTION

In pure and also applied mathematics, inequalities are a very important method for
constructing qualitative and quantitative properties. Inequalities are historically viewed as a
classical field of research. Applications of inequalities play significant roles in mathematics,
physics, fractals, special functions, number theory and many other areas of research. The value of
mathematical inequalities was very well established in past and inequalities like Jensen, Hardy,
Cauchy-Schwarz, Hermite-Hadamard, Steffensen-Gruss, Radon, Popoviciu, Bergstrom and many
other had an essential role in classical calculus. These inspired other researchers and in this way
numerous novel results concerning inequalities have already been launched in the literature. Two
classical book concerning such inequalities are the well-known book of E.F. Bechenbach and R.
Bellman [1] and the book of D. S. Mitrinovic, J. E. Pecaric, and A. M. Fink [2].

The classical Bergstrom’s inequality was given in [3] and the Radon’s inequality appeared
first time in [4].

Last decades mathematicians have paid attention to the Bergstron’s and Radon’s
inequalities due to its originality, symmetry and quality among mathematical inequalities. New
generalizations, refinements, modifications and significant developments of Bergstrom’s and
Radon’s inequalities have been presented in [5-13], see also the references therein for the interested
reader.

The aim of this paper is to give new Radon type inequalities for seminorms q,, on Loynes
spaces, for arbitrary seminorms of a family of seminorms which defines the topology of a linear
space X and, as a consequence, also they are true on an arbitrary Hilbert space & with the classical
norm ||. ||, using as a starting point Theorem 2.6., Theorem 2.7 and Theorem 2.8 form [13]. Several
consequences and applications will be presented as well.

The organization of this paper is as follows: In Section 2 a short explanation of the concept
and some associated work in this dirrection arepresented. In Section 3 the main outcomes are given
in Theorem 3.1, Theorem 3.5, Theorem 3.7, Theorem 3.8 and Theorem 3.10 with the associated
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consequences and observations. Section 4 contains some conclusions and more dirrections for
future research.

2. MATERIALS AND METHODS

2.1. MATERIALS

The concept of pseudo-Hilbert space was developed in time after publishing the papers of
R. M. Loynes [14-15], these spaces being called pseudo-Hilbert spaces in [16] and Loynes spaces
in [17] and [18]. By analogy the fundamental concepts properties and techniques of work in these
spaces remain valid as in Hilbert spaces. In the following some known notions used in next
sections will be presented, see [1-2],[17],[19].

Let Z be an admissible space in the Loynes sense. A topological linear space & is pre-
Loynes Z space if the following conditions are satisfied: (L1) & is endowed with an Z- valued
inner product (gramian), i.e. there is an application (h, k) € s#x # — [h, K] € Z with the
properties: [h,h] = 0; [h,h] =0 implies h = 0;[hy + hy, h] = [hq, h] + [hy, h]; [AR k] =
Alh, k1; [h, k]* = [k, hl;

forall h,k, hy, h, e#and A € C and

(L2) The topology of & is the weakest locally convex topology on & for which the
application h € & [h,h] € Z is continuous. If in addition, & is a complete space with this
topology, then & is called Loynes Z-space. Every C*- algebra with natural topology and
involution is an example of admissible space. If Z is the above example of admissible space, then
with inner product defined by [z,, z,] = z;z; we get a Loynes Z-space.

The following results given in [19] introduce a seminorm on an arbitrary Loynes Z-space
starting from a continuous and monotonous seminorm on Z and define a topology on & by using
the corresponding topology on Z.

Lemma 2.1. If p is a continuous and monotous seminorm on Z then q,,(h) = (p([h, h]))%
IS a continuous seminorm on .

Proposition 2.1. If & is a pre-Loynes Z-space and P is a set of monotonous (increasing)
seminorms defining the topology of Z then the topology of & is defined by the sufficient and
directed set of seminorms Qp = {q,|p € P}.

Let Z be an admissible space in the Loynes sense and & , 9 be two Loynes Z-spaces. The
operator T € L(#,9{) is called gramian bounded if there is a constant x > 0 so that in the sense
of order of Z: [Th,Th] < u[h, h], h €. The class of such operators is denoted by B(#,91).
The introduced norm was ||T|| = inf {s/u, i > 0, [Th, Th] < u[h, k], h € #} and B*(#,9{)=
= B( , )N L* (o ,91) is a Banach space. Moreover, if & =% then B*(#) is a C*- algebra.
Hilbert spaces are particular cases of Loynes spaces.



