HERMITE-HADAMARD TYPE INEQUALITIES INVOLVING
FRACTIONAL INTEGRAL OPERATOR FOR FUNCTIONS WHOSE
THIRD DERIVATIVES IN ABSOLUTE VALUE ARE S-CONVEX
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Abstract. The aim of this article is to give new generalized Hermite-Hadamard like
type inequalities involving the Riemann-Liouville fractional integral for functions whose
absolute values of third derivatives are s-convex in the second sense. In order to do that an
integral identity for three times differentiable mapping involving fractional integral operators
is established. Several consequences are then presented in some special cases.
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1. INTRODUCTION

Convexity is an essential notion used in mathematics, mathematical statistics, convex
programming, approximation theory and many other fields. In the recent years many variants
of convex functions have been defined and are intensively studied by many researchers in
applied sciences. Convex functions are very important in the formulation of new inequalities.

The Hermite-Hadamard inequality [1], discoverrd in 1893, is one of them, which
describe lower and upper bound of the integral mean of a convex function over an interval
[a,b]. This inequality was first generalized by Fejer in [2]. Nowadays this inequality is
generalized by defining new classes of convex functions which are clearly related to classical
convex functions and by establishing similar rrsults.

The Hermite-Hadamard inequality is considered one of the most useful inequalities in
mathematical analysis having a lot of generalizations, extensions refinements and many
applications, see for example [3-15].

The aim of this paper is to establish new Hermite-Hadamard like inequalities for
functions whose third derivative in absolute values are s-convex in the second sense, by using
as a main tool a new integral identity involving the Riemann-Liouville fractional integral.

. . . +b
Several consequences are pointed out for some special cases as setting x = aT ors=1.

2. MATERIALS AND METHODS
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Let f: 1 — R, be a convex function on the interval I in the set of real numbers R. Then for any
a,bel,a<b, f (a+b) < ﬁf; f(x)dx < w, and this is the classical Hermite-Hadamard

2
inequality [1].
In the following the necessary definitions and results which will be used below will be stated.

Definition 2.1. A function f:[0, ) — R is called s-convex in the second sense if
fx+ A —-t)y) <t5f(x)+ (1 —t)’f(y), forallx,y € [0,00)and all t € [0,1].

The definition of s-convexity in the second sense was given in Breckner’s article [16].
A hierarchy of convexity and several classical inequalities was presented in [17].

Definition 2.2. ([18]) Let f € Ly[a, b]. The Riemann-Liouville integrals J+ f and J;~ f
of order « > 0 with a > 0 are defined by

1 X
]Z‘+f(x) = mj (x —)*1f(t)dt, x>a

1 b
Jo-f(x) = mf (t— X)a_lf(t)dt, x<b

respectively where I'(a) = fooo u®le %du is the Gamma function of Euler and

]2+f(x) = Jp-f(x) = f(x). In the case when a = 1 the fractional integral becomes the
classical integral.

The following class of functions was defined formally by Raina in [19],
o (k)
—X
e ['(pk + 1)
where the coefficients o (k) (k € N) is a bounded sequence of positive real numbers
and R is the set of real numbers and T is the function Gamma of Euler, see also [18]. The

following left-sided and right-sided fractional integral operators were respectively defined as
below, by Raina [19] and Agarwal et al. [20],

(T0ar®) () = [ = DA IFG W — 0P lp@dt (x> a > 0) M

(T @) () = [2(t = )T 1F L [w(t — x)Plg(t)dt (0 < x <b), @
where p,A > 0,w € R and ¢(t) is such that the integral on the right side exists. More integral
inequalities involving this operator can be found in [20]. It is known that if I =

Foar1w(b — a)f] < oo, then ( p‘,’ljaJ,;W(p) (x) and (7% ,-.we)(x) are bounded integral

:Fg'l(x) — :FO';)),O'(I),...(X) —

5, k (p,A>0;|x|] <R),

operators on L(a, b) and moreover, for ¢ € L(a, b), || ( p"’l,aw(p) )| < M(b - a)’1| lo||, and
1

1T #) Ol < MB = a) ol where [loll, = (7 lo@Pde)’.  The classical



Riemann-Liouville fractional integrals J5+ and J5- of order A can be obtained from (1) and (2)
by takingA =a, 6(0) =1, w = 0.

