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Abstract

Here we present a fractional calculus Caputo type for functions be-
tween Banach spaces. Left and right fractional derivatives are defined on
a segment of a Banach space, then we expand. We apply the above to
new Ostrowski and Griiss type inequalities at very abstract level.
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1 Introduction

The problem of estimating the difference of a value of a function from its average
is a top one. The answer to it are the Ostrowski type inequalities. Ostrowski
type inequalities are very useful among others in Numerical Analysis for ap-
proximating integrals. The problem of estimating the difference between the
average of a product of functions from the product of their averages is also a
very important one. The answer to it are the Griiss type inequalities. Griiss
type inequalities are very useful among others in Probability for estimating ex-
pected values, etc. There exists a huge literature on Ostrowski and Griiss type
inequalities to all possible directions. Mathematical community is very much
interested to these inequalities due to their applications. So here we derive
very general fractional Ostrowski and Griiss type inequalities on a very abstract
level. Our functions are between Banach spaces, and we develop first the related
abstract fractional calculus, which is based on a Banach space segment. Great
sources to support our goal are the books [1], [4].
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We are motivated by the following results:

Theorem 1 (1938. Ostrowski [3]) Let f : [a,b] — R be continuous on [a,b]
and differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b),

ice, If/152F == sup |f'(t)| < +oo. Then
te(a,b)

v war- NG i PR
i | e < |G ](b I, W

for any x € [a,b]. The constant % is the best possible.

Theorem 2 (1935, Griss [2]) Let f,g be integrable functions from [a,b] into
R, that satisfy the conditions

m< f(z) <M, n<g(r) <N, z€lab,

where m, M,n, N € R. Then

b b b
= f(x)g(x)dx—<bfa/a f(x)dx) (bfa/agwx)’ 2

(M —m)(N —n).

<

=

2 Fractionality between a pair of Banach spaces
We make

Remark 3 Throughout this article let (X, [|-||,) and (Y,||-||y) be Banach spaces.
Here X7 denotes the j-fold product space X x X x ... x X endowed with the
—_— —
j .
maz-norm ||z|| y; = max ||z|;, where x := (z1,...,x;) € X7.
1<A<) ‘
Let the space of Lj := L; (XJ, Y) of all j-multilinear continuous maps h :
X7 =Y, j=1,..,m, which is a Banach space with norm

h(x
Il =1l == sup k(@) —sup M@l
lall 5 =1) zally - [l

3)

Let M be a non-empty convex and compact set of X and xg € M is fized.

Let O be an open subset of X : M C O.

Let f : O — Y be a continuous function, whose Fréchet derivatives ([4], pp.
87-127) f9) . O — L; =1L; (Xj,Y) exist and are continuous for 1 < j < m,
m € N.



Call (z — z0)’ = (z — z0,..,x —x0) € X7, 2 € M.
We will work with f|a
Then, by Taylor’s formula ([4], p. 124) we get

— 1f9) (z0) m—mo)

+ Rm (IZ?, l‘o) ) (4)
7=0

for all x € M,
where the remainder R, (z, xo) 1s the Riemann integral

Ry (x,20) == /0 (1-w” ( (o +u(x — xo))) (x — x0)" du, (5)

where we set f© (zo) (z — xo) = f(xp).
We obtain

| (5 @o 4+ (= 20)) (& = 20)"|| <

|76 (o + u (@ = o)) 1 = ol
(6)
Above (f|m ) ,7=0,1,...,m, are norm bounded by continuity, and thus they
are integrable.
By Corollary 20.3, p. 125, of [4] we obtain

T — T
1Rzl € sup |7 |, Lol @
TEL(xo,71) m:
where
L(zp,z1):={Z|T=0x1 + (1 —0)zp, 0<O <1} (8)

is the line segment joining the points xo and x1 (notice that the last T = xo +
0 (1 — xg)).

Denote also L (xg,x1) = ToT1.

Here (- — xo) maps M into X7 and it is continuous, also f) (z¢) maps
X7 into Y and it is continuous. Hence their composition fO (z0) (- — o)’ is
continuous from M into Y.

