SOME TENSORIAL HERMITE-HADAMARD TYPE
INEQUALITIES FOR CONVEX FUNCTIONS OF SELFADJOINT
OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. Let H be a Hilbert space. In this paper we show among others
that, if ¢ is continuous convex on the interval I and A, B are selfadjoint
operators in B (H) with spectra Sp (A), Sp (B) C I, then for all v € [0, 1]
(1=)AR1+v1®B) <(1-v)¥(A)®1+v1®y(B)
Moreover, we have the Hermite-Hadamard type inequalities
A®1+1Q®B !
(%) < / (1-v)A®1+v1® B)dv
0
. _Weltiey®)
< 3 .
Several refinements and reverses of these inequalities are also provided.

1. INTRODUCTION

Let Iy,..., Ix be intervals from R and let f : I; X ... X I; — R be an essentially
bounded real function defined on the product of the intervals. Let A = (Aq, ..., Ay)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hi, ..., Hx such that
the spectrum of A; is contained in I; for i = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

&:/MMHM

i

is the spectral resolution of A; for i = 1,..., k; by following [2], we define
(11) f(Al,,Ak) :/ f(Al,,Al)dEl ()\1)®®dEk ()\k)
n Ji

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.

If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
This construction [2] extends the definition of Kordnyi [6] for functions of two
variables and have the property that

f(AL s Ag) = fi(A1) ® .. ® fr(Ag),

whenever f can be separated as a product f(¢1,...,tx) = f1(t1)...fx(tx) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, c0), namely
f(st) 2 (<) f(s) f(t) for all s,t € [0,00)
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and if f is continuous on [0, 00), then [8, p. 173]
(1.2) f(A®B) > (<) f(A)® f(B) forall A, B> 0.
This follows by observing that, if

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then
(1.3) tﬂA@B)z/' /’ £ (st)dE (t) @ dF (s)
[0,00) /[0,00)

for the continuous function f on [0,00).
Recall the geometric operator mean for the positive operators A, B > 0
A#tB — 141/2(1471/2BA71/2)15A1/27
where t € [0, 1] and
A#B = AY2(A~V2BA-Y2)1/2 712,
By the definitions of # and ® we have
A#B = B#A and (A#B)Q® (B#A)=(A®B)#(B®R A).
In 2007, S. Wada [10] obtained the following Callebaut type inequalities for ten-

sorial product

(1.4)  (A#B) ® (A#B) < - [(A#4.B) ® (A#1_aB) + (A#1_oB) ® (A#.B)]

N |

IN

1
5 (A®B+B®A)

for A, B> 0 and « € [0,1].

Motivated by the above results, in this paper we show among others that, if
is continuous convex on the interval I and A, B are selfadjoint operators in B (H)
with spectra Sp (4), Sp (B) C I, then for all v € [0, 1]

P((1-v)AR1+v1®@B)<(1-1)Y(A)@1+v1®y(B)

Moreover, we have the Hermite-Hadamard type inequalities

A
w( ®1;1®B)

IN

1
/ P(1-v)A®1+v1®B)dv
0

Y(A)el+18¢(B)
—_— 2 .
Several refinements and reverses of these inequalities are also provided.

2. SOME PRELIMINARY FACTS
Recall the following property of the tensorial product
(2.1) (AC)® (BD) = (A® B) (C® D)

that holds for any A, B,C,D € B(H).
If we take C' = A and D = B, then we get

A’® B? = (A® B)*.
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By induction and using (2.1) we derive that

(2.2) A" ® B" = (A® B)" for natural n > 0.
In particular
(2.3) A"®1=(A®1)" and 1® B" = (1® B)"
for all n > 0.

We also observe that, by (2.1), the operators A® 1 and 1 ® B are commutative
and

(2.4) (A1) (1®B)=(1®B)(A®1l)=AR B.
Moreover, for two natural numbers m, n we have
(2.5) (A1)"(1e@B)"=(1®B)"(A®1)" =A™ @ B".

We have the following representation results for continuous functions:

Theorem 1. Assume A and B are selfadjoint operators with Sp(A) C I and
Sp(B) C J. Let f be continuous on I, g continuous on J and ¢ continuous on an
interval K that contains the product of the intervals f (I) g (J), then

(2.6) pG o) = [ [ewow)iE®edrs),

where A and B have the spectral resolutions

A:/ItdE(t) andB:/Jde(s)

Proof. By Stone-Weierstrass theorem, any continuous function can be approxi-
mated by a sequence of polynomials, therefore it suffices to prove the equality
for the power function ¢ (¢t) = ¢ with n any natural number.