Lemma 2.1. ([18]) Let :[a, b] - R be atwice differentiable mapping on [a, b] With a <
b and 2>0. If f” € L[a,b] then the following equality takes place:

b 1
Tg“l[w(x — a)p] f(a) ;f( ) - Z(b a)’l [( Aat; f) (b) + (g;f/l,b_;wf)(a)] =

=2 a) S {tFS palw(b — )] = 179, [w(b — )1} [ (ta + (1 — )b) + £ ((1 -
t)a h th)]dt .

Next lemma is the main result given in [21] and used for establishing new Hermite-
Hadamard’s inequalities for differentiable convex functions.

Lemma 2.2. Let f:1° - R be a differentiable mapping on I°,a,b € I° with a < b. If
f" € L[a,b] then for all x € I°the following equality holds:
(b-0)f)+x-a)f@+f)b-a)
2(b—a)
1 ! ) .
= 20 )f (t - tz)((x —a)’f (tx+ (1 —-t)a) — (x—b)*f (tx+ (1 - t)b))dt.
—a) ),
The integral identities from Lemma 2.1. and Lemma 2.2. are the starting point for
result from Lemma 3.1. and this identity is connected with Hermite-Hadamard’s inequalities
for different type of convex functions which will be presented below.

1 b
b—af ft)dt =

3. RESULTS AND DISCUSSION

3.1. RESULTS

In this section there are presented new Hermite-Hadamard like type inequalities for
three times differentiable convex functions and also some consequences.

Lemma 3.1. Let f:[a,b] - R be a three times differentiable mapping on [a, b] With a <
b andi>0. If f” €Lla,b] and x € (a,b) then the following equality takes place:

TU/1+2[W(x—a)p]—2TgA+3[W(x—a)p] T‘Iln[w(b —x)P]- 2Tgl+3[w(b x)p]}

' P, :
f (x){ (x—a)? (x—b)?

2[f(x)-f(a)] 2[f(x)—f(b)]
R Foaealwlx —a)P] — SRS e Fyarzlw(b —x)P] = f(x ){—(x S ERE
FOaaawb=2P1) (T f )@ (T4, F)®)

2 +(1x—b)3 } p(xia)/uz + p(bix)}ﬁs = f {tz p,A+3 W(x - a)p] - t)l+2Tg/1+3[W(x -

par1wx—a)P]




)PP} (tx + (1 — t)a)dt — -/ {tzjf”,1+3 [w(b — x)P] — t**2F7, o [w(b —
x)ptp]}f”’(tx + (1 —1t)b)dt. Q)

Proof: It will be used the following notations,
I, = f t2F 13wl — a)P] £ (tx + (1 — t)a)dt,
I = [} t*FZ . 5lwb — x)P] £ (tx + (1 — t)b)d,
I3 = f t“ZT"M?,[W(x —a)PtP] f" (tx + (1 — t)a)dt,
I, = f tH*2F T aw(b — x)PtP] £ (tx + (1 — t)b)dL.

Integrating by parts I; and then changing the variables u = tx + (1 — t)a we have,

£ (x) 2 tf'(tx+(1-t)a) 1 (tx+(1-t)a)
L0 2 et g i L0 gy =

I = T;/1+3[W(x N a)P]{ x-a  x-a x—-a 0 x—-a

') 2f') | 2[f()-f(a)]
= p",,1+3[w(x—a)p]{ e A }

x—a (x—a)? (x—a)3

' 2f') 2[f(x)—f(b)]}

Analogously, for I, we get, I = F7;,3[w(b — x)"] { b by PTSE

For I; by the same method, we obtain sucessively,
AP Vi (x) A+1 — N\PHP ' (tex+(1-t)a)
Iy = Fpaalwlx — )P ] L2 — [FeAFS, o [w(x — a)PtP] 228 e =

