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Abstract

Here we present a sequential fractional calculus Caputo type for func-
tions between Banach spaces. Left and right fractional derivatives are
defined on a segment of a Banach space, then we develop our theory. We
apply the above to new alternative Ostrowski and Griiss type inequalities
at very abstract level.
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1 Introduction

The problem of estimating the difference of a value of a function from its average
is a top one. The answer to it are the Ostrowski type inequalities. Ostrowski
type inequalities are very useful among others in Numerical Analysis for ap-
proximating integrals. The problem of estimating the difference between the
average of a product of functions from the product of their averages is also a
very important one. The answer to it are the Griiss type inequalities. Griiss
type inequalities are very useful among others in Probability for estimating ex-
pected values, etc. There exists a huge literature on Ostrowski and Griiss type
inequalities to all possible directions. Mathematical community is very much
interested to these inequalities due to their applications. So here we derive alter-
native very general fractional Ostrowski and Griiss type inequalities on a very
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abstract level. Our functions are between Banach spaces, and we develop first
the related abstract sequential fractional calculus, which is based on a Banach
space segment. Great sources to support our goal are the books [1], [4].

We are motivated by the following basic results:

Theorem 1 (1938. Ostrowski [3]) Let f : [a,b] — R be continuous on [a,b]
and differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b),
ice, If/152F == sup |f'(t)| < +oo. Then

¢

€(a,b)

b z_Lb2
o | fd-r@ i+((b))

<

1 b-a)lFI" M)

for any x € [a,b]. The constant i 18 the best possible.

Theorem 2 (1935, Griss [2]) Let f,g be integrable functions from [a,b] into
R, that satisfy the conditions

m<f(@) <M, n<g(@) <N, z€lab],

where m, M,n, N € R. Then

b b b
= f(x)g(z)dx<bia/a f<z>dx> (bia/ag<x>dz>| )

1
<1(M—m)(N—n).

2 Sequential Fractionality between a pair of Ba-
nach spaces

We make

Remark 3 Throughout this article let (X, ||-||;) and (Y, ||-||5) be Banach spaces.
Here X7 denotes the j-fold product space X x X x ... x X endowed with the
J
maz-norm ||z| y; = max llzally, where z := (z1,...,z;) € XI.
Let the space of Lj := L; (XﬂY) of all j-multilinear continuous maps h :
XJ) =Y, j=1,...,m, which is a Banach space with norm

12 ()|
1Bl = lIAll, == sup[[h(2)], = sup ” 2

]l 5 =1 zylly o gl

3)

Let M be a non-empty convex and compact set of X and xg € M is fized.



Let O be an open subset of X : M C O.

Let f : O =Y be a continuous function, whose Fréchet derivatives ([4], pp.
87-127) f9) 1 0 — L; =1L, (Xj,Y) exist and are continuous for 1 < j < m,
m € N.

Call (z — o)’ := (z — z0,...,® —x9) € X7, 2 € M.

We will work with |y and here we set £ (o) (z — x0)" = f (o) -

We obtain

| (7 @o +u (@ =) (@ = 20)™||, < || £ (@0 + u e = 20))|| 1 = woll "
4)

Above (f\M)(j), 7 =20,1,...,m, are norm bounded by continuity, and thus they
are integrable.
Here

L(zg,z1) :={Z|T=0x1 + (1 —0)x0, 0< 6 <1} (5)

is the line segment joining the points xo and x1 (notice that the last T = xg +
0 (1'1 — xo))

Denote also L (xg,x1) = ToTy.

Here (- — z0)’ maps M into X7 and it is continuous, also f) (zo) maps
X7 into Y and it is continuous. Hence their composition f9) (x0) (- — zo)’ is
continuous from M into Y.

Let us restrict f on the line segment Toxz1. Then for

T(uw)=ur1+(1—w)xo=z0+u(xs—x9), 0<u<l,
the abstract function
fu) =f(@w) = f(zo+u(z1—z0))
will map [0,1] into an abstract arc in'Y, which starts at yo = f (xo) and ends

at y1 = f (21).
By [4], p. 124, we have that

FE (u) = 5 (20 + u (21 — 20)) (21 — 20)", (6)
fork=1,2,....m; u€[0,1].
‘We need

Definition 4 All as in Remark 3. We define the vector left Caputo-Fréchet
fractional derivative of order o >0, m = [a] ([-] ceiling of the number), by

Dl (£ (o +u (@1 —20))) i= T~ (£ (w0 + @1 = 20))) (1 — 20)")

1 “ m—o— m m
= Fa @O (I ot ) o), ()

all0<u<l,
defined via the vector left Riemann-Liouville fractional integral ([1], p. 2).