2.2. METHODS

Some generalizations of Radon’s inequality used in this paper will be stated below. First inequality
is proven in [11] and is cited in [13], see inequality (1.4). The second and the third inequalities from
below have been established in [13] in Theorem 2.8 and Theorem 3.11 and will be the starting point for
the results from this paper.

Theorem 2.1. ([11])If n €N, x;, =0, y;, > 0wherek € {1,2,...,n}andp =1 = 0,

xPT kP . Xt - (xg + x5 + -+ x,)P T
e = n
iy Vi (yi+ v+ 4 y)"
with equality ifandonlyifx; = x, = - =xpand y; = y, = - = y,.

Theorem 2.2. ([13])If n €N, x;, =0, y, > 0wherek € {1,2,...,n}andp =0, r =1, and p+7r—
2 >0, then

p+r p+r p+r r—1 r—1 r—1\p+r
X; + X3 R Xn ey "+ xy; ety )P
14 14 p r r r\p+r—1 -
Vi ¥, Vn Of +y; +-+ Y0P
+r —_ —_ — - — —
> max x?+r+x? _ Gyl Ty >(p+r—1) max {(yiyj)r Py Mgy HPHT Z(Xiyj"‘iyi)z}
Tasi<jsa | ¥ ) Gf+ypprr-t | = p 1<i<j=n o +yppir-i '

Theorem 2.3. ([13])If n €N, x, =0, y, >0,k € {1,2,...,n}and p > r = 0 then

X xBt xP* (1 + x5 + -+ x,)P*? AR (x; + x;)P*!
—+——++——-n""P —> max —+——=2""7 -
Y1 ¥z Yn (it Y2+ 4 Y)7 7 1si<jsn | Y] Y (yi+ y))

Two consequences of these inequalities established in [13] are stated below because we need them
in next section.

Application 2.4. ([13]) If a, b,c > 0, prove that

a | b5 (ab?+bc?)’ bS c5_(bc2+ca2)5_c5

4 & _ (bcPyea?)” o5 as (ca2+ab2)s)

5
a5 b5 ¢S (ab?+bc?+ca?)
(b3+c3)4 ’c2 a2 (c34a3)4 ’ a2 b2 (a3+b3)% -

Sttt ——=zmax|5+5—
b2 ¢z a? (aB+b3++c3)4 bz = 2

Application 2.5. ([13]) If a, b, c > 0, then the inequality
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ad 5 5 5 5 5 5 5 5
+———(a+b+c)3>max( +b__lﬂ_b_+c__l&_c_+a__l(6+a))
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3. RESULTS

Using as a starting point Theorem 2.6., Theorem 2.7 and Theorem 2.8 from [13] some new
inequalities for the seminorms q,,, will be presented. Then it can be seen that these inequalities

remain true for arbitrary seminorms of a family of seminorms which defines the topology of a
linear space X and as a consequence also they are true on an arbitrary Hilbert space & with the
classical norm |]. []. In addition, several consequences and applications are provided in this section.

Theorem 3.1. Forn €N, n =2, a, > 0,hy € so that q, (hy) > 0,k € {1,2,...,n},
p = 0, r > 1 the following inequality holds:

o *r - +r +r +r, r— -
n Gpy () ap; Ckea ok o) ap, () +q§,’1 (h)) _ dpy (@ hitajth)
k=1"__p p+r T~ =  Inax (@ +a)pHr—1 , (1)
A (ZRoiap) 1<i<js<n al aj al+aj

where gy, (k) = [p([h, hDI-,

p+r PHT i r—1
. . p, (hx)  qp, Ck=1ak hr) S
Proof: It will be considered x; = ¥i_, 21— — == 2 i < n and it will be

A (Zic=1a£)
proven that (x,), is an increasing sequence. Therefore the expression x,., —x, will be
examinated below.

n+1
zqg:rr(hk) qP+T(Z;€L+% a, lhk) Zq’g:r(hk) qp+r(2k 10k 1hk) _

Xn+1 —
Ay (Criiapprrt Xk=1 @ )P* 1
by (hn+1) apy (SRorafh)  ap, (EREiak” 1hk)
= P PFr—1 PFr—1 -+
Ont (Zk=19%) (TR ak)

