REFINEMENTS AND REVERSES OF JENSEN TENSORIAL
INEQUALITY FOR TWICE DIFFERENTIABLE FUNCTIONS OF
SELFADJOINT OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let H be a Hilbert space. In this paper we show among others
that, if ¢ : I C R — R is a twice differentiable convex function on I ¢: 1 —
R is twice differentiable and ma’ (t) < ¢ (t) < My (t), t € I, for some
constants m < M, A;, i € {1,...,n} are selfadjoint operators with Sp (4;) C I,
ie{l,..,n} and w; > 0,4 € {1,...,n} with >7* ; w; =1, then

i=1 =1
<3 wid(A) iw@-) <M
i=1

i=1

Zwi@) - szx&:)] )
i=1 i=1

where A; is defined as a tensorial product of A; in position ¢ = 1,...,n and
with 1 in the other positions. Let (A¢),cq be a continuous field of operators
in B (H) with Sp (A¢) C [m, M] for t € Q, then for v € [0,1] we have the
inequalities for the Hadamard product

0< (1—-v)vexp(m)

« {/ﬂA?du(t)ol—/QAtdu(t)o/QAtdu(t)}

S/Qexp(At)du(t)ol7/Q(exp(1fV)At)du(t)oLexp(VAt)du(t)
< (1—v)vexp (M)

X {/QA?d,u(t)olf/QAtd,u(t)o/QAtd,u(t)}.

1. INTRODUCTION

Let Iy,..., Ix be intervals from R and let f : I; x ... Xx I, — R be an essentially
bounded real function defined on the product of the intervals. Let A = (A4, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hi, ..., Hi such that
the spectrum of A; is contained in I; for i = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

A; = / MNdE; (A;)
I;

is the spectral resolution of A; for i = 1, ..., k; by following [2], we define

(11) f(Al,...,Ak) I:\/I , f(Alw--a)\l)dEl ()\1)®®dEk (Ak)
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as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.

If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
This construction [2] extends the definition of Kordnyi [11] for functions of two
variables and have the property that

(1.2) f(A1, o Ap) = f1(AD) ® .. ® fr(Ar),

whenever f can be separated as a product f(t1,...,tx) = f1(t1)...fx(tr) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, c0), namely

f(st) > (<) f(s)f(t) for all s,¢ € [0,00)
and if f is continuous on [0, 00), then [13, p. 173]
(1.3) f(A®B) > (L) f(A)® f(B) forall A, B>0.
This follows by observing that, if

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then
(1.4) f(A® B) :/ / £ (st) dE (t) @ dF (s)
[0,00) J/[0,00)

for the continuous function f on [0, 00) .
Recall the geometric operator mean for the positive operators A, B > 0

A# B = AV2(AY2BAY2) AL,
where t € [0, 1] and
A#B = AV2(A~V2BA-V2)1/2 412,
By the definitions of # and ® we have
A#B = B#A and (A#B) ® (B#A)=(A®B)#(B® A).
In 2007, S. Wada [16] obtained the following Callebaut type inequalities for ten-

sorial product

(1.5)  (A#B) @ (A#B) < 3 [(A#aB) © (A#1-aB) + (A#1-aB) @ (A#aB)]

=N =

<-(A®B+B®A)

2
for A, B> 0and o € [0,1].
Recall that the Hadamard product of A and B in B(H) is defined to be the
operator Ao B € B(H) satisfying
(Ao B)ej,e;) = (Aej,e5) (Bej, e5)

for all j € N, where {e; }j cn is an orthonormal basis for the separable Hilbert space
H.
It is known that, see [12], we have the representation

(1.6) AoB=U"(A® B)U
where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
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If f is super-multiplicative (sub-multiplicative) on [0,00), then also [13, p. 173]
(1.7) f(AoB) > (<) f(A)o f(B) forall A, B> 0.

We recall the following elementary inequalities for the Hadamard product
A2 o B2 < (A—;B> ol for A, B>0

and Fiedler inequality
AoA™1 >1for A>0.
As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [1]
showed that
2 1/2 (2 1/2
AOBS(A ol) (B 01) for A, B>0
and Aujla and Vasudeva [3] gave an alternative upper bound

1/2

AOBS(A2OBQ) for A, B> 0.

It has been shown in [14] that (A2 o 1)1/2 (B%o01) 2 and (A?o 32)1/2 are incom-
parable for 2-square positive definite matrices A and B.