In particular when 0 < a < 1 we have

D% (f (wo + u(z1 — w0))) =

u
T T @ ) @ @)
all 0 <wu <1.
If o € N, we set D f := (@) the ordinary Y-valued derivative, and also set
Diof = f.
We make

Remark 5 We are again working on the segment Toxy1, where xg,x1 € M,
0 <wu<1, withZT = T(u) := xp +u(xy—x0), and f(u) = f(T(u) =
f(xo+u(zy —x0)), ice. f:[0,1] =Y.

When u =0, f(0) = f(x9), and when u=1, f (1) = f(x1).

We have (by [1], pp. 121-122) the abstract Riemann integral:

x, 1
T)dT = du. 9
[ r@ar= [ i (©)
We also have that ([1], p. 122, and p. 124)
fH(w) = f (o +u (@1 — x0)) (21 — 20) ,
and
FE () = fP (20 + u (21 — 20)) (21 — 20)", (10)
k=1,2,....,m.
Let a > 0, such that [a] = m.

We consider the vector valued right hand side Riemann-Liouville fractional
integral ([1], p. 34),

1

JI_f (u) = m

/ (]~ f () d, (11)

We define the vector right Caputo-Fréchet fractional derivative of order «,
by
DY_f (zo +u(z1 —20)) =

F((T_nl)W;)A (t - u)mfafl f(m) (wo +t (z1 — o)) (71 — xo)m dt, (12)

all 0 <wu <1 (see also [1], p. 42-43).
In particular when 0 < a < 1 we have

DY (f (w0 + u (w1 — m0))) =



-1 1
1_‘(1_04)/ (t—u)" " f (xo+t(z1—20)) (T1 — 20) dt, (13)
all 0 <u <1.
We set D f = (=1)™ f™) for m € N, and DY_f = f.
Denote by
/< ) >f(:c)dz ::/ f(a:)der/*lf(a:)dz, (14)

where xg,z*,z1 € M and z* not necessarily on the line segment Toz7.
Denote the sequential Caputo-Bochner left and right fractional derivatives
(a>0)
D} .= D¢ Dg,..DY, (n-times), n € N (15)
and
Dp® := Dy Dy ..Dyf (n-times). (16)
For the detailed definitions of D¢, D see [1], pp. 128-129. In this article
we consider [a,b] = [0,1].
We mention the following left alternative fractional Taylor’s formula

Theorem 6 ([1], p. 129, Theorem 4.43) Let Y a Banach space and 0 < o < 1,
neN, feC(ab],Y).

For k = 1,....n, we assume that D*¢f € C'(|a,b],Y) and kazﬂ)af c
C ([a,b],Y). Then

n

o (D) (@) + a7

0 =Y Tt

m /aa: (2 — t)(nﬂ)aﬂ (D£Z+1)af) (1) dt,

V€ la,b.
We also mention the following right alternative fractional Taylor’s formula.

Theorem 7 ([1], p. 129, Theorem 4. 44) LetY a Banach space and 0 < a < 1,
neN, feC(a,b],Y). Fork =1,...,n, we assume that DF*f € C! ([a,b],Y)

and D{""V f € C ([a,b],Y). Then

Z b(z;il Dy f) (b) + (18)
b
m/x (t — x)(n-i—l)a—l (Dl()ri+1)af) (t) dt,

V€ la,b.



We give the corresponding left and right fractional alternative Taylor’s for-
mulae on the segment Toz7.

Theorem 8 LetY a Banach space and0 < o < 1,n €N, f (xo +u(x1 —x9)) €
¢t ([0,1],Y).