Let us restrict f on the line segment Tox1. Then for

T(u)=ur1+(1—uw)axo=z0+u(xy—20), 0<u<1,
the abstract function
f )= f@(u) = f(2o+ u(x1—20))
will map [0,1] into an abstract arc in'Y, which starts at yo = f (xo) and ends

at y1 = f(x1).
By [4], p. 124, we have that

F® () = f®) (2 + u (1 — 20)) (21 — 20)", 9)
fork=1,2,...,m; u€[0,1].



‘We need

Definition 4 All as in Remark 3. We define the vector left Caputo-Fréchet
fractional derivative of order o >0, m = [a] ([-] ceiling of the number), by

D% (f (o 4 u (= 20))) 1= I~ (£ (o + u (a1 = 20)) ) (a1 = 20)")

1 “ m—o— m m
= F(m—a)/o (u— )™ ! (f< ) (o + t (21 — xo))) (21 — zo)™ dt, (10)
all0<u<l,
defined via the vector left Riemann-Liouville fractional integral ([1], p. 2).

Then, we observe that
Jo D% (f (mo +u(z1 — 20))) = Jg Jg" ™ (f(m) (o + u (z1 — xo))) (1 — o)™ =

(by [1], p. 6)
g (f<m> (2o +u (z1 — 3:0))> (21 — 20)™ = (11)
L T amet (o) _ oy
T /O (u—1t) (f (o + t (1 xo))) (21 — z0)™ dt,
true for 0 < u < 1.
So, we have proved that

s ) 0T D (7 oy — ) e =
ﬁ /Ou (u—t)"" (f(’") (2o + t (21 — xo))) (1 —xo)™dt,  (12)

forall 0 <wu <1.
Consequently (by [1], p. 12) it holds the new left fractional-Fréchet Taylor
formula on ZoZ1:

Theorem 5 All as above. Then

= P () (21 — 20)"

[ (zo+u(xr —x0)) = Z o o
k=0 :
1 “ a1 e
I (a) /0 (=)' D2 f (w0 +1t (21 — 20)) dl, (13)

for all0 <u < 1.



In particular we notice that (the case of u = 1)

1 e .
1“(04)/0 (1 —w)™ " D% (f (w0 +w (z1 — 20))) dw = (14)

1 ' - m
(m—l)'/o (1—w)™ " (f(m) (xo +w (z1 — xo))) (1 — 20)" dw = Ry, (1, 0) ,
where Ry, (z1,%0) is as in (5).

So, we have the particular vector left hand side Caputo-Fréchet fractional
Taylor’s formula (u = 1).

Corollary 6 All as above. Then

) (20) (21 — @0)?
f(.’lﬁl): Z f ( 0)( O) + (15)

for all xg,z1 € M.
‘We make

Remark 7 We are again working on the segment Toxy, where xg,x1 € M,
0 <u <1 witht =%(u) = zo+u(z1—x0), and f(u) = f(@T(v)) =
f(xo+u(zy —2x0)), tce. f:[0,1] =Y.

When uw=0, f(0) = f(z0), and when u =1, f(1) = f (z1).

We have (by [1], pp. 121-122) the abstract Riemann integral:

Xy 1
/ f(@dz = / f(u) du. (16)
o 0
We also have that ([1], p. 122, and p. 124)

[ () = f' (xo +u(z1 — x0)) (21 — 20) ,

FE () = 5 (20 + u (21 — 20)) (21 — 20)", (17)

Let e > 0, such that [a] =m.
We consider the vector valued right hand side Riemann-Liouville fractional
integral ([1], p. 34),

1

JUf (u) = m

/ (] =)™ f (), (18)



and the vector valued right hand side Caputo fractional derivative of order a > 0
([1], p. 42), by

m 1
DEf ) i= (1) ) = s [ =™ ) ()
(19)
(we have that J& J?, f = J*TPf = J%,J2, f, when f € C ([0,1],Y) or a+ 3 >
1, see [1], p. 39).
We need right hand side Taylor’s fractional formula.