Motivated by the above results, in this paper we show among others that, if
¥ I C R — R is a twice differentiable convex function on i, ¢ : I — R is twice
differentiable and my” (t) < ¢” (t) < Mv" (), t € I, for some constants m < M,
A;, i € {1,...,n} are selfadjoint operators with Sp(4;) C I, i € {1,...,n} and
w; >0,4€{1,...,n} with >/, w; =1, then

m [Z witp (A7) — (Z wif‘;)] < Zwi(ﬁ-A\i) - ¢ (Z wi&>
i=1 i=1 j i=1

)

where A; is defined as a tensorial product of A; in position ¢ = 1,...,n and with
1 in the other positions. Let (A;),.q be a continuous field of operators in B (H)
with Sp (A¢) C [m, M| for t € Q, then for v € [0, 1] we have the inequalities for the
Hadamard product

0<(1—v)vexp(m)

X [/QAfdu(t)ol/QAtdu(t)o/QAtdu(t)}

< /Qexp (Ap)dp (t) ol — /Q (exp (1 —v) Ay)dp(t) o /Q exp (VA:) dp (t)
< (I —v)vexp(M)

X [/QAfdu(t)ol/QAtdu(t)o/QAtdu(t)}

2. SOME FACTS RELATED JESSEN’S INEQUALITY

Let L be a linear class of real-valued functions g : £ — R having the properties

(L1) f,g € Limply (af +Bg) € L for all a, 5 € R;
(L2) 1€ L, ie,if fo(t)=1,t € E then f) € L.
An isotonic linear functional A: L — R is a functional satisfying
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(Al) A(af+8g) =aA(f)+BA(g) for all f,g € L and o, 3 € R.
(A2) If fe Land f >0, then A(f) >0
The mapping A is said to be normalised if

(A3) A(1)=1.

Isotonic, that is, order-preserving, linear functionals are natural objects in analy-
sis which enjoy a number of convenient properties. Thus, they provide, for example,
Jessen’s inequality, which is a functional form of Jensen’s inequality.

We recall Jessen’s inequality ([4], see also [10]).

Theorem 1. Let ¢ : I C R— R (T is an interval), be a convex function and
fi:E—1Isuchthatpof, f € L. If A: L — R is an isotonic linear and normalised
functional, then

(2.1) ¢ (A(f) < A(gof).

In we obtained among others, the following refinement and reverse of Jessen’s
inequality:

Theorem 2. Let v : I C R — R be a twice differentiable convex function on f,
f:E — I suchthatyof, f € L and A: L — R be an isotonic linear and normalised
functional. If ¢ : I — R is twice differentiable and my" (t) < ¢ (t) < My (t),
te f, then

(2.2) m[A(po f) —¢(A(f)] < A(pof)—¢(A(f))
SMIA@Wo f) =4 (A,
provided ¢po f, f € L.

Let p € (—00,0) U (1,00) and define g, : I C (0,00) — R, g, (t) = ¢ (
Assume that —oo < v < g, (t) <T < oo, t € I. This implies that y#*~2 < ¢’
(t

I'tP—2, so if we take m = (p"y_l),M mandw()—ép(),wher

then we have ma)” (t) < ¢” (t) < My" (t), t € 1.
By Theorem 2 we can state the following:

12-p,
()S

)

bS]

Corollary 1. If ¢ : I C (0,00) — R is twice differentiable and yt*=2 < ¢" (t) <
rtr=2,tel, pe(—o00,0)U(1,00), then

v DY _ AP o f) —
(2.3) m[A(f )= AP (Nl < A(go f) — o (A(S))
r

S =D A7) = AP (D]

provided ¢po f, f, fP € L. )
In particular, if v < ¢" (t) < T, t € I, then

24)  LIA(S) A2 (F)] S A0 F) ~ 6(A() < & [A(f2) — A2 ()]
provided ¢ o f, f, f2 € L. )

Also, if yt=2 < ¢" (t) <Tt3, t € I, then
(25) LA~ A7 ()] S Ao )= p(A) < 5 [AG) — A7 ()]

provided ¢po f, f, f~* € L.
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Define [ (t) = t2¢" (t), t € I C (0, 00) and assume that —oo < s < I (t) < S < o0
for t € I. This implies that st=2 < ¢” (t) < St=2 for t € I, so if we take m = s,
M = A and v (t) = — Int, then we have my" (t) < ¢ (t) < My" (t), t € 1.