By using one of the basic properties of seminorms q,,, we have,

n+1 n p+r
Qg:r <Z az_lhk) < (qp <Z ak lhk) + CIp1 (an hn+1)

k=1 k=1
and from Radon’s inequality applied for n=2, see [5], it will be obtained

qg:r(ZZH% aj 1hk) < (qpl(zk 1k 1hk) + Qpl(an+1hn+1))
(Zn+1 T)p+r 1 - (Zk=1 ak +an+1)p+r 1

p+r
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(ap, (Th=s @i ni)) BT (@A)

B (Zk =1 k)pw ! (an4 )Pt
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. o Gp, (@ngihasr) G, (Ruyr) L
From here we see that the expression x,,,.; — x, = 0 if 2Lt < P10 \which is
( Tl+1)p+r L a‘)’l+1
; 1 p r(p+r— 1)
obvious because (a;,31)"*" a5, = a4,

Since (x,,), IS an increasing sequence we get, x,.1 = x, = --- = x;. But

ap ) apT(a ) e 1 “o
X1 = a?{ ( q)p+r—1 - qpl ( 1) ? - r(p+r—1)—(r—1)(p+r) - Y.
p+r p+r p+T 1 r—1
. . q, (1) q (hz) (a7 "hi+ah " hy)
In addition, it can be seen that x,, > x, = -2 1 ———forall
n 2= al a127 (al §)p+r 1

neN,n= 2.

By symmetry of x,, relatively to the variables a; and h; ,i,j € {1,2, ..., n} we have,

pr pr p+r r=1p o r—1
&) q (h) (a]"thi+a] " hy)
A+ for all

p+r—1
a? a] (ai+aj)

neN, n=>2 i,j€{12,..,n}

Xp =

Corollary 3.2. Under previous conditions, the above inequality remains true for every
arbitrary seminorm p,,p, : X — R, of a family of seminorms which defines the topology of the
linear space X considered instead of seminorm g, on . Thus we have,

- + p+r, r—1 -1
n PP 0w piT R af ) R I A Ch B G TS )
= k =T = A% + Tyah)ptr-1
a (ZR_,ak) 1si<jsnl  af al (al+a})

Remark 3.3. If a, > 0,h, €# sothat q, (hy) > 0,k € {1,2,...,n}, p =0,
n€N,m € N,m > p > 0, then we have,
nP- —m by Ck=1 k) +1(h")

2
Ty = 2= @
where the seminorm g, is givenby q, (h) = [p([h, h])]z.

Proof: It is used inequality (1.4) from [13] applied for
xi = qp,(hi), k € {1,2, ...,n}, and the generalized triangle inequality for the seminorm g, ,
m+1
n qp1 (hk) np_m (2£=1qpl(hk)) > p— mqp+ (Zk 1hk)

=1l T (Zroq ar)’ o (Zroq )’

Remark3.4. Ifn €N, n > 2, h, €4 so that qpl(hk) >0,kef{12,..,n}, p=0,r=
1 then we have the inequality:

p+T p+r
p+r Ck= 1hk) p+r dp, (Ri+hj)
by () = > max 1ap,” (h) +ap, () =g Q)

where g, isgivenby g, (h) = [p([h, h])]E.



Proof: We put in Theorem 3.1 a, =1, k € {1,2,...,n} and the inequality (3) will be
obtained.

Theorem 3.5. If & is aHilbert space, x;,, € 5, k € {1,2, ..., n}, under previous conditions
from Theorem 3.1 the following inequality takes place:

n HxelPAT ISR, af P {uxinp” 1P+ Ila?‘lxﬁa?llelp”}
- —— = max + - . (4
Zk 1 alré (ZZ=1a%)p+r 1 1<i<j<n af aﬁ.’ (air+ajr,)p+r—1 ( )
. p+r i r-1 p+r
Proof: Like in the proof of Theorem 3.1, we take d; = Y}—; el ™ _ ”Z",:lak xfrll_l ,i1<n
l @ (s af)”
and it is the same method.
Application3.6. ForneN, n>2, a, >0 ,k€{1,2,..,n}, p=0, r=>1,
next inequality holds:
n 1 Cheq ap Hptr 1 1 (air_1+ajr-_1)p+r
— _k=17k J > -4 -t J 7
k=17 " (o ar )P 1disyen (! * aj  (af+appir-1 ®)

Proof: In inequality (4) it will be considered x;, = 1,k € {1,2, ...,n}, & being the set of real
number with ussualy norm ||. ||, or in Theorem 2.8 from [13] it will be considered in inequality
(212) x, =1,k € {1,2,...,n}.