Theorem 8 ([1], p. 44, by Theorem 2.16) Let f € C™([0,1],Y), u € [0,1],
a>0, m=[al. Then

m—1

NSO e L [ etpe
u)—kZ:O x (u 1)+F(a)/u(‘] )Y DY_f(J)dJ. (20)

Equation (20) implies the vector right hand side corresponding fractional
Taylor’s formula:

Theorem 9 All as in Remarks 3, 7. Then

(k _ k
f(xo+ u(zy —x)) Z f (1) :c1 %0) (ufl)kJr (21)

I'(a)
all0 <u <,
where
DY_f(J) = Dy f(xo+J (21— m0)) = _CDT /1 (b= )" fm (8 de
- - L'(m—a)/,
(22)
- (_1)/1 (= )" F0 (o + t (21 = 30)) (1 — o)™ dt
T(m—a) /, 0 1 0 1 0 .
When u = 0 we obtain
Corollary 10 All as in Remarks 3, 7. Then
m—1 k
J®) (1) (21 — o)
fwo) =Y 1)}2!1 O (-nf 4+
k=0
1 1
i [ D o+ T @ a0 d (23)

for all xg,z1 € M.



Denote by

/%ml> f(z)de = /I‘: f(2) dx+/: f () dz, (24)

where xg,z*, 21 € M and x* not necessarily on the segment Tozy.

3 Main Results

3.1 About Ostrowski inequalities

We give

Theorem 11 Let f : X — Y and g : X — R be as in Remarks 3, 7. Let
xg,x*,x1 € M, x* not necessarily on the segment Toxi. We assume that

fE () =g®) () =0, k=1,...,m — 1.
Denote by

0.9 =2 [

(zox*x1)

f (@) g (@)de — f (") / (@) (25)

(zox*x71)

) [ fE

Then
0(f.9) (%)=
1

m {/01 [g (" +u(zy — x%)) /Ou (u — t)o‘_1 DS f (" +t(zy — ™)) dt
+f (" +u(z —2")) /Ou (u—t)*"" D$yg (x* +t(z1 — 2%)) dt} du—+

/01 [g (20 +u(@* — 20)) /ul (] —u)* ™ DY f (w0 + T (2" — o)) dT

1

+f(zo 4+ u(z” —xo))/

u

(J—w)* ' D¢ _g(zo + J (z* — z0)) dJ] du} . (26)

Proof. Here the function g : (X, ||-||;) — (R,|-|) has

D2 (g (w0 +u (w1 — 20))) = (27)
1“(%—01) /Ou (u—t)" " (g(m) (zo 4t (z1 — xo))) (21 — mo)™ dt,
and )
m—1 k
g0+ o —an)) = 30 LD LT
k=0 :



1 v a—1 o
F(a)/o (u—1)""" Dgg (xo+t(x1 — x0)) dt, (28)
forall 0 <u <1,
and
g (1) (21 — 20)"
g(xo-l—u(xl—xo)):zg ( 1)]({:'1 0) (u—l)k—&-
k=0 ’
1/1(J 1oL D2 g (20 + J (21 — o)) dJ (29)
F(a) 5 u 1-9 (%o T — Xo ’
0<u<l,
where
DY _g(zo+ J (71— x0)) = (30)

p((;l)a)/J (= )" g™ (3o + £ (21 — m0)) (w1 — w0)™ d.

Consider x* € M, not necessarily on the line segment Tozy.
We assumed that f*) (z*) = ¢ (2*) =0, k=1,...,m — 1.
We will work on the segments [zg, z*] and [z*, z1].

By Theorem 5 we have that (on [z*,21])

f@*+u(x —a%))— f(z) = /u (u— t)a_1 DS f (2 + ¢t (z1 — ™)) dt,

T (a) Jo
(31)
all0<u<1,
and
1 “ a—1
g@* +u(zy —x%))—g(a*) = m /0 (u—1) Dg (2 + ¢ (xy — ™)) dt,
(32)
all0 <u<1.
Also (by Theorem 9) we have that (on [zg,z*])
1
Flan+ @ —a)~f (@) = gy [ =0 DY f o+ T @ = w0)
’ (33)
and
1 ! 1
(oot ula —a0) =9 ") = g [ =0T D g e+ T @ =)
' (34)
all 0 <wu <1.