By Theorem 2 we can state the following:

Corollary 2. If¢ : I C (0,00) — R is twice differentiable and st~ < ¢" (t) < St~2
fort eI, then

(2.6) s[n(A(f)—A(nf)] < A(pof)—d(A(f) <S[n(A(f)) —A(nf)],
provided ¢po f, f,Inf € L.

Consider k (t) = t¢” (), t € I and assume that —oo < § < k (£) < A < oo for
t € I. This implies that 6t~ < ¢” (t) <t 1A fort € I, so if we take m = 3§, M = A
and v (t) = tInt, then we have my"” (t) < ¢ (t) < My" (t),t € I.

By utilising Theorem 2 we can also state the following:

Corollary 3. If ¢ : I C (0,00) — R is twice differentiable and §t=! < ¢" (t) <
t=YA fort €I, then

(2.7) S[A(fInf) = A(f)In(A(f)] < Ao f) = o (A(f))
SAA(fInf) - A(f)In(A(f))]
provided ¢o f, f, fInf € L.

A counterpart of Jessen’s result was proved by Beesack and Pecari¢ in [4] for
compact intervals I = [a, §].

Theorem 3. Let ¢ : [, 5] CR — R be a convez function and f : E — [a, 8] such
that oo f, f € L. If A: L — R is an isotonic linear and normalised functional,

then
(2.9 Ao < AW g @)+ A0 ).

In we obtained the following refinement and reverse of Beesack-Pecari¢ inequal-
ity (2.8):
Theorem 4. Let v : [a, 8] C R — R be a twice differentiable convex function on
(,B), f: E — |o, 5] such that o f, f € L and A : L — R be an isotonic
linear and normalised functional. If ¢ : [o, 8] — R is twice differentiable and
my” (t) < ¢" (t) < My" (t), t € (o, B), then

A A(F) —
2o w | @ 20 ) - awe )]
< A0+ A2 () - oo ),
B—A() Alf)—a
< |22y @)+ 22y ) - Ao ).
We consider the p-logarithmic mean of two positive numbers given by
a if b=a,
L, (a,b) = 1
bp+1 _ ap+1 ro
Frvo=ml et

and p € R\ {-1,0}.
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00), then

Corollary 4. If —co < ytP2 < ¢" (1) <#P2T' < o0, t € (o, B) C (0,
() = aB(p— 1) L3 (o, ) — A(f7)]

i p—1
(2.10) -1 [pr_1 (o, 8) A

B=AW) L AU -
< BT o)+ S Re(B) Ao f)

< ]ﬁ [PLE S (@.8) A(F) = 0B (p— 1) L2730 ) = A (7).

If —co<k<¢"(t) <K <oo,t€ (a,)

C (0,00), then by taking in (2.10)
p =2, we get

Q1) A @) Nl=E et m A —as-A ()]

< AW 0+ 2D (5) - 9o )
(ot A A() — s A ()]

[(f =) (B—=1)]-

,+) denotes the identric mean, i.e., we recall it

uw if v=u,
I (u,v):= )
(Z—:)“’“, v # u.

1
Corollary 5. If —co < st™2 < ¢" () <

<

| 3o X

Let T (-

t~ S<oof0rt6(o< B) C (0,00), then

(212) sfamnmr( ;)} 1

B—A(f) (f) —«
< 2 @)+ A2 5) g )

sl enlr ()] o1 2]

Vab is the geometric mean and L (

« if B=a,
L(a,pB) ::{

B—«a

Assume that G (o, §) =

a, B) is the logarithmic
mean, i.e., we recall it

s if B#a
Corollary 6. If —co < 6t~ < ¢" (t) <t71A < 0o fort € (o, B), then
G? (o, B)
(2.13) 5{A(f)ln[(a,ﬁ)— (o 5) +A(f)—A(flnf)]
< B-A) A(f) —a

<P Pol+ S R0(B) ~ Ao )

calamree - FED v am - agmn).
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3. SOME PROPERTIES FOR FUNCTIONS OF TENSORIAL PRODUCTS
Recall the following property of the tensorial product
(3.1) (AC)® (BD)=(A® B)(C® D)

that holds for any A, B, C, D € B(H).
If we take C' = A and D = B, then we get

A’@ B?>=(A® B)*.
By induction and using (3.1) we derive that

(3.2) A" ® B" = (A® B)" for natural n > 0.
In particular
(3.3) A"®1=(A®1)" and 1® B" = (1® B)"
for all n > 0.