Then, by (1.1) and (2.2) we have

// |"dE (t) ® dF (s // "dE (t) ® dF (s)

® g (B)]n =[f(A)eg(B)",
which shows that the identity (2.6) is valid for the power function.
This proves the statement. (I

Corollary 1. With the assumptions of Theorem 1 for f and A, we have

@7 oW el) = /I/I(wof) (1) dE (8) @ dF (5) = o (f (4)) @ 1.

The proof follows by (2.6) for g = 1.

Corollary 2. Assume A and B are selfadjoint operators with Sp(A) C I and
Sp(B) C J. Let f be continuous and positive on I, g continuous and positive on
J, then

(2.8) In(f(A)®@g(B))=(nf(A)®1+1® (ng(B))
If r is a real number, then also
(2.9) (f(A@g(B)) =(f(A) @(g(B))

=((f(A) @) 1a(g(B))).
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Proof. From (2.6) written for ¢ = In we have
! )@ g(B))

//m ))dE (t) @ dF (s),

// (In (£ (£)) + In (g (5))] dE () @ dF (s)

//ln t)@dF (s //ln E (t) @ dF (s)

=(lnf(A)®1+1®(lng(B)

which proves (2.8).
Now, consider ¢ (t) =t", t > 0. Then by (2.6) we get

Wes®y = [ [ ¢wawrarmedr
/ / ) dE () ® dF (s)
® (g (B))T7
which proves the first equality in (2.9). The second part follows by the property
(2.1). |

Corollary 3. Assume that A, B > 0 and ¢ is continuous on [0,00) and v € [0, 1],
then

¢ (A" ® B") / / (t'77s") dE (t) ® dF (s).

In particular,

o (420 B A/O (#7257) dE (1) @ dF (5).

The proof follows by (2.6) by taking f (t) = =¥ and g (s) = s, t,s > 0.

Corollary 4. Assume A and B are selfadjoint operators with Sp (A) C I and
Sp (B) C J, then forr > 0,

(2.10) |A@ B|" = |A|"® |B|".

Proof. From (2.6) for the modulus function, we have
A® B = // its|” dE (t) @ dF (s)
1)y
[ [ s ae @ e ar ) = jar s 5y
1)y

which proves (2.10). O

The additive case is as follows:

Theorem 2. Assume A and B are selfadjoint operators with Sp (A) C I and
Sp(B) C J. Let h be continuous on I, k continuous on J and ¥ continuous on an
interval U that contains the sum of the intervals h (I) + k (J), then

(2.11) z/J(h(A)®1+1®k(B)):/I/J@[J(h(t)+k(s))dE(t)®dF(s),
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where A and B have the spectral resolutions

A:/ItdE(t) ande/Jde(s)

Proof. Let f and g continuous and positive such that h(t) = Inf(¢), ¢ € T and
k(s)=1Ing(s), s € J. Then

(212) Y (h(AR1+12k(B) = % ((Inf(4)®1+12(Ing(B)))
= ¢Y(In(f(4)®g(B))-
Now if we apply identity (2.6) to the function ¢ = 1 o In, then we have
(2.13) Poln(f(4A)® //woln (s))dE (t) @ dF (s)
//wln )) +1Ing (s)) dE (£) @ dF (s)
//¢ (s))dE (t) @ dF (s) .
By making use of (2.12) and (2.13) we derive (2.11). O

Corollary 5. With the assumptions of Theorem 2 we have
(2.14) h(A)@1+1®k(B)| = // b () + k (s)| dE (£) @ dF (s) |
1Jg
and the triangle inequality
h(A)@1+12k(B)|<|h(4)|@1+11|k(B)|.
The proof follows by taking ¢ (u) = |u|, u € R.
Corollary 6. With the assumption of Theorem 2 for h, k, A and B, we have
(2.15) exp(h(A)®@14+1®k(B)) = (exph(A)) @ (expk (B)).
Proof. From (2.11) for the exponential function, we have by (1.1) that

exp(h(A)®@1+1®k(B //exp k(s))dE (t) ® dF (s)

= / / exph (t)expk (s)dE (t) @ dF (s)
1/
=exph(A) ® expk (B)
and the identity (2.15) is proved. O

Corollary 7. Assume that ¥ is continuous on the interval I and A, B are selfad-
joint operators with spectra in I, then for all v € [0,1] we have the representation

(2.16) w((l—u)A®1+u1®B)://¢((1—y)t+us)dE(t)®dF(s),
I1JI

where A and B have the spectral resolutions

A= /tdE ) and B = /de

The proof follows by (2.11) for A (t) = (1 —v)t and k (s) = vs, for v € [0,1] and
t,sel.
For the case of harmonic mean, we can state
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Corollary 8. Assume that ¢ is continuous on the interval (0,00) and A, B are
positive operators, then for all v € [0,1] we have the representation