f”( ) f (tX+(1—t)a)
= Foealw(x — a)p] — {tM1F ] o [wlx — a)PtP] G2 i—
1
tx+(1—t
f AFS,we — aypre) L Z0D
X—a
0
¢ E))
= gl+3 [W(X - a)P] p)l+2 [W(x - a)p] (- ;C)Z (- a)z {tl A+1[W(X —
q)pte) 0D 1 f F1FS [w(x — a)Per] L0200 4y
! ( ) Fe f(x)
I3 = p/1+3[W(x - a)p] = Tpa/m[W(x —a)f] = ;C)z + TUA+1[W(x a)?] (x—chz)3 -
_ A-1 _ D
o f (u = @ e — @) 1f (w)du.
From here,
') i (x) f()
Iy = Fpalwle = P12 — 70, L Twx — )P1 250 4+ 7w — @)/ 225 -
(720 wf )@
(x—a)**3 !
and
( ) f'x) ()
Iy = Fuslw(b — 0)P1 2 ae2 Wb — 0PI L+ o wb — 0P L +
(Tp(le.er;wf)(b)
(b—x)’1+3
Substracting 13 from I, and I, from I,, we have,
) 2[f()—f(a)]
L —1I3= (o a)z A+2 w(x —a)P] -2 ;)7,/1+3[W(x - a)p]} WT;?AB
f(x) (T pAx—wf )(a)
a)p] - T;)]:/'L+1[W(x - a)p] (x—a)3 (x—a)3
and
(%) 2[f ()= (b)]
I =1y = = b)z{ A+2W(b = x)P] = 2F 5 5[w(b — 0P} + WT;;‘/1+3
T2 el )
7] = i — x39) L2 _ o]

(x-b)3 (b—x)’1+3



Computing now the expression I; — I; — (I, — 1,) the desired equality will be obtained.

This lemma can be used for obtaining the following inequalities via fractional integral
operator for three time differentiable functions whose value are s-convex in the second sense.

Theorem 3.2. Let f:[a, b] - R be a three times differentiable function on the interval [a, b]
with a < b, 2> 0. If |f"] Is s-convex in the second sense on (a, b) then we have the following
inequality:

, FparrzWx—a)P1=2F7 3 s [w(x—a)P]  Fpai,[wb—x)P1-2F] 5, 3[w(b-x)°]
|/ (x){ (x-a)? - (x-b)?
p/1+1 w(x-a)?P ]

2[f(x)—f(a)] 2[f (x)—f(b)]
W?E/HG[W(X_Q)F)] (x—b)3?g/1+3[w(b_x)p] f( ){ (x—a)3
p_Ml[w(b—x)/’]} (T T Wf)(a) (Tp,lx+.wf)( )

(x—b)3 (x—a)+3 + (b x')/1+3 |— |f ( )l{ paii3[w(x ) ]+Taii3[w(b_
0PI} + |F @] {7755, wCe — @)1 + | (0)] oy, [w(b — x)P1},

A+pk
where o, ;(k) = G(k)m

and o,4(k) =0(k)[B(3,s+1)—B(pk+1+3,s+1)], p,A>0,weR,s € (01]. The
function B(.,.) is the beta function of Euler.

Proof: It will be used here Lemma 3.1 and the properties of modulus. We will obtain then,

[l =13 —(; — 1| =
T;’m[w(x a)P]- 29—"M+3[w(x—a)/’] 7—";,’“2[w(b—x)P]—2Tg1+3[w(b—x)9]}

= Ir @] — - —

2[f () ~f ()] 2[f (0)—f(b)] Fparawx-a)P]
W?gl+3 [W(X — a)p] W?gl+3 [W(b — x)p] f( ){W -

Fpa+1wb-x)P] (Tpﬂ,x—;wf)(a) (Tp1x+ f )
(x— b)3 (x— a)/1+3 (b— x)l+3

Q)P |f" (tx + (1= @) dt + [} |2F S, 5 [wlb — 2)PtP] — 2FZ, o [w(b — 0)P]| [ (tx +

k k
(1-t)b)|dt < 2k=0%f0 (t2 — ePRAA2Y | £ (ex + (1 — D)a) |dt +

|_ ST alw(x — )] — 442 F 2, o [w(x —

a(k)|lw[*(b—x)Pk

1 i
T(pk+1+3) Jo (t2 = tPRH2) | £ (ex + (1 — £)b)|dt.