We also observe that, by (3.1), the operators A® 1 and 1 ® B are commutative
and

(3.4) (A1) (1®B)=(1®B)(A®1)=A® B.
Moreover, for two natural numbers m, n we have
(3.5) A1)"(1eB)"=1eB)"(Ae1)™ =A™ @ B"™.

By induction over m, we derive
(3.6) (AR A ®..0 Ap)" = AT @ AY ® ... @ A, for natural n > 0

m

and
(3.7) AlRA® .0 Anp
=(401l.1)(1RA4®.21).1”1®..0 A,)

and the m operators (41 ®1®..01),(1® 42®..Q01),.and (1®1®..® A,)
are commutative between them.

n
We define for A;, B, € B(H),i€{l,..,n}, @ B; :=B1 ®...Q By,
i=1

A=19.04;®..91,i=2,..,n—1,
and A A
Al =4R1®...1while A, =1%..011Q A,.

Basically A, is defined as a tensorial product of A4; in position i = 1, ...,n and with
1 in the other positions.
We need the following identity for the tensorial product, see also [9]:

Lemma 1. Assume A;, i € {1,...,m} are selfadjoint operators with Sp (A;) C I,
i € {1,....,m} and with the spectral resolutions

I

Let f;, i € {1,...,m} be continuous on I; and ¢ continuous on an interval K that
contains the product of the intervals f (I)...f (Im) , then

(5:5) w<®fz«<z> = (Hfu>dEt1>® A ().
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We also have
(3.9) o (£ () = (A))
foralli=1,....m

Proof. By Stone-Weierstrass theorem, any continuous function can be approxi-
mated by a sequence of polynomials, therefore it suffices to prove the equality
for the power function ¢ (t) = t" with n any natural number.

Then, by (1.1) and (3.6) we obtain

/1/ (1 (t1) oo fm (t)]" dE (£1) @ ... ® dE (L)

:/1 . [f1 )] o [ (t)]" dE (t1) @ ... ® dE (t,,)
=[f (A" @ .. ® [fm (Am)]" = [f1 (A1) ® ... @ fin (Am)]"

which shows that the identity (3.6) is valid for the power function.
This proves the identity (3.8)
By taking f; =1 for j =1,...,m and j # i in (3.8) we get

(p(1®...®fi(Ai)®...®1>:/I /1 o (fi () dE (t1) ® ... ® dE (L)
=1®®(p(f1(141))®®1,

which proves (3.9). O

Corollary 7. Assume A;, i € {1,...,m} are selfadjoint operators with Sp (4;) C I;
and f;, i € {1,...,m} are continuous and positive on I;, then

(3.10) In <® fi (Ai)> = Zlﬂ (£ (A))
Also
(3.11) In (£ (A7) = (£ (A:))

foralli=1,....m

Proof. Assume that
A= / LAE (&)
I

are the spectral resolutions for A4;, i =1,...,m.
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We have for ¢ (u) =Inwu, u > 0, in (3.8) that
In(f1(A)®...® frm (Ap))
/ In(f1 (1) oo fon (b)) dE (1) ® ... @ dE (t1,)
I

m

Il
—

/ Mnfi (t1) + .. +Info, ()] dE (1) @ ... @ dE (tyn)

f-).
:/h /1 I fy (81) dE (1) © ... @ dE () + ..

+
—

/ I fon (b)) dE (1) © ... © dE (t1)
1 I,

=(nfi(41)1® .01+ ..4+1R..01x (In f, (4n))
and the identity (3.10) is proved.

Corollary 8. Assume A;, i € {1,...,m} are selfadjoint operators with Sp (
and f;, i € {1,...,m} are continuous on I;, then forr >0

(3.12) Q) fi (4] = QIfi (Al
and
(3.13) £ (A = If (A

foralli=1,....m
Proof. From (3.8) we have for the function ¢ (t) = [t|" that
|f1 (Al) ®... fm (Am)r

:/1 / 1 (1) oo fo (E) 7 AE (81) @ ... @ dE (£)

/] / |f1 tl --|fm (tm)r dE(t1)®®dE(tm)

|f1 A1| & .. ®|fm( m)|ra

which proves (3.12).
The identity (3.13) follows in a similar way.