(2.17) ([(1,,,) A*1®1+u1®B*1]‘1)

/ / 1—yt1+us )l]dE(t)®dF(s),

where A and B have the spectral resolutions

Az/oootdE(t) andB:/Ooode(s)

The proof follows from (2.15) by choosing ¢ = ¢o 4, £(t) =t, h(t)=(1—v)t~?
and k (s) =vs™ !, t,s € (0,00).
For ¢ (t) = t, we get

(2.18) (1-A'®1+vleB™ ]
/ / (1—v)t 4+ ws™ 1)_1dE(t)®dF(s),

for all A>0, B> 0and v € [0,1]
We also have the following representations as well

(2.19) |A®111®B|T://|tﬁ:s|rdE(t)®dF(s),
I1JJ

where A and B are selfadjoint operators with Sp (A) C I, Sp(B) C J and r > 0.

3. MAIN RESULTS

We investigate now some tensorial for convex and operator convex functions:

Theorem 3. Assume that ¢ is a continuous and convex (concave) function on the
interval I and A and B are selfadjoint operators with Sp (A), Sp (B) C I, then for
all v € [0,1]

(3.1) V(1) A21+v10B) < (>)(1-v)¢(A)®@1+viey(B)

and

(3.2) w(A@l;h@B)
S(Z)@ZJ((l—z/)A®1+u1(§oB)42r¢(uA(z@1+(1—1/)1®B)

Y(A)R1+1®¢(B)
5 .

Moreover, we have the Hermite-Hadamard type inequalities

A®1+1®B
o

<(>)

(3.3)

5 ) ) | w((l—u)A®1+u1®B)du

V(A @1+10¢(B)
5 .

<(>)
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Proof. Assume that A and B have the spectral resolutions

A:/tdE(t) andB:/de(s).

I I

By (2.16) and the convexity of ¢, we have successively

(3.4) Y((1-v)A®1+v1® B)
://w (1= )t +vs)dE (t) @ dF (s)
< [ [l=vv@ v @ap @ e

l—ub//ﬂ) t)dE (t) ® dF (s '+K//¢ )dE (t) ® dF (s)

=1-v)vYA)1+rviey(B)

for all v € [0,1].
Now, if we take 1 — v instead of v in (3.1)

(3.5) YWARLI+(1-v)1@B)<wvyp(A)@1+(1—-v)1®1¢(B)

for all v € [0,1].
Now, for a convex function 1 defined on I we also have the double inequalities

t+s\ _w((1—v)t+vs)+Wt+(1—v)s) _ (t)+1b(s)
o(57) < ! <Lt

forallt, s € I and v € [0,1].
If we take the double integral [, [; over dE (t) ® dF (s) in the inequality (3.5),
then we get

(3.6) //¢<t+$) dE (1) ® dF (s)

_2// I-v)t4+vs)+p(wt+ (1 —v)s)dE(t) @ dF (s)

,5/1/1 U (t) + 1 ()] dE (t) @ dF (s).

Since
//¢(t+s>dE )& dF (s) = w(A@l;l@B)7
/1/1[1/1((1fu)t+us)+1/1(ut+(1—V)s)]dE(t)®dF(s)
=Y (1-v)A®14+vi®B)+¢y(vAR1+(1-v)1® B)
and

/I/Iwu)w(s)]dff(t)@dms)=w<A>®1+1®w<B>,

hence by (3.6) we obtain (3.2).
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Further, if we take the integral over v € [0,1] in (3.2), then we get

(3.7) 77/)<A®1+1®B>

2
- 11/)((171/)A®1+1/1®B)+1/J(VA®1+(1fu)1®B)dV
= 2
0
_YA)®1+18¢(B)
< 5 .

Since
1 1
/1/)(Z/A®1+(171/)1®B)dl/:/1/)((17V)A®1+V1®B)du,
0 0
hence by (3.7) we derive (3.3). O

Theorem 4. Assume that ¥ is a continuous and convex function on the interval
I and A and B are selfadjoint operators with Sp (A), Sp(B) C I, then for all

p,q € (0,1),
. [p 1—p
(3.8) mln{q,q}
X [qp(A) @1+ (1-q)1ey(B) -y (@A®1+(1-q) 1 B)]

<pp(A)@1+(1-p)ley(B) -y (PA®1+(1-p)le B)

1—
< max{p,p}
q g

x[qp(A) @1+ (1-q)1@Y(B) - ¢ (qA® 1+ (1-q)1® B)].