Fork =1,...,n, we assume that D8 f (zo + u (v1 — 0)) € C* ([0,1],Y) and
DTV f (o + (1 — o)) € C([0,1],Y). Then

(2o}

(o +uer—w0)) = 3 gy (DS (F (o -+ (e = 20) 0+ (19
=0

i+ 1)

; “ u— (n+1)a—1 (n4+1)a " ulz —
F((n+1)a)/0 (u=1) (D*O (f (zo +u (a1 0)))) (t) dt,

Vuel0,1].
Proof. By Theorem 6. m

Theorem 9 LetY a Banach space and0 < o < 1,n €N, f (xo +u(xy —x0)) €
c'([0,1],Y).

For k = 1,..,n, we assume that D¥® f (zo +u (z1 — z9)) € C1([0,1],Y)
and Dgiﬂ)af (xo +u(zy —x0)) € C([0,1],Y). Then

f(xo-i-u(xl—xo)):Zl%

(DI f (w0 +u (21 — 20))) (1) +  (20)

L
F'((n+1)a)
Y uel0l].

/1 (¢ — ) Dot (DYL-&-l)af (w0 +u (21 — xo))) (t) dt,

Proof. By Theorem 7. m

3 Main Results

3.1 About general alternative mixed fractional Ostrowski
type inequalities

We present

Theorem 10 Let X,Y be Banach spaces, 0 < a <1, n € N. Here xg,z%, 21 €
X and are not necessarily colinear; 0 < uw < 1. Let f : X — Y and g :
X — R such that f(z* +u(z1 —2*)) € C1([0,1],Y), g(z* +u(z; —2%)) €
C' ([0,1],R); fork =1, ...,n we assume that D¥§ f (z* +u (z1 — z¥)) € C1([0,1],Y)
and Digﬂ)af (z* +u (2 — %)) € C([0,1],Y), and DEsg (2 + u (xy — 2%)) €



C*([0,1],R), D%H)O‘g (z* +u(xy —2*)) € C([0,1],R). Furthermore we sup-
pose that f (xo +u (z* — m9)) € C1([0,1],Y), g (xo + u (z* —x0)) € C* ([0,1],R);
and for k = 1,...n we assume that DY f (zo +u (z* — x0)) € C'([0,1],Y)
and DYfrl)af (g +u (" — z0)) € C([0,1],Y), and D¥*g (o + u (z* — x9)) €
C*([0,1],R), DSV (zg + u (z* — 20)) € C (0,1],R).

Finally, we assume that D (f (x* +u (z1 — 2*))) (0) =0,
D (g (z* +u(zy —2%)))(0) =0, for alli = 1,...,n, along with
Di® (f (zo +u(z* —x0))) (1) = 0, Di® (g(zo +u(x* —z0))) (1) = 0, for all
1=1,..,n.

Then

K(fo)) =2 [

(xox*x1)

f<x>g<x>dx—f<w*>/ g () da

(xoz*T1)

* _ ].
ol )/WW He)de = o Ty ay

{ Uol {"" @ e =) [ =" (D oo - ff*g))? (1) di
21
He e ) /0 (=" (DI (g (2 4t (2 = 2))) (0 d’f} du} +

{/01 {g (2o +u(z* — x0)) /u1 (t —u) "Dt (D&i“)af (zo + 1t (z" — x()))) (t) dt

+f (xo +u(z” —330))/

u

(t — )t (Di’l*”“g (zo +1t (z* — mo))) (t) dt} du} } .

Proof. Along with f: X — Y we consider g : X — R with the same prop-
erties as f. We also we have the line segments zoz* and z*z1, with not neces-
sarily colinear zg,z*, 71 € M. Assume that D3 (f (z* + u (21 — 2*))) (0) = 0,
and D¢ (g (z* +u(x1 —2%)))(0)=0,i=1,..,n.

We apply Theorem 8.

Then (on z*x1)

fa@® +u(z —a7)) - f(a%) = (22)
1

v u— (n+1l)a—1 (n+1)a 2 o
eyl A (DG (7 @ + b — ) (1)
Yuel0,1].
And, similarly it holds
9@ +u(z —27)) —g(a") = (23)

; u " (n+1l)a—1 (n+1)a " 1 — 2t
F<<n+1>a>/o (w=1 (DS (9 @ + (@1 =) (W) dt,



Vuel0,1].

Assume also (on zz*) (DI (f (o —I— u (m —19)))) (1) =0,
D (g (w0 +u (2" — 20))) (1) =0, i =

We apply Theorem 9.