O

Al) cC I;

O

Corollary 9. Assume A;, i € {1,...,m} are positive operators and q; > 0, i €

{1,...,m}, then

(3.14) ¢<(§)Agi> /I / (Ht‘h)dE(tl)@ @ dE (t,).

We also have the additive result [9]:

Lemma 2. Assume A;, i € {1,...,m} are selfadjoint operators with Sp (
i €{1,...,m} and with the spectral resolutions

A; = / t;dF (ti), 1€ {1, ,m} .

I;

Al) C IZ',
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Let g;, i € {1,...,m} be continuous on I; and ¢ continuous on an interval K that
contains the sum of the intervals g (I1) + ... + g (Im) , then

(3.15) ¥ (;gz (Az)> = /I1 ~~-/m1/) (Zgz i ) dE (1) ® ... @ dE (tm) -

Proof. Let f;, continuous, positive and such that g; (¢;) = Inf; (&), t; € I;, @ €
{1,...,m}. Then

Zgi (t:) = Zlnfi (t;)) =In (H i (ti)> .

By (3.8) we get for ¢ = ¢ o ln that

/1/1 1&(25}1 i)dE (t1) @ ... ® dE (tm)

:/I /I W <ln (Hfi (ti)>>dE(t1)®...®dE(tm)
1 m i=1

:/I /I (1 o In) (Hf (t,;)) dE (t1) @ ... @ dE (t,)

oon(rin) o n)

By (3.10) we also have

(@5 40) - X TR - ey
i=1
and the identity (3.15) is obtained. O

Corollary 10. Assume that A;, i € {1,....,m} and g;, i € {1,....,m} are as in
Lemma 2 and r > 0, then
L.

> gi(A)] =
i=1

Also, if we take 1) = exp, then we get

(3.16)

Zgz i

i=1

dE (t1) @ ... ® dE (t,) .

m

(3.17)  exp (ZgﬁA\i)> :/1 /1 exp (Zgz i>dE (t) ® ... @ dE (tm)
®eXp 9 (4i)

The case of convex combination is as follows:

Corollary 11. Assume A;, i € {1,...,m} are selfadjoint operators with Sp (A;) C I,
i € {1,...,m} and with the spectral resolutions

A= /tidE (t:), i€ {1,.,m}.
I
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If p; > 0 with Z?:l p; = 1, and ¢ continuous on I, then

(3.18) 0 (Zp@) = /I/Izp (Zpﬂfz) dE (t1) ® ... ® dE (t,) .

Follows by (3.4) for g; (t;) = piti, i € {1,...,m}.

4. MAIN RESULTS

Our first main result is as follows:

Theorem 5. Let ¢ : I C R — R be a twice differentiable convex function on I If
¢ : I — R is twice differentiable and my" (t) < ¢ (t) < My (t), t € I, for some
constants m < M, A;, i € {1,...,n} are selfadjoint operators with Sp (A;) C I,
i€{l,...,n} andw; > 0,1 € {1,...,n} with >\, w; =1, then

o[ ()] (9
el (525)]

Proof. If we write (3.2) for the weighted dicrete sum, then we get

3

(42) [Z wih (¢ (Z wit )] < Zw (ti) — o <2 m)

rffn (o)

forallt; e I,ie{l,..,n}.
Assume that we have the spectral resolutions

I

Now, if we take the integral [, ... [; over dE (t1) ®...QdE (t,) in (4.2), then we get

(4.3) m [Zwi/l.../lzp(ti)dE(tl)®...®dE(tn)

//w(ZwH> (t) ® ... ® dE (t,)
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S;wZ/I/qu)(tl)dE(tl)(g)®dE(tn)

—/I.../I¢ (i%h) dE (1) ® ... ® dE (tn)

Zwi/l.../lv,b(ti)dE(tl)®...®dE(tn)

_/I_../Izb (gwt> dE (1) ® ... © dE (t,) | .