+ Xk=o

Taking into account that |f" | is s-convex in the second sense, we get

had k K(r _ 1\Pk !
== =11 < Y SORLEC A [ - eion) o1 (1 - 071 @I+
k=0 0

had k k b — pk !
Y O [ — )i 1+ - O () e =
0

_ vo o®wkE-a)pk o, (pk+2)
= Zk:ow{lf (@lm'F If"(@I[B3,s+1) —B(pk+1+3,s+ 1]} +

a(l)lw[*(b-x)Pk

" (pk+2)
I'(pk+A+3) {lf (x)

(s+3)(pk+A+s+3)

+ Do +|f”’(b)|[B(3,s+1)—B(pk+/1+3,s+1)]}=

= | @{F 5wl — @)1 + Foys s wb — 2P} + | (@] £y, wx — 2)P] +

+ (b)) fp”;;3 [w(b — x)P].



Corollary 3.3. If it will be considered in previous theorem s = 1, then we have,

TgMZ[w(x—a)p]—ZTgAH[w(x—a)p] T;’,HZ[W(b—x)p]—ZTg,AH[W(b—x)p]} +

\f (x){ ' - - x-b)?

2[f(x)—f(@)] [f () f(b)]
WO o, e = ) - LT g (s - 0)9] = £ 2

FEraaw®=-0P) (T )@ (T b)) - o1s
. (x—b)3 } (x—a)M3 + p(b x)A+3 = |f (x )|{ Pii3[w(x_a)p] +:Fp)1~+3[ w(b -

0PI} + |1 @] Farwlx — a)?] + |17 (b)| Fy 2ty [wb — x)°), where oy, (k) = o(k )4(;,; ’;k+4)
and o,,(k) = a(k)[B(3,2) = B(pk + 1+ 3,2)], p,A>0,w €R.

pa+1Wx—a)’]
(x—a)?

Corollary 3.4. If in previous theorem we take x = a—:b, then we have,
e U (59 2F5asa [w (55%) | = Fawa [ (57 T = @ + 017 7asa [w (57) T} +

T gep= [ )@+ T° f|(b)

=5 <z2|p (4)] = [w (5] + 0F @i+
2
1 NES v (52)]

where o, (k) = a(k)m)(’;%

and o, (k) =o(k)[B(3,s+1) —B(pk+A+3,s+1)], p,A>0,w e R,s € (0,1].

Theorem 3.5. Let f:[a, b] — R be a three times differentiable function on the interval [a, b] with

a < b. If|f""|9is s-convex in the second sense on (a, b) and g > 1, where % +% =1, then the

following inequality holds:

, Fpar2lWwx—a)P]-2F7 ;s [w(x—a)P] _ Fpar2Wb=0)P1=2F7 3, 3[w(b—x)P]
@ — — +

2[f)—f(a)] Fo
(x—a)3 p,A+3

2[f(x)—f(b)] [w(x-a)’]
[w(x —a)f] - (x—b)3TgA+3[W(b —x)P] - f(x ){%—a)g -

FLaniwb=0)) | (T )@ | (Tt F)®) [|f”’(x)|q+|f’”(a)|q]a o
: +(1x—b)3 } (x—a)**3 p(b x)A+3 < T Tp,i+3[w(x_a)p] +
(s+1)4
1
I e+ @)
% p,1+3[ w(b — x)P],

(s+1)4

1

D)
where a3(k) = a(k) pk—ul, p,A>0,w € R,s € (0,1] and B(.,.) is the beta function of Euler.
(pk+1)P

Proof: From Lemma 3.1, Holder’s inequality and the s-convexity in the second sense of |f'|?7 we
obtain the following inequality,



’ T;:,A+2[W(x—a)p]—27:g,)t+3[W(X—a)p] _ T;1+2[W(b-x)p]—2f,‘,’,,1+3 [w(b—x)P]
IF' () { —a)? -2 +

2[f(0)~f(@)] 2[£ ()£ (b)] Foar1wx-a)?]
o Foarslwlx = a)f] = =25 =F aualw(b — )P = f(x) {%_—a)g -

(x—b)3 (x— a)/1+3 (b—x)’1+3
mnr 1 "
a)PtP]| |f" (tx + (1= 0)a) + [ [t 2F7 5 5[wb — x)PtP] — t2F g5 5 [w(b — x)P]| | (ex +