Theorem 3.7. Let m,n € N,n > m be two positive integer numbers and a; > 0, h;, €
so that g, (hy) > 0,k € {1,2,...,n}, p = r = 0. The following inequality takes place:

p+1 p+1 p+1
n qu ( k) r— pCIpl (Zznzlhk) > r— pqp1 (Z‘Ir(lzlhk)

k=m+1 az + (E m ak)r 2n (Z n_ ax)” ) (6)
1
where the seminorm g, is defined by g, (h) = [p([h, hD]z.

Proof: The left term of inequality (6) will be denoted by N and can be written as below,

qul(hk) vy @by (B i) 1) _ qﬁfl(hk) [ Ap, ER=y Ri)IPH
N= Z O, @)’ Z 1 2
k=m+1 =1k ke=m+1 (m m 1ak)

z’,:=m+1qpl(hk)%qpl(zz”:lhk))
(Zg=m+1 ak+22?=1 ak)r

X =qp,(h), k€{m+1,..,n}, and x, = qpl(z L h) k € {1,2,...,m}. From definition of

seminorms it is known that Y. _,, .1 qp, (hy) + qp, Xk=1 hr) = qp, (Zk=1 h;) and then we get,

>n""P (

by using the inequality (1.4) from [13] given for

P
Py priym p 9y, Gt i)

TRk, ak)r - (27]:=1 ak)r

Theorem 38. If n€N, n>2, a, >0, hy €# sothat q, (hy) >0,k € {1,2,..,n},
p = r = 0 then the following inequality holds,

+1 +1 +1
n b (i) p by =1 ) ap (h) 4o () oy py (i)

p+1
T =
k=1 qr (ZP_, ax) 1si<j5n{ al af (ai+a))”

p+1

}20, (7)



where the seminorm g, is defined by g, () = [p([h, h])I:.

p+1

abi () ey ab) ke hi)
Proof: It is necessary to consider the sequence b; = Y&_, — = TP—————, i<n
Ak (Zk=1ak)
and we will prove that (b,,),, is increasing.
p+1
ap, (h)
For that in inequality (7) it will be added in each member the sum, ».7%; plar ©
k
obtaining:
p+1 p+1 p+1 p+1 p+1
ap, () r—p W1 Ck=1 k) m q,,1 () o r—p 91 (Zk=1 M) m qp1 (hx)
_ 4 mT P RS —>n + -
Zic=m1 ak G a) Zic= ak SRy ) Zi= ak
or
s apy () . by 1(2,(:1?,{) >y aby () o _p 9h R 1)
=g CRea) a% (SFLs k)
that is b, > b,,,. Therefore (b,,), is increasing and
apy () apy () .
by=by 1 ="=b, =by = - - = 0. By the same reason as in Theorem
1 1

3.1 we get from symmetry of b,, relatively to the variables a; and h; ,i,j € {1,2, ...,n}
the inequality (7).

Corollary 3.9. For every arbitrary seminorm p,, p,:X — R, of a family of seminorms
which defines the topology of the linear space X, under conditions of Theorem 3.8, the following
inequality is true:

p+1 p+1 p+1 p+1
Pq (hg) A TD Pl (Zk 1 hk) (hi) (h]) r—p P1 (h'+hj)
Zk L ar n (zn. ak) 1£P<%)in aj + aj —2 (aj+a))” =2 0. (8)

Proof: The proof will be as in Theorem 3.8.

Theorem 3.10. If &# is a Hilbert space space, x; € &, k € {1,2, ...,n}, under previous
conditions from Theorem 3.8 the following inequality takes place:

+1 +1
n P [ il P > max {||xi||p+1 |lac;11P or—p 117 } ©
= T m — —
k=1 a% (21];1:1 ak) 1<i<jsn a{ a}’: (ai+aj)r

Proof: The proof will be as in Theorem 3.8.