Then

,n.

flro+u(@® —ag)) — f(z¥) = (24)
1 ! n+1l)a—1 n+1l)a *
rGrTa , ¢ (P bt - ) @

Vuel01].
Similarly, it holds

g (@0 +u(e” —x0)) —g(a7) = (25)

1 ! n a— n a *
s ) 0 (P g o+ e —a0)) ()
Vuel0,1].

We have that

9@ +u(zy—a") f @ +u(z—a%) —g (@ +uz—a")) f(z") = (26)

g(@ +u(z —a%)) [ (nt+1)a—1 [ H(nt+l)a . .
C((n+1)a) /0 (u =)™ (D*0+ (f(@* +t(z—a )))) (t) dt,

Vuel0,1].
And, similarly, we get that

fa"+u(@ —a")g @ +ule—2") - fa" +ulz—27)g (") = (27)

fle*+u(z —a*) [ _ (ntl)a—1 (n+1)a o ot
T((n+1)a) /0(“ t) (D*o (g (@ +t(x: ))))(t)dt,

Vuel0,1].
Furthermore we have

o ' Da—1 n+1l)a
g(xlgz?:—(:cl)a) o))/ (t—u)(n+) (D§_+) f(xo+t(x*—z0))> (t) dt,

Yuel0,1].
And, next we have

fzo+u (™ —x0)) g (w0 +u (2™ —x0)) = f (20 +u (2™ — ) g (z") = (29)

fzo+u(@* —x0) [ (n1)a—1 [ H(nt1)a .
IE)‘((n—i-l)a)O /u(t_“) " (Dl—ﬂ g(wo+1t(x —wo))) (t) dt,

8



Vuel0,1].

Adding (26) and (27) we get

2f («" +u(zy —a7) g (2" +u ey —2")) —g (2" +u(er —a7)) f(27) -
1

f@E" tu(r —a%))g(a") = T(n+Da)

g(@* +u ey —2%) / (=" (DU (o (a4 — ) ()
(30)
+f (" +u (z1 — 27)) / (=) (DG (g (@ + £ (a1 — ) (1) dt} ,
Vuel0,1].
Adding (28) and (29) we obtain
29 (wo + (2" — m0)) f (w0 + u (2" — 20)) — g (z0 +u (2" — z9)) f ()

1

_f(x0+u(x*—$0))9($*):m

g (zo +u(a* = 20)) / (t = )" (DS (g 4+ (e — 30))) (1) e
' (31)
+1 (2o + u (2" — o)) / (t = )" (DD (g + £ (2 — 20))) (1) dt} ,

YV uel0,1].
Next we integrate (30) and (31) to obtain:

2 [t @) [Ca@de-g@) [ @)=

Ik [g (@ o =) [ =0 (DG (7 4 o z*))()) ;t) @
32
+f (" +u(zy — %)) /Ou (u—¢)FDet (Dig“)“ (g (x* +t(z1 — x*)))) (t) dt} du} ,

an

/ f@)g(x)de — f(x )/ x)de —g / f(x dx_Tl))

U { (w0 + u (2" — o)) /1 (w0 (DI (g 4 1 (2" — 20))) (1) d
i . (33)
+f (2o + u (z* — z0)) /u (t — )t (D§i+1>ag (zo +t (a7 — mo))) (t) dt} du} .

9



Adding (32) and (33) we derive

K (f,9) (") =
TG
{[Alpmﬁ+“uﬁ_$ﬂXAau—ﬂmH“”(D$+mquf+tu1—f»D(ﬂﬁ

(34)
+f (@* +u (@ —2%)) / (=) (DG (g (@ + (a1 — 7)) (1) dt} du+

[ otosuter—ea [ =0 (D o 4o = 00) ()0

1

+f (zo +u(z” — 960))/

(t _ u)(TH*l)Otfl (D§1i+1)0tg (330 +t (1'* _ 370))) (t) dt:| dU:| } ,
proving the claim. m

We present the following alternative general fractional Ostrowski type in-
equalities:

Theorem 11 Here all as in Theorem 10. Then

i
1

n+1)a+2)

{ng(z* (e =2 o [ D6 (F @ + @1 =2 @)

£,00,[0,1]