<M

Since, by (1.1)

/ /1/) (t)dE (t1) @ ... ® dE (t)
I I

I

by (3.18)
//q/} (Z wm) dE (1) ® ... @ dE (t,) = ¥ (Zw@>
rJI i=1 i=1
and the similar equalities for the function ¢, then by (4.3) we get (4.1). d

Corollary 12. If ¢: I C (
rtr=2,tel, pe(—o0,0)U

v oo (vux)
(4.4) Y [Z_;wA (Z_; ZAZ> 1
< szﬂA\z) - ¢ (Z wz:‘;)
<L Zn:w,;}?_ iw;{ ’
“p-1) &= \& ) |

If v < ¢" (t) <T, t e, then from (4.4) for p = 2 we get

0,00) — R is twice differentiable and vtP=2 < ¢" (t) <
(1,00), then

n n 2 n n
(4.5) % Zwﬂi\? — (ZW&) < ZwlcﬂA\i) - ( wJQ)
i=1 i=1 i=1 i=1
n - n 2
< g > wiA? - (Zw@)
1=1 =1
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If yt=3 < ¢ (t) <Tt 3, t € I, then for p= —1 in (4.4) we get
" - m -1
(4.6) % ;wiAi_l — (; wiAi> < Zwltb (Z w; Z)
n n —1
=1 =1

Corollary 13. If ¢ : I C (0,00) — R is twice differentiable and st=2 < ¢" () <
St=2 fort € I then

<D wi $ (A7)~ ¢ (_Z wX>
In (i w“&\z> —1In (é A;”)
i=1 i=1

Corollary 14. If ¢ : I C (0,00) — R is twice differentiable and 5t=* < ¢" (t) <
t7IA fort e I then

(4.8) [Z wAIn (A;) Zn:sz In (sz )]
e (50)
<M[szA1n ) ZwlA In (Zw )]

i=1

Corollary 15. If ¢ : I — R is twice differentiable and expt < ¢ (t) < Oexpt,
t € 1, for some constants 6 < O, A;, i € {1,...,n} are selfadjoint operators with
Sp(4;)) cI,ie{l,..,n} and w; >0, i€ {1,....,n} with Y ;" w; =1, then

(4.9) [Zw exp (A ®exp w;A;)
Tom-
Zw eXp ®exp w;A;)

<0

We also have:

Theorem 6. Let ¢ : [o, f] C R — R be a twice differentiable convex function on
(a,B). If ¢ : [o, f] — R is twice differentiable and my" (t) < ¢" (t) < My" (t),
€ (a,B), Ai, i € {1,...,n} are selfadjoint operators with Sp (4;) C [, 8], i €
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{1,..,n} and w; >0, i € {1,...,n} with >, w; =1, then

@10 m [w (o) ST R () R i o
- éwi@)l
<W®B%%”W%+¢wﬂlzﬁ —ij
<M ldf () 2 %Z‘lawlA’ +¢(B) Zi—lﬂwjﬁ -
- an wﬂﬁA\i)]
Proof. 1f we Wr;t_el (2.9) for the weighted dicrete sum, then we get
a [P B0 - ]
< Eo B ity o) Bt Z wid (¢
SMV_%3WW@+ZEft wa]

forallt; e I,ie{l,..,n}.
Assume that we have the spectral resolutions

I

Now, if we take the integral [; ... [, over dE (t1) ® ... ® dE (t,) in (4.11), then we
get

B fpo [0 witidE (1) ® ... ® dE (L)
m |4 (@) T
4 (B) Z?:l f[ f] ZZ;l wit;dE (t1) @ ...  dE (t,,) — «

08—«
—/I.../Iiwi’l/)(ti)dE(tl)®...®dE(tn)
i=1

B— [ [} 30 witidE () ® ... ® dE (L)

< ¢ (a) —
L 6(5) fl...flzi_lwitidlg(f1;®...®dE(tn)—a

/ /ZwZ )dE (1) ® ... ® dE (ty,)
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<M{ﬂf] S 1w;t_di(tl)® @ dE (t, )1/1(a)
Z?:l f] f] E?:l witﬁidEo(étl) ® .. ®dE (tn) — 041/} (B)

which, as in the proof of Theorem 5 gives (4.10). (]

Corollary 16. If —c0 < k < ¢" (t) < K < o0, t € (a, 8) C (0,00), then

o Zw“AZ]

)6 %z 1 W; z+¢(ﬂ)w sz

s ey ],

By employing the inequalities from Corollaries 4, 5 and 6 for the weighted sum
one can derive other similar inequalities. The details are omitted.
We observe that the inequality (4.12) is equivalent to

wi (& - a) (8- &)