K(y_ k
(1-t)b)|dt < Z?:o%f;(tz — tPRAAEZ) | £ (tx + (1 — D)a)|dt +

—x)P o ()
e ]} Cncar) | U] | < [ [2F S pealw(x — @)P] — tA*2F, L [w(x —

+ Z a(ﬁzﬁl:‘]zl_}_ﬂ; - ;C))p f(tz _ tpk+/1+2) |flll(tx + (1 _ t)b)ldt <
0

1

i K(y — k 1 1 1
< z 0(§2{|}“}:|+(;C _ ;))p (f (t2 _ tpk+a+2)pdt>p (f If"" (tx + (1 — t)a)|th>q N
k=0 0 o

1

o 1
za(knwlk(b—x)f”‘( Y2 pkeae2)P )P( g )q
— tPk+A+2) g 1—-t)b)|%d <

T'(pk + A+ 3)

1

CoR)lwlt e =) ([t o N[ ;
Skzﬂar(p‘/l:+z+;) <fotv(1—tpk A)pdt) (L [ES1F" (0|1 + (1 = O)5|f (a)lq]dt> +

1 1
o (k)| |k(b_x)pk 1 b p 1 " "r q
+ X0 T o 22 (1 = 22 ac )" ([T1E 1 GOI + (1= °If " (B)]9]de )" =

14 5.3
U@+ (@4 Z ol lwl* (x — a)ok BY G2 P)
B 1 ['(pk + A +3) 1

(s +1)a k=0 (pk + )P
1o g3
MR RO ol O] o kol Grva?) _
T(pk +1+3 i
(s + 1)q k=0 (b ) (pk + )P
nr q nr q q i q 1244 b q
_ U@l +|f (a)|1] Tpl+3[w(x—a)p] [|f (€3] +|f @) ] Tpl+3[w(b x)P].
(s+1)q (S+1)q

. . L b
Corollary 3.6. If in previous theorem it is taken x = % then we have,



e (5 25 [ (5 1= Faa [ (5 D = @+ 715500 [w (5°) )+

Tpa);,ﬂb_;wf (a)+<TJAib+.Wf>(b) o3 w b—a\P
<' : ) e ) b 2 )]{[If”’(a+b)|"+If’”(a)l"]q+[|f”’(

(59" (s+1)7

£ o)1)

a+b

I+

Theorem 3.7. Let f:[a, b] - R be a three times differentiable function on the interval [a, b] where
a < b. If|f""|9is s-convex in the second sense on (a, b) and g > 1, where % +% =1, then the

following inequality for generalized fractional integral operators holds:

, S’-‘/‘;Mz[w(x—a)p]—ZTng[w(x—a)p] _ Tg_,l_,_z[w(b—x)p]—2T§A+3[w(b—x)p]
IF () { x-a)? x-b)? +
2[f(x)=f(a)] o
F

Tgl+1 [w(x—a)P]

w(x — a)p] - UOT Bl go. 1y 90] — £(x) {— _

(x-a)3 " PA+3 (x—b)? —a)?
oA+ [W(b=x)P] (T(Tl,x_;wf)(a) (T ,A,x*‘;wf)(b) O3 O4s
Foaa WSO o g b | < B w(x — )P + Fgsy [w(b — 7]
where

1
_ pk+A 1_5 " q pk+A " q _ 1
03500 = 0 0) (5252 2) T 1 o 4 IF @B, s + 1) — Bk + 24 3,5 + 1),

1
pk+4 1_3 " q pk+4 " q _ 2
01500 = 000 (52522) T Ol o e 4 I BB, + 1) — Bok + A+ 3,5 + D),

p,A>0,w€R,s € (0,1] and B(.,.) is the beta function of Euler.