We would have (all 0 <u < 1)

g (@ +ulz—a) fa" +u(rr—a%) —g @ +u(z—2%) f(z7) = (35)



g@* +u(zy —a*
I'(a)

: /O“ (w—t)* 7" DS f (2" + t (21 — x¥)) dt,
and
f@ +u(zr—a%)g(@" +u(z —2) - f@ +u(@ —27))g(z") = (36)

fla* +u(x —a*)) [ o )
r(a)l /O(U—t) ' Dg (@ +t (w1 —a¥)) dt.

Furthermore we get:

g (o +u(@” —z0)) f (w0 +u (™ —x0)) — g (zo +u(e” —xo)) f (") = (37)

g (xo +u(z” — 20))
I ()

/ (J =) DO (30 4+ J (2" — 20)) d,
and
J(xo+u(x™ —20)) g (o +u(x" —w0)) — f (2o +u(z" —x0))g(z*) = (38)

f(xo 4+ u(z* —x))
I'(a)

1
/ (] —u)* 1 DY g (w0 + J (" — o)) dJ.

all 0 <wu <1.
Adding (35) and (36) we get

2f (@" +u(zr —2%)) g (2" +u(z1 —2%)) — g (2" +u(z1 —27)) f(27) —

f@E"+u(@ —2%))g(z") =

1 * * “ a—1 a * *
o Fu e ))/0 (=) DO F (0t (a1 —2"))dt (39)
+f (2" +u (2 —x*))/u(”—f)a 'D%g (a7 +t(my —a7)) dt|
0
and by adding (37) and (38) we get:
2f (zo +u(z* —x0)) g (w0 +u (" —20)) — g (xo +u(z” —x0)) f ()
—f (o +u(z” —z0))g(a") =

FLQ) [9 (o +u (2" — 930))/ (J—w)* ' DS f(wo+J(x" —x0))dJ  (40)

+f (o +u(z* — mo))/ (J—w)* ' DS g(zo + J (z* — x0)) dJ] ,

all 0 <wu<1.
Next we integrate (39) and (40) to obtain:

/ F2)g (@) de— f (@ )/ 2)dz — g / fla (41)



1

ol 1 9 o —a) [ - 07 DR e - 0 d

1@ e —a) [ =07 Dy e - o)) de]

/f dx—f(*)/zg 2)ds—g /f - @)

/0 [ (o +u (2" — o)) /u1 (J=w)* ' DY f (wo + J (2% — 20)) d]

and

S
I'(@)

1
+f(xo+u(z* — xo))/ (J—w)* ' D¢ _g(zo + J (z* — z0)) dJ} du.
Adding (41) and (42) we derive

0(f:9) («") =

’ ‘/<$0I*$1> f (x) I (x) o f (x*) /<910az*$1> I (x) o I (x*) \/<$0x*l1) f (x) dx

:r(la){/ol [g(x*+u(x1—x*))/0u(u—t)“lpjfo (& +t (21 — %)) dt

+f(:v*+U(w1—w*))/Ou(u— 0 Dig (2" +t (a1 — o >>dt} dut
1 1

/ [g<xo+u<x* —20) / (J =)™ D2 f (2o + J (& — 20)) dJ
0 [

+f (zo +u(z* — mo))/ (J — u)o‘_1 DY _g(xo+ J (¥ — xo))dJ] du} , (43)

proving the claim. m
We present the following general fractional Ostrowski type inequalities:

Theorem 12 All as in Theorem 11. Then
i)
10 (f,9) (@), < (44)

]' * * «a * *
{llg (™ +w (@1 = Dl e oy NP (& + £ @1 = 2 Dlllly o o1

I'(a+2)
HIL @ +u (e = 2)lally oo 0,0 P09 (27 + (21 = ) 0o 0.1y +

lg (o + (2" = 20)) oo,y NIDE- S @0 + 7 (&% = 20Dyl 0

S o+ " = 20))lally oy P50 (w0 + 7 (2 = 20)) | o}

10



ii) let « > 1, then
10 (f,9) (@), < (45)
1

Fa D U@+l = Do NP5 @ 412Dl oy

HIIF @+ (e = 27)ally o 0,17 1P50g (&7 +E (21 = "))y 1, 0.1y +

lg (20 +u (& = o))l oo [[[| DS f (w0 + 7 (&*

0) ||2|}J,L1<[o,11>
IS @o + (@ = 20)) Il o, | P59 @0 + T @ = 20D 1, oy |

L1, 1 1
m)letp,q>1.p+q—1,a>q,then

10(f,9) (@), <

Yl =

(46)