B—>i w;A; > w;A;
e e DI

3 2w (R-0) (5-K).

i=1

(4.12) 5[25 Xllwf +_2211m
o (

IN

IN

(4.13) g

M=

Il
—

3

IN
-

IN

5. SOME EXAMPLES
Consider the function ¢ (t) = t*, p € (—00,0) U1,

o0). We observe that ¢ (t) =
p(p—1)t*P~2, ¢t > 0. For 0 < m < M, put

MP=2ifp> 2
By =p(p—1) X

mP~2 if (—o0,0) U[1,2)
and
mP~2ifp>2
bm,M,p =D (p - 1) X
MP=2if (—00,0) U[L,2).
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If Sp(4;) C [m,M] C (0,00), 7 € {1,...,n} and w; > 0, ¢ € {1,...,n} with
>or w; =1, then by (4.5)

n n 2
(5.1) %bm,Mvp 3 wA? - (Zm&)
i=1 1=1
n p n 2
§ Zwl@ - <Z W; z) § 5 m ,M,p szAz <Z wz&) )
i=1 1=1

i=1

while from (4.13) we get

1 - —~ —~
(5.2) sbmary > wi (Ai—m) (M - &)
i=1
M =" wA, S wiA; —m o~
< = iy i=1 Witdg p AD
S e m +—M—m M Zw,Al

=1

For p = —1, we get

n n 2 n — n
(53) M_3 Zwl:&\f — (Z ’wl&) S szAZ_l — (Z wi&?)
i=1 i=1 i=1 i=1

-1

n n 2
i=1 i=1
and
(5.4) M3 Zwi (A\Z - m) (M - A\l)
i=1
< 71M_Z?:1wi i LM 1Ez 1w1 i —m _Zwl

mn M—m
SmiSZwi (:‘:i—m) (M—:&:)
i=1

Consider the function ¢ (t) = —Int, t > 0. Then ¢" (t) = 5 € |15, 5] for
t € [m, M]. Then by (4.5) we get

n n 2 n n
(5.5) ﬁ Zwl.//x\f - (Z wij/X\Z) <lIn (Z wz.&;) - Zwilm)
i=1 i=1 i '
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while from (4.12)

1 < — —
(56) 2M2 i_zlwi (Az - m) (M - Az)
S wiA; —m S wiA,
<Zwlln In M == T —m Inm M:m

=1
< L% (K- m) (M- )
> B i i — A
2m =

Consider the function ¢ (t) = expt, t € R. Then ¢ (t) = expt € [expm, exp M|
for ¢ € [m, M]. From (4.5) we then get

. 2
(5.7) = eXp Z wZA2 (Z wJ&?)
i=1
< Xn:wi@ﬂi) —exp (271: wi&)
=1 i=1
N 2
% exp szA2 (Z wJQ) ,
i—1

while from (4.13) we get
(5.8) %exp (m) Z wy (E - m) (M - :&\l)

i=1

M= Y wiA, Ly w;
gexp(m)ﬂ+exp(M)ZZ:LwaZexp

< Lew 0w (K- m) (M-&).

6. INTEGRAL INEQUALITIES

Let 2 be a locally compact Hausdorff space endowed with a Radon measure pu.
A field (Ay),cq, of operators in B (H) is called a continuous field of operators if the
parametrization ¢t — A; is norm continuous on B (H). If, in addition, the norm
function ¢ — || A¢|| is Lebesgue integrable on €2, we can form the Bochner integral
Joy Aedpu (t), which is the unique operator in B (H) such that ¢ ([, Aedp(t)) =
Jo @ (A¢) dp (t) for every bounded linear functional ¢ on B (H) . Assume also that,
Jo ldu (t) = 1.

Ify<¢'(t)<T,te I, then from (4.5) for n = 2 we get for A, B with Sp (A),
Sp(B) C I and v € [0, 1] that

(6.1) 2[( VA2®1+0vl@ B2 — ((1—1/)A®1+V1®B)2}
<1-1)¢(A)@14+v1®¢(B)—¢(1-v)A®1+1v1® B)
g[( V)A?®1+vl@ B - ((1—V)A®1+1/1®B)2}.
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Observe that, since A ® 1 commutes with 1 ® B, then

(1-1)A?@1+v1@B>— (1-1v)A®1+v1® B)’
=(1-v)A’®1+v1® B>

— (1= A1) -2(1-v)r(A®1)(1® B)+*(1® B)?
=(1-)r(A®1)’+(1-v)r(1®B)?
—2(1-v)r(A®1)(1® B)

=(1-v)rv(A®1-1®B)?

and we get by (6.1) that
v 2
(6.2) 5( - V)rv(A®1-1® B)
<

1
1-v)p(A)®14+rv1i®¢(B)—¢((1—-v)A®1+rv1® B)

(1-v)v(A®1-1® B)’.