* * n+1)a * *
FF @ @r =Dl o [ PG 0@ 4 0@ =2 @),

lg (zo + u (z* — 960))||u,oo,[0,1] HHD§71+1)af (zo 4+t (x* — ) (t)H2Ht7oo7[0,l]

t,oo,[o,l]} ’

I o+ 0 (@ = 20Dl o) [P0 (0 + £ (2 = 20)) (1

(35)
it) if a > %ﬂ, we obtain
1K (f,9) (&), < :
9 2=T(n+Da+l)
* * (n+1)a * *
{ug(x Fuer =N | [ P57 G @ @ —amal |, o

10



HII "+ u (= 29)Ll, DG (g (2" + t (w1 —2)) (¢)

t,Ll([Ofl])
_ pirthe t(a" - t H
lg (o +u (@ = 20))ll,.00.f0.1) HH (F@o+ 2@ =20 D[, . o
_ (n+1)a * _
+||||f(:L‘0+U(1' xo))” Huoo 10.4] HD ( ($0+t($ «'EO))) (t) t,L1([O,1])} )
(36)

) g L1, 1. 1 ;
i) if p,g>1: iR =1, a> g we derive

1

1K (f,9) ()], < T ;
(p((r+1)a=1)+ 17T ((n+1)a) ((n+1)a+1)

DUV (0 ot (g — 2%)) (¢

“ule = |
{ug(x w(@1— 7)) oo W, o,

FIS @+ @ = 2Dl o, || P59 @+ (2 = 2%)) (1)

t,L4([0,1])

lg (o + u (2" = 20))lly,00.0,1] HHD(HH) f o+t (2" _$0)>(t)H2 t,Lq([0,1])

I o @ =20yl oo [P0 (o 4@~z @), }
(37)

Proof. We have that
K (f.9) (@), =

2 z)g(z)de — f(z* z)dx — g (z* f(z)dx
/(zoml>f()g() £ >/<xm>g<> o )/(Wm> (z)

2

@ m
if [ +u—ep [0 (057 1+ 00— ) @

(38)
+f (@ +u(zr —27)) / (=" (DG (g (2"t (@1~ 2"))) () dt} du]

0

+
2

[ oo ute —a [ - w0 (D o+ 007 ) (0

+f (2o + u (z* — z0)) /: (t — )Tt (Dgi““g (2o +t (& — xo))) (t) dt} du]

<t
T T((n+1Da)

J

11



[ o6 rute e [0 (DG - a) @]

{

+

2

+
2

/01 {f (¢ +u(z1 — 7)) /Ou (w= )" (DG (g (2" + ¢ (@1 = 2"))) () dt| du
(39)

/0 1 [g (20 + u(z" — zp)) / (et (DD o + ¢ (2" = w0)) ) (1) dt] du

/0 1 [f (2o + u (z* — o)) / 1 (t — u) Dt (DYi“)“ (g (o + (2" — xo)))) (t) dt: du

J

+

1
“T((n+1)a)

{/o1 {Ig(a;* +u(z; — %)) /Ou (u — )+

+A1 {Hf (@ +u (21 —2%)|, /Ou (u— p)rDat

/01 [|9(ato +u(z* — 20))] /u1 (t — ) rDa1

+/01 {Hf(onru(x* zo))2[ (t — )00

D (f o+t = 0) 0] |

DG (g (@ + (21 — 2))) (0) d’f} dut

DV (30 4t (2 — 20)) (t)H2 dt} du

DY (a0 + (0" — au) (0) at]

(40)
= (¥)
i) We observe that
1
< N,
(W) < F'((n+1)a)
u( n+la (n+1)
D (e + e =) 0|
{/ 9 +ule N oy [5G @ @ e @]
u(n+1) . .
/ If (z* +u(z) — 2" (n+ Ta D,y (g (™ +t(zy —2%)))(2) t,oo,[o,1]du+
(41)
: D -z 0|
/ lg (o +u(x n+1 H‘ (o +t(z* — x0)) 2llt 00 0.1 du
(1 u)(n+1) ‘ (n+1)a *
/ I (zo + u (z o)y mtDa Dy g (o +t (2" — 20)) (1) b 00,(0,1] du