(pa=1)+1)7T(a) (a+1)

{lg (@ + (1 =Dl NP5 (5" + (@1 =Dl o
+ IS @ +ulzr = 2)loll 00 0,07 P09 (2" + 1 (21 = 2") ;. £, 017 +

lg (o +u (2" = 20))ll,y 0,017 | |1 DI f (20 + T (2" — 20) H2||J7Lq([071])

LS o + (2 = 20) 3l oy 1059 (o + T (@ = 20Dl 1 o }-
Proof. We have that

(26)
10(F,9) @), < S

/ [9 (" +u (21 —2")) /u (w=10)""" D f (@" +t (a1 —a®))dt  (47)
0 0

{

_|_

+f(x*+u(x1—w*))/0u(u— 0o Do%g (" + 1 (1 — 2" >>dt} 2

/01 [9 (zo 4 u (z* — x9)) /ul (J —w)* ' DY f (w0 + J (2" — o)) dJ

<
2
1

; {g (z* +u(z — 3:*))/0 (u—1)*"" DS f (a* +t(zq — x*))dt] du
(48)

+f(zo +u(z* — xo))/ (J —uw)* ' D¢ g(zo+ J (z* — x0)) dJ] du

rlco{

{ fu(e —o ))/Ou(u—t)a D% (" + t (a1 — 2 ))dt} du

2

[ (o + u (z” —wo))/ul (J—u)a_lDf‘f(wo—i—J(cr:*—mo))dJ} du

2

11



4 / 1 [f (20 +u (2" — 20)) / ()™ DY gm0 + T (2" — o)) dJ} du

)=

ot 1 o ulor =] [ (=0 D @ o1 =2t
w [ i a0 1D 7 o - 0] o
/01 [|9(xo +u(z* — 20))] /ul (J—u)*! DS f (2o + J (2" — xo))HQdJ] du

+/0 {Hf (w0 + u (2" — xo))Hz/u (] —w)* D _g (o + J (& — z0))] dJ] du}
(49)
=:(§).
i) We observe that
€<

1 ! * * ua a * *
m){ / 92" +u (e — )] = NP @+t @ = )l o, D

u
o —

1
+ [ =) D0 @+ o =) g

(1-

D5 £ o + 7 (2" — w0

du
(50)

O I

1
[ o+ utem —ao) Malls o

(1—u)?

+/0 1f (@0 +u (@ — o)l

1

Fa g3 U9 @+ u @ = Do D5 (& = 2Dl s o

(51)
IS @+ (o = 2 lally o 10509 (@ + £ (21— 2Ny oo o) +

lg (@0 + u (2" = 20D oe, o,y |[DE_F (w0 + 7 (@ =2, ], oy

+ 1 (o +u (= = 20)all, 0 0,17 [ DF-9 (20 + T (2" = 3?0))|\J,oo,[o,u} )

proving (i).
ii) Let a > 1, then

€ <

1 ! L
* ok a— Da * t X d
() {/0 lg (@ +u (21 —2"))[u |1 DG f (2 +t (21 — = ))Igllt,Ll([O,l])(;)

1
+/0 If @ +u(@r — 2"y u " 1D5g (@ + ¢ (@1 — ) 1, (o, dut

12



/ 9 (@0 +u (@ —20))| (1= w)* [ DFf (20 + T (& —20) ]l 1, 0.1y P

/ If (o +ul@® —20))ly (1 —w)*~" | D} _g (w0 + J (& >>||J,L1<[o,u>‘”‘}S
1

Farn) 6+ =Dl o 1105 (07 + =Dl o

(53)
+ S @ +u @ = 2) ol 00 0,07 P09 (27 + 1 (21 = 2") £, 017 +

lg (o + v (2" = 20))lly 0,011 [[[[ DT f (w0 + T (2" —

x ))H2HJ,L1([0,1])
+11ILF o+ u (& = 20) sl oo o |

|D_g (x0 + J (z* — 170))||J,L1 [0 1])}
proving (ii).