We have:

Proposition 1. Assume that ¢ is twice differentiable and v < ¢ (t) < T, t € 1.

Let (At),cq and (Bt),cqbe continuous fields of operators in B (H) with Sp (A),
Sp(By) C I, t e, then forv e [0,1],

(6.3) ;(l—l/)l/[</ﬂA§d/¢(t)>®l+l®(/QB?d,u(S))
2 [ audn)® [ Butu(s)]
g(1—y)/Q(/)(At)du(t)®1+1/1®/Q¢)(BS)
—/Q/Q(ﬁ((l—U)At®1+V1®Bs)du(t)du(s)
gg(ly)yMAfdu(t)@Hl@/QBgdﬂ(s)
—Q/QAtdu(t)é@ i Bsdu(S)}

Proof. From (6.2) we get

(6.4) %(171/)1/(Af®1+1®3§72At®BS)
<A1-v)¢p(A)®14+v1®¢(Bs) —d((1—v)A; @14+ 1v1® By)
Sg(l—y)y(Af®1+1®Bf—2At®BS)

for all ¢,s € Q.
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Fix s € Q. If we take the [, over dy (t) in (6.4), then we get

(6.5) Z(1-v)v ((/A%m >®1+1®BE—2/QAtdﬂ(t)®BS>

g(1_V>/Q¢<At)du(t>®1+u1®¢>(35>

l\'>~2

—/¢<<1—V>At®1+yl®38>du<t>
Q

2(1—1/ (/A2du )®1+1®B2—2/Atdu )®B>

for all s € €.
Further, if we take the [, over dyu(s) in (6.5), then we get the desired result
(6.3). O

We have the representation
XoY=U"(X®Y)U
where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
Corollary 17. With the assumptions of Proposition 1 we have the inequalities

(6.6) vy(1-v)v

[ (5 e i [

< [ 100040 +voB)ldu(t)01

—//Z/l*(b((l—I/)At®1+V1®Bs)Z/{du(t)du(s)
QJQ
<I'(l-v)v

x[L(AggB‘%)du(t)u—/Atdu /Bdu }

The proof follows by (6.3) by taking U* to the left and U to the right and
performing the required calculation.

Remark 1. If we consider the exponential function ¢ (u) = expu, then we get
exp((1-v)A;®1+4+vl® By)
=exp[(1—v)A; ®1]exp vl ® Bs]
— [(exp (1= ») 4) @ 1] (1@ exp (vB,)) = (exp (1 — v) Ay) @ exp (vB,).
Therefore
U exp((1-v)A®1+v1R® Bs)U
=U"[(exp (1 —v) A) ® exp (VBs)|U = (exp (1 — v) A¢) o exp (vBs)

and

/Q/Qu* exp (1= 1) A, @ 1+ v1 @ B.)Udy (£) dys (s)

:/ (exp (1 —v) Ay)dp (t) o/ exp (vBs) du (s) .
Q Q
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In this case the inequality (6.6) becomes
(6.7) (1-v)vexp(m)

[ (5o o ]

< [ 10 = v)exp (40) + vexp (B)] du(t) o
Q

- / (exp (1 — 1) Ap) du (£) o / exp (vBy) du (1)
Q Q
< (1— v)vexp (M)

y [/Q <A2;B2) yor- [ Ao /QBtdu(s)},

provided that Sp (A;), Sp(B;) C [m, M], t € Q.

Finally, if we take By = Ay, t € Q, then we get the simpler inequality

(6.8) (1—v)vexp(m)

X [/QAfdu(t)ol—/Atdu /Atdu ]

< /Q exp (A e (1) 01~ [ (exp (1 =) A da(®)o [ exp (v du )

Q
(1 -v)vexp (M)

{/AQdu ol—/Atdu /Atdu ]

provided that Sp (A;) C [m, M], t € Q.
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