1
STt Da+2)

{ng (0" + w @1 = 2D o) || P @ 4 @1 = 7)) ()

21lt,00,[0,1]

12



FIF @ ar =Dl o [ PG 0@+t @ —am @),

I o+ ("~ @)l o [[| P o " —aop 0 |

(42)

t,oo,[o,l]} ’

I o+ 0 (@ = 20Dl o) [P0 (0 + £ (2 = 20)) (8

proving (i).
ii) Let (n+1)a > 1 or @ > ——, then

n+1?
(w)<;
“I((n+1)a)
1
" wlz — z* u(n+1)a71 (n+1)a z* x —x* U
{ / 9 (8" +u (2 — o)) || @ vt ey |,
1
« o (n+1)a— (n+1)a * ok
+ / 1 @+ (= @)l u o DG (g (2 + 8 (0 w>>><t>Ht,L1qo,m
(43)
1
A T e [ T Yo B
0 t,L1([0,1])

du}
t,L1([0,1])

1
+ [ ot @ = ao)ly (1= ) DI (g oo+ £a" = 20)) (1)

1
“T((n+Datl)

{ng(x* Fuer =Nl |25 G @ @ —ama] |, o

S @+ w (@ =2 ) ally 00 0.1 HD%H)Q (9@" +t (2 —2)) (O], L1(10,1])
44

. _ pinte t(z* — tH
g (@o-+ (" = a0y poa [P ot 1@ =z @]

t,Ll([O,l])} ’
proving (ii).

iii) Let p,g > 1: 1%4—% =1, (n+1)a> % or o > m. Then (by applying
Holder’s inequality) we obtain:

I (o + 0 (@ = 20l oy | P27 (9 (20 + £ (2" = 20)) (1)

M e

1
u(TL+1)(X—1+5

{/0 lg (@™ +u(m —a7)) p((n+Da—1)+1)7

13




du

H” (D*(‘gﬂ)af (2" + 2 (21 - x*))> ®) £,Lq ([0,1])

2

(n+1)a—1+21
- - (45)

AT ety

[(D5 0% @ (@1~ 2)

1 (n+1)a—1+1
" 1—u p
1920 +u (@ — 20))| — =Y

®) Ht,Lq([o,u) dut

(p((n+1)a—1)+1)»

I (D8 o + £ = w0))) (0

211t,L4([0,1])

(1 - u)(ﬂﬂ*l)&*lﬂ*%

+A|M@w+uw**mﬂm

(p((n+1)a—1)+1)»

pimre t (2" — o) !
H( o g(mot+t(x IO)))U t,L4([0,1]) B
1

= 0
(p((n+1)a=-1)+ 1) T((n+1)a) (n+1)a+1)

{Ilg @ +uer =2 oo o || (P57 @ 4 11— 2)) (t)qut,quo,u)

I =Dl | (P50 e =) O+
sLiog )

* (n+1)a *
Iy (o + (@ = 20D e o [ (P27 o 2@t —zad) @,

t,Lq([o,u)} ’

I (o + 0 (@ = 20l oy | (D9 (0 + " = 20)) ) (1

(46)
proving (iii). m
We make
Remark 12 We notice that (0 < o < 1)
D% (f (2" +u(er —2*)) & (47)
T (11f a) /0“ (w—0)" " (f (2" +u(xr — ")) (x1 — ") dt,
and
D% (f (27 + u (@1 —2%)))ll; <
! ' 6" f (& * )., dt <
e L @0 @ e =) (@ o)l de <

14



11—

u * * *
m 1L (= + (e —2*)) (21 — )”2”75,00,[0,1] .

Clearly we have that
D% (f (" +u(zy —27))) (0) =0,
and, similarly, it holds
D5 (9 (2" +u (21 —27))) (0) = 0.

Next, we have (0 < o < 1)

DS (f (w0 + u (z* — x0))) &

_ 1
ﬁ/ (t—u) ™" f (o +u(z” — x0)) (z" — w0) dt,

and
| DS (f (w0 + u(z* — x0)))]|, <

1 1 o * *
F(l—a)/ (t =)~ If (w0 + u(a” = 20) (2" = o), dt <
o 1 o = 200 5 — 30l oy

Hence we get
DY (f (o +u (2" = 20))) (1) = 0,
and, similarly,
DY (g (zo +u (2™ —0))) (1) = 0.
The above (49), (50), (53), (54) are valid for any xo,x*, 1 € M.