iii) Let p,g > 1: % é =1, > =. Then (by applying Holder’s inequality)
we obtain:
€<
Wit
lg (@* +u(zr — %) ————— [[IID%Sf (@" + 1 (z1 — 27)) [, du
/ (pa=1)+1)7 o

(54)
ozflJr%
/ If (@ +u<m1—x>>||2m

[ oo+ ) A= e g (5 — o)
: a1+ 1)}

| DSog (2" +t (21 x*)>||t,Lq([0,1]) du+

D=

)HQHJ,LQ([OJ]) du

* (liu)aile
+/O If (xo +u(z *Io))HzmHD _g(zo+J (a7 [FY [o1])d“}
< 1

(p(a—1)+ 1) T(a) (a+1)

{Hg (2" 4+ u(2 — x*))llu,oo,[o,l] D% f (" +t (21— 27)) |l . ([0,1))

+1F @+ (er = 2Dyl oy D9 (@ + 1 (21

=N r 01 T
lg (@0 +u (z* = 20))ll,y 00,017 | PF=

f (LEO + J (‘T* - xo))H2||J,Lq([O,1])
+If (zo +u (@™ - 370))”2”%00,[0 1) HD _g(wo+J (2 ||JL ([0,1] }

(55)
proving (iii). m

13



3.2 About Griiss inequalities
We make

Remark 13 (to Theorem 11) Let 0 < o < 1, i.e. m = 1, and assume that
x* € Tox1. Then, no initial conditions are needed, that is x* could be a variable
over Toxy.

We can write * = z¢ +u (21 — o),

0(f,9) (%) =0(f,9) (w0 +u(z1 —x0)), foruel0,1].

Therefore it holds

/“w,g)(x*)dx*: / 0(f.9) (w0 +u(ar — o)) du 2 (56)

o [ g @an) [ au— ([ fotut—zo)ydn) [ o) de
zo 0 0 o
—(/Olg(:vo—i-u(:ul—mo du)/ f@
2[/:7@) d:c(/ f dx)(/z g(a:)dx)].
That is 0 0

[ el [ s ([ srw) ([ 0]

(57)
Denote by
M (f,9) :=max{ swp _[lg(e" e = s Dprs 69
T*EToT1
sup_[I1f (& + 1 (21— 7yl o o
T*EToT1
sup g (zo +u (2" — x0))| u,00,[0,1] 7
T*EToT1
s 1 ot e = ao)lal, o <
x* Toxq
and
N (.9) :=max{ s [[1D%f (" + (o1 = e Dl 59)
T*EToT1

sup [|[D%g (" +t(z1 = 2"))l; c0,0,1) »

T*ETOT,

14



sup HHD(f,f (zo+J (2" — xo))HQHJ,OO,[o,l] )

T*EToT1

sup HDiﬂg (o + J (z* — xo))HJ,oo,[O,l]} < 0.

T*ETOT

By (57) we have that

‘/Ijlf(w)g(x)dx</:f(w)dl') (/:gwx)

:

2

! <3 [ GaEha o

0

[ ot @) ar

Zo

2

(44) 2M (f.9) N1 (f.9)
= I'a+2) ’

proving a general fractional Griiss type inequality with respect to supremum

norm.
Next, letp,q>1:%—|—%:1, with%<a§1.
Denote by
Na (f.9) = max{ s [[1D%f @+t @ = Doy (6D
T*ETOT]
Sup 1D%g (" +t (1 = ")y 1, 0.1 »
T*EToT1
e [[[DF-f (o + T (2" — 5”0))"2||J,Lq([0,1]) '
xT roIy

sup ||D_g (wo + J (2" — zo))IIJ,Lq([o,m} = oo

T*EToT1

We get now that

M:lf(fc)g(w)dw—(/:f(w)dw) (/_t:lgu)dx) E
I e et e

establishing a general fractional Griss type inequality with respect to Lq ([0, 1])

norm.

Since M is compact an interesting application is when xg, z; are endpoints

of its diameter.
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