In particular,

(3.9)  2min{p,1—p} [¢(A)®1J;1®¢(B) d’(Wﬂ

<pY(A) @1+ (1-p)le@y(B) -9 (PpA®1+(1-p)l®B)
< 2min{p,1 — p} |:1/)(A)®1+1®¢(B) ¢<A®1+1®B>}

2 2

Proof. Recall the following result obtained by the author in 2006 [5] that provides
a refinement and a reverse for the weighted Jensen’s discrete inequality:

. |1l v 1=
(3.10) je{%{?.,n}{qj}[ P 1qg¢(xj) 1/J(anz:%mj)]

= =1

1 & 1 &
7 > v () — ¢ (Pn Zm%)
j=1

IN
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where ¢ : €' — R is a convex function defined on convex subset C of the linear
space X, {:cj}je{L2 ..... n) are vectors in C and {pj}jG{l,Q ..... n} {g;}
nonnegative numbers with P, = >27_ | pj, Qn = >, p; > 0.

For n = 2, we deduce from (3.10) that

. are
Jje{1,2,...,n}

(31)  min {Z, 1;”} (@) + (1 — @) (y) — ¥lgz + (1— )yl
<pY(z)+ 1 =p)(y) —¢pr+ (1-p)yl
Smax{fq”, 1;7”} (@) + (1 — ) oy) — gz + (1 ) 4]

for all z,y € C and p,q € (0,1).
Assume that A and B have the spectral resolutions

A:/ItdE(t) andB:/Ide(s)

If we take the double integral [, [, over dE (t) ® dF (s) in the inequality (3.11),
then we get

(3.12) mln{p 1—p}
//qw (1= q)els) — ¥lat + (1 - q) s]] dE (1) @ dF (s)
<[ [bo®+a-pve v+ 0-psdE@ e

<max{p —p}

//qw (1— q)eb(s) — ¢ [qt + (1 — q) s]] dE (£) ® dF (s)

Since
[ [ 1wty + =00 = vlat + (1= a) hE O 2.dF (5)
_q//w $)dE (1) @ dF (s 1—q//¢ )dE (1) ® dF (s)
—/I/I1p[qt+(1—q)s]dE(t)®dF(s)
=q(A)©l1+(1-9)1ey¢B)-¢(@A®1+(1-9)1®B)

and
[ e+ a-pve v+ 0-psdE@
=pYp(A)@1+(1-p)leyY(B) -y (pPA®1+(1-p)l®B),

hence by (3.12) we derive (3.8). O

Theorem 5. Assume that ¥ is a continuous and convex function on the interval
I and A and B are selfadjoint operators with Sp (A), Sp(B) C I, then for all
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q€(0,1),

(313)  0<S[(A)®1+(1-q)1ew(B) ¥ (@Ae1+(-q)1eB)

A @141 ¢(B
= 2

)—/lw(tA®1+(1—t)1®B)
0

¢ —q+1
T 2(1-9q)
xlgp(A)@1+(1-q)1eyB) -9 (@Ael+(l1-9)1®B)].

Proof. From (3.8) we get for ¢,q € (0,1) that
t 1—t
(3.14) min {, }

a q
X[qp(A) @1+ (1-q)1®¢%(B) -9 (qA®1+(1-¢)1® B)]

<tp(A) @1+ (1-8)10¢YB) - (tA®1+(1—1)1® B)

t1—t
< mex {125
x[(A) @1+ (1-q)10¢(B) -9 (¢A®1+(1—-q)1® B)].

If we integrate over ¢ € [0, 1] the inequality (3.14), then we get

1 1 _
(3.15) / min {t, t} dt
0 a 4

X [qp(A)@1+(1-q)1@y(B) —¢Y(@A®1+ (1 -q)1® B)]

<1/)(A)®1+1®w(B
- 2

! t 1—t
< [ s e
X [qp(A)@1+(1-q)1ey(B) -9y (@A®1+(1-q) 1 B)],

for ¢ € (0,1).
Observe that

) 1
_/0 V(A 1+ (1113 B)

t 11—t t—gq

g 1—qg q(1-gq)

showing that
gﬁogtgqgl

, {t lt}
min il
¢4 Lifo<g<t<1
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and
1=t <t<qg<
{t 1—t} 17(]1f0 t<qg<1
max -1 =
5174 Lifo<g<t<i
Then
1 1
t 1—t 9¢ 1-—1t
/mln{ ,}dtz fdt—&—/ —dt
0 1—gq 0o 4 ¢ 1—q
_q2 R o l—q2 :1
2 1-gq a 2 2
and

1 1
t1—t 71—t t
/max{,}dt—/ im/ L
0 qg 1l—q 0o 1—¢q g 4
1

2 1— 2
1—g¢q 2 2q

and by (3.15) we obtain the desired result (3.13).