(52)

(53)

(54)

Whenn =1, by Theorems 8 and 9, we obtain directly and without any initial

conditions the following (0 < o < 1)

" +u(ey —a7) = f (") =

# “ U — 2a-1 2a * wlz: — z*
o | 0T OB U6 o)) 0
and
g(@* +u(ry — %)) —g(x*) =
1 b 200—1 2a * *
T (2a) /O (u =)™ (D55 (9 (2" + u (@1 —27)))) (t) dt,
YV uel0,1].

Similarly, we derive that

flzo+u(z® —m)) — f(2%) =

15



1
T (;0&) / (t - u)2a—l (D%Ef (550 +u (x* - Io))) (t) dt,
and
9 (@0 +u (e —x0)) g (a*) = (56)
1 ! 2a—1
T (20) / (t—u) (D3%g (zo + u (z* — z9))) (t) dt,

Vuel0,1].
So Theorems 10, 11 are valid, without any initial conditions, when n = 1,
0<a<l.

3.2 About alternative general mixed fractional Griiss type
inequalities

We make

Remark 13 (to Theorem 10) Case of n = 1, 0 < a < 1, and from now on
x* € Tgx1. We have that

K(f,g9)(z*)=K(f,9)(zo +u(x1 —x0)), for somewu € [0,1].

Furthermore, it holds

/0 K (f.9) (20 + u (21 — 20)) du = (57)

[ 1o (["rww) (["s@w)]

by (21) being valid for any x* € Toxy.

That is
A (f,gi w0, a1) = \/ f (@) g (x) da — (/ f<:c>dx) (/ g<x>dw)
xo xo xo 2
1/t 1 [t
3| [ K@ s <5 [ 70 @0t -zl b
0 2 0
(58)
We denote by
M(f,g) = maX{ e lg (" +u(z1—2%)y 00,01 -
Sup IS (" 4w @ —2")all, 0000
T*EToT1
e lg (o + u (2" = 20)lly,00,0,1] > (59)

16



sup 17 (oo + 10" = o))l e | <

T*EToT1

and call

N (f.g) = ma{_sup 1% (70" + t o1 = 0 O] e

T*EToT1

sup || D% (g (2" + £ (21— ) (0], 0

T*ETOT1
sup || ||D%3f (1’0 +1 (5[;* _ xo)) (t)HQHt 50,0,1] °
T*ETOT TR
sup D3 a0 + 10" = 20) (O] 0| (60)
T*EToT1
assumed to be finite,
and call
Ny (f,g) = max{ sup _[[|D35 (f @+t (@1 =) Ol Il 1, 0.
T*ETox1 ’ ’
sw [P (9 @ 1= 2) Ol 1oy (61)
T Tox1
sup H Hng (f (mo +t (2" — 9))) (t)Hth Li([0,1])
T*CETox1 ’ ’
s (102 e+ = 50) O], 1, oy
x* oIy
assumed to be finite,
and call
Na(g.g) = ma{ s I35 21— 0D O], 0
T*EToT1 PTAN
sup ||D*Og * +t(x — 2" (t)||t7Lq([o71]) ,
T*ETOT1
2 PR ot =) Ol
. Selil;)xl ||D1 g xO +1 (fE - £L’0 (t)Ht,Lq([O,l])} (62)

assumed to be finite.

We present the following Griiss type inequalities:

17



Theorem 14 Following the assumptions of Theorem 10 forn=1,0< a <1
and T € Tox1; T, x*,x1 € M, but without any initial conditions. All the rest
as in Remark 13. Then

i

A : <
(f?gaw()axl) = F(2 (Oé+1)) ) (63)
i1) when a > %, we have
: <
A(f,g,x(),l'l) = F(20{—|—1) ) (64)
iii) when p,q > 1: % + % =l,a > 2%;. we have
9M (f,9) N5 (f,
A(f,g;w0,21) < (/,9) N (/) (65)

(p(2a—1)+1)7 T'(2a) (2a+ %)'

Proof. By Theorem 11, see also Remark 12. m
Since M is compact an interesting application can be when zg,xz; are the
endpoints of its diameter.
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