Proof: It will be used again the Lemma 3.1, and properties of modulus and we have,

| — I3 — (I — 1| <

<| I( ) pA+2[W(x a)P]-2F )L+3[W(x a)f] TGZA_FZ[WUJ—X)‘O] 2T0/1+3[W(b —-x)P]
=IFx (x-a)? (x-b)?
2[f(0)-f(a)] 2[f (0)—f(b)] Foar1wx—a)?]
e Foarslwlx —a)f] = == Flauslw(b — )P = f(x) {p+(1x_—a)3 -
.A (w(b-x)FP] T(Tl,x_;wf (@) (T ,A,x"';wf)( )
d: +(1x b)3 } ( P(x a)/1+)3 P(b x)A+3 | —f |t2‘7:d/'l+3 W(x - a)p] — A2 p/1+3[W(x -

)PP If" (tx + (1 — Da)| +f |tA*2F Sa+3w(b — x)PtP] — t2F7 ) s [w(b — )P |f" (tx +
(1—t)b)|dt <

) Ko i 1
< Z U(?z{l)‘;:l-l_(; - g))p f(tz _ tpk+ﬂ.+2) |f”,(tx + (1 _ t)a)ldt n
0

- 1
k k(p — x)Pk
3 G(FEL‘ZL(A ¥ ;? [ @ =2y e+ (- o
0



By power-mean inequality and s-convexity of |f"’|? in the second sense, we get the following
inequality:

Key_ ok 1-1
I — 1 — (I, — 14)| < Z}?:o%(fol(tz _ tpk+/1+2)dt) a (fol(tz T

K(p_\Pk 1-1
(1-1t)a)|? dt) +¥7 0%(%%152 _ tpk+/1+2)dt) q (fol(tz _ tpk+l+2)|fm(tx +

o®Iwlkx-a)Pk (1 2 _ i pkAA2\[4S| £177 ()14
T'(pk+A+3) (3 pk+A+3) (f (t —t )[t lf (x)l +

_ S\S| £ q U(k)|W|k(b_x)pk 1 2 pk+A+2 s q
-0l <a>|]dt) B, OO (1 L) (f (£ — PR32 [e5] F7 (2)| +

(1—t)b)|th) < ¥

(1 =0°If"(b)|] dt) and by calculus the proof is completed.

Corollary 3.8. If in previous theorem we take s = 1, then we have,

IF () Fpar2lWwx—a)P]=2F7 ;s [w(x—a)P] Tg,1+2[w(b —x)P1-2F] ;43 [w(b—x)P]
X (—a)? (x—b)?
Tgl+1[w(x_a)p]

2[£( b '
UeO-T@lpo  Tw(x - a)?] - %grgm[w(b —x)P] = f(x) {W -

(x-a)3

TJA (w(b-x)P] (T AXT wf)(a) (T ,/1,x+;wf)( ) o a
= } (x—a)t+3 oo | S T — 0PI+ 7 g [wb — 07,
where

5120 = 0 (-2 ) Tl @ U(BB2) — Blok + 1+ 3201,

3(pk+21+3) 4(pk+A+4)
— pk + A’ 1_% nr nr l
0110 = 00 (3 as) WOl oy g T I OIBGED) ~ Bk + 2+ 32)

p,A>0,w€R.

Corollary 3.9. If in previous theorem we take x = asz’ then we have,
| {7 (22) 2P0 [w (52) | = Foae [w (59) 1 - 1 @ + FF s [w (52) ]} +

T7° - (a)+| 7° (b)
< P'l'%b ‘Wf) ¢ < Pﬂr%bJr:Wf)

0'35 b—a O4s —-a P
T ) o (5 e
2
pk+A 1_ mr fa+b pk+A "

03,5(k) = o (k )(m) [1f ( )I Grgriarsrn T @I9BG,s+1) —B(pk+4+3,s +

1
D)le,

_ pk+2 1‘ oy fat+h pk+2 1y _

740 = 00 (35555) I () ey * " @I BGos + D = Blok + 2435 +

1
D)e,

p,A>0,weR,se(01]



4. DISCUSSION AND CONCLUSIONS

In this paper a new integral identity is established for three times differentiable mapping
involving fractional integral operators in order to present new versions of Hermite-Hadamard
like type inequalities, involving the Riemann-Liouville fractional integral, for functions whose
absolute values of third derivatives are s-convex in the second sense. Then several
consequences in some special cases like when s =1 or when x = asz are presented. The
particular case when 1 = a, ¢(0) = 1,w = 0 or some combinations of these three special cases
can be also analyzed as new consequences and applications. In addition, new versions of
Hermite-Hadamard like type inequalities, involving the Riemann-Liouville fractional integral,
for functions whose absolute values of third derivatives are s-convex in the first sense could be
established.
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