Remark 3.11. If n€N, n > 2, hy €#,q, (hy) >0,k € {1,2,..,n}, p = r = 0 then
the following inequality holds,

PHip ip.
Y . q P T+1(hk) nrp qpl "(Sk= 1_hk) = max {qf,’l r+1(h ) +qp r+1(hj) —277P Lﬂll))r} =0, (10)

(Zk 1 qpl(hk)) 1si<jsn (Qpl (hi)"’Qpl(hj)

where g, is defined by q, (h) = [p([h, h])]E.

Proof: It results from Theorem 3.8 when a, = g, (hy) >0,k € {1,2,...,n}.



Remark 3.12. If n€N, n =2, hy €#,q,,(h,) >0,k € {1,2,...,n}, r € [0,1] then
next inequality is true:

2 n_ _ 2 h'+h')
N p2-T(p Y _ pr-l qm(zk—lhk)r > max 127 (h) + a2 (R — 271 e (hith; s, 11
Ziem " () Timsan ) 12155 (10 ¥ 05,7 (85) (aps () aps (1)) )

when the seminorm g, is defined by g, (h) = [p([h, h])]i.

Proof: It results from Remark 3.11 when p = 1.

Remark 3.13.1f n €N, n > 2, hy €#, q, (h) >0,k € {1,2,..,n},
p = r = 0 then next inequality is true:
Rer ) () = @bt Gl hi) 2 max {af ') + ) () — b (et m)b =0, (12)

where g, is defined by q, (h) = [p([h, h])]%.
Proof: It results from Theorem 3.8 if we put a, =1, k € {1,2,...,n}.
An analogue of Application 3.1 from [13] is given below.

Application 3.14. If hy, €x#,q,,, (hy) > 0,k € 1,3, then it holds,
qsl (h1) le(hz) le(hs) _ q1§1 (hlqzz,l (hy) + hzqzz;l(h3) + h3‘1£1(h1)) >

95, (h2)  q3,(hs) g3, (hy) (q3,(hy) + q3,(h3) + g3, (h))* -
> max |10 q;;l(hz)_qsl(hlq%,l(hzwhzq%lghs)),q;;l(nz) q51<n3>_qél(hzqélws)wsq%lghn)_qsgns) a5, (h)
- ag,(h2) a3, (h3) (qg1(h2)+qg1(h3)) "a},(h3)  qf,(h) (qgl(hs).,_qgl(hl)) a3 (h1)  ap, (h2)
q1571(h3q1271(h1)+h1q1271(h2))} (13)

.
(a3,(hD)+a3, (h2)

Proof: It results from Theorem 3.1when n =3, r =3, p=2and a; = q,, (h) ,k € 1,3.
Another analogue of Application 3.2 from [13] is given below.

Application 3.15. If hy, €#,q,, (hy) > 0,k € 1,3, then we have,

%?1 (hy) + qsl(hz) + qsl(h3) _l qzszl(hl + h, + hy) -
a5, (h2) a5, (hs) g5, (k) 9 (gp,(hy) + qp, (h3) + g, (R1))? —
qf,l(hl) Q;sal(hz) _1 Q;szl(hr"hz) . Q;szl(hz) qf,l(hz.) _1 qf;l(hz+h3) . q{;l(hg) q{’,l(hl) _

= max ) ’
{q%l(hz) a3, (h3) 4(qp1(h2)+qp1(h3))4 a3, (hs)  af,(hy) 4(qp1(h3)+qp1(h1))4 ag,(h1)  ap,(hp)

1 a5 (hathy) ) } (14)

4
* (apy (h)+ap, (2)

Proof: It results from Theorem 3.8 when n=3, r=2, p=4 and q; =
qp1(hk) ,k € 1,3.



4. DISCUSSION AND CONCLUSIONS

The main findings of this study are designed to prove new generalizations of Radon and

Bergstrom’s inequalities for seminorms and norms on pseudo-Hilbert, Hilbert and any normed
spaces utilizing the method from the newly discovered refinements of Radon’s inequalities given
in the literature in recent years. The correlation between the results presented here and analogue
results from literature is also considered. Furthermore, several consequences and applications were
presented to illustrate the outcome of the research.
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