Theorem 6. Assume that ¥ is a continuous and convex function on the interval

I and A and B are selfadjoint operators with Sp (A), Sp(B) C I, then for all
Ae(0,1),

(3.16) (A®1+“®B>

2
<(1_)\)w{(1—A)A®1—;(1+)\)1®B]
+)\¢[(2—)\)A®21+)\1®B]

1
S/ W({(1l-u)A®14+ul® B))du
0

%[w((l—A)A®1+>\1®B)+(1—>\)1®¢(B)+/\w(A)®1]
P(A)@1+1¢(B)
5 )

IN
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In particular,

(3.17) z/}(A@lj;l@}s)
<¢<A®1z3®B>+w<A®3zl®B>

</0 Y((1-u)A®1+ul®B)du
S;[¢<A®1;1®B>+¢(A)®1;1®¢(B)]

PY(A)R1+11¢(B)
5 .
Proof. In 2002, Barnett et al. [4] obtained the following refinement of Hermite-
Hadamard inequality:
Let ¥ : I — R be a convex function on the interval I, then for any ¢, s € I and
for any A € [0,1] we have the inequalities

(3.18) 4 (t;‘s)

<

(I-=XNt+(1+N)s 2—=AN)t+As
g(l—w[ ; ]+w[2}
g/o P ((1—u)t+us)du
< S0 = N T+ As) + (1= N g (s) + 20 ()]
PRIOERI0

Assume that A and B have the spectral resolutions

A:/tdE(t) andB:/de(s).

I I

If we take the double integral [, [, over dE (t) ® dF (s) in the inequality (3.18),
then we get

(3.19) //w<t+s>dE(t)®dF(s)
(1-2) // [ (1“) }dE(t)@dF(s)

+A//w{ t+)\s}dE(t)®dF(s)

g//(/ 1/)((1u)t+us)du>dE(t)®dF(s)

// Nt As) + (1= N () + Mo (O] dE (t) @ dF (s)
P (t) + (s
§/1/172 dE () ® dF (s).
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Since

/I/Iw{(l_mg(lH)s]dE(t)®dF(s)

- NA®1+(1+MN)10B
~| : |\

/ ” {W} dE (1) ® dF (s)

IJI
:¢[(2—)\)A®1+)\1®B]

2

and, by using Fubini’s theorem,

/I/I(/()lw((l—u)t—kus)du) dE (t) @ dF (s)
:/01 </1/1¢((1—U)t+us)dE(t)®dF(s)>du
1

:/ (@ (1= u) A® 1 +ul @ B)) du,
0

hence by employing the corresponding calculations from the proof of Theorem 3
and the inequality (3.19), we derive the desired result (3.16). O
4. SOME EXAMPLES

Consider the convex (concave) function f(t) = t", r € (—00,0) U [1,00) (r €
(0,1)) defined on (0, 00) . If we use Theorem 3 we have for A, B > 0

(4.1) <A®1;1®B>
< () ((1_V)A®1+V1®B)T;—(VA®1+(1—1/)1®B)T

<(>) A"®14+1®B
2
for all v € [0,1].
Moreover, we have the Hermite-Hadamard type inequalities

<A®1+1®B>T

(4.2) >

g(z)/ol((l—y)A®1+V1®B)Tdy

S(Z)A ®1l+1®B .
2
The function f (¢) = exp (at) , & # 0, is convex on R and by Theorem 3, we have
for any selfadjoint operators A and B, that

{ <A®1+1®B
exp || ——————

(4.3) 5

)} < {epla((l-1) A1 +v1 6 B)

+expla(rA® 1+ (1-v)1® B)]}

o &P (0A)®@ 1+ 1®exp(aB)
— 2 .
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Moreover, we have the Hermite-Hadamard type inequalities

AR1+1®B

(44)  exp [a (2” §/Olexp[a((l—V)A®1+1/1®B)]dy

(4.5)

o OXP (tAd)® 14+ 1®exp(aB)
- 2
The function f (t) = Int is concave and by Theorem 3 we get

<A®1+1®B>

In| ——

2

S In(1-v)A®1+vi®B)+h(rA®1+(1-v)1® B)
- 2

S (nA)®1+1® (InB)

- 2
Moreover, we have the Hermite-Hadamard type inequalities
A®1+1®B !
(4.6) ln<®—;®>2/ m((1-v)A®1+vl®B)dy
0

S (nA)®1+1® (InB)
> 5 .
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