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Abstract

Here we describe multivariate quantitative approximations of Banach
space valued continuous multivariate functions on a box or RN, N € N,
by the multivariate normalized, quasi-interpolation, Kantorovich type and
quadrature type neural network operators. We treat also the case of ap-
proximation by iterated operators of the last four types, these correspond
to hidden multi-layer neural networks. The approximations are derived
by establishing multidimensional Jackson type inequalities involving the
multivariate modulus of continuity of the engaged function or its high
order partial derivatives. Our multivariate operators are defined by us-
ing a multidimensional density function induced by a parametrized error
function. The approximations are pointwise and uniform. The related
feed-forward neural network starts with one hidden layer.
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1 Introduction

The author in [2] and [3], see chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliaguet-Euvrard and ” Squashing” types,
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by employing the modulus of continuity of the engaged function or its high or-
der derivative, and producing very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators
"bell-shaped” and ”squashing” functions are assumed to be of compact sup-
port. Also in [3] he gives the Nth order asymptotic expansion for the error of
weak approximation of these two operators to a special natural class of smooth
functions, see chapters 4-5 there.

For this article the author is motivated by the article [14] of Z. Chen and F.
Cao, also by [4] - [12], [15], [16].

Let h be a general sigmoid function with & (0) = 0, and y = %1 the horizontal
asymptotes. Of course h is strictly increasing over R. Let the parameter 0 <
r < 1land z > 0. Then clearly —x < z and —z < —rz < rz < z, furthermore it
holds h (—z) < h(—rz) < h(rz) < h(z). Consequently the sigmoid y = h (rx)
has a graph inside the graph of y = h (z), of course with the same asymptotes
y = £1. Therefore h (rx) has derivatives (gradients) at more points z than
h (x) has different than zero or not as close to zero, thus killing less number of
neurons! And of course h (rz) is more distant from y = +1, than h (x) it is. A
highly desired fact in Neural Networks theory.

Different activation functions allow for different non-linearities which might
work better for solving a specific function. So the need to use neural networks
with various activation functions is vivid. Thus, performing neural network
approximations using different activation functions is not only necessary but
fully justified.

The author here performs multivariate parametrized error sigmoid function
based neural network approximations to continuous functions over boxes or over
the whole RV, N € N. Also he does iterated hidden multi layer neural network
approximation. All convergences here are with rates expressed via the multi-
variate modulus of continuity of the involved function or its high order partial
derivative and given by very tight multidimensional Jackson type inequalities.

The author here comes up with the ”right” precisely defined multivariate
normalized, quasi-interpolation neural network operators related to boxes or
R, as well as Kantorovich type and quadrature type related operators on RV.
Our boxes are not necessarily symmetric to the origin. In preparation to prove
our results we establish important properties of the basic multivariate density
function induced by a parametrized error sigmoid function and defining our
operators.

Feed-forward neural networks (FNNs) with one hidden layer, the starting
type of networks we deal with in this article, are mathematically expressed as

Nn(x):cho(<aj-m>+bj), zeR’, seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection



weights, ¢; € R are the coefficients, (a; - z) is the inner product of a; and z, and
o is the activation function of the network. In many fundamental network mod-
els, the activation function is an error sigmoid function. About approximation
theory see [1], and about neural networks read [17], [18], [19].

2 Basics

We consider here the parametrized (Gauss) error special function

fre= 2 /AZ “*dt, A>0,z€R (1)
erfAz = — e , , R ,
VT Jo

which is a sigmoidal type function and a strictly increasing function. It is acting
here as an activation function.

Of special interest in neural network theory is when 0 < A < 1, see 1.
Introduction.

It has the basic properties

erf(A0) =0, erf(—A\zx)=—erf(A\z),

erf (A(+00)) =1, erf(A(-00)) = —1,

and o)
(erf (A\x)) = ﬁef()‘m)z, z €R. (3)

We consider the function
X (z) = i(erf A@+1) —erf(A(z—-1)), z€R, (4)

and we notice that

X (~2) = 1 (erf (A2 + 1) = erf (A~ — 1)) =

L erf (A= 1) —erf (“A(w+ 1) =

(—erf Mz —1)) +erf(A(z+1))) =

] =

%(eff A(@+1)) —erf(A(z—1) =x(2). ()

Thus x is an even function.

Since x +1 > z — 1, then erf (A(x + 1)) > erf (A(z — 1)), and x (z) > 0,
all z € R.

We see

X (0) = ——. (6)



Let x > 0, we have that
X () =  ((erf A+ 1)) — (erf Oz~ 1)) =

1 2)\ 7)\2(CE+1)2 7)\2(CE71)2 _ A 1 1
iy7 (e - ) T o7 \ @) T a1 Q

A e)\z(:vfl)2 _ e)\Q(aHJ)2
2 e ) <%

proving X’ (z) < 0, for x > 0. That is x is strictly decreasing on [0, c0) and it is
strictly increasing on (—o0,0], and x’ (0) = 0.

Clearly, the xz-axis is the horizontal asymptote of .

Conclusion, y is a bell symmetric function with maximum

erfA

X (0) = ——.

Let h : R — [—1,1] be a general sigmoid function, such that it is strictly
increasing, h(0) = 0, h(—z) = —h(z), h(+o0) = 1, h(—o0) = —1. Also h
is strictly convex over (—oo,0] and strictly concave over [0, +00), with h(?) €
C (R), see [13].

So erfAx is a special case of h. Furthermore x (z) is a special case of the

following general function

1
(@)= (@ + 1) —h(@-1), ccR, (8)
see [13].
We have
Theorem 1 (/13]) It holds
Y Y@-i)=1, VzeR (9)
Thus
Corollary 2 It holds
Y x@-i)=1, VzeR (10)
We have
Theorem 3 ([15]) It holds
/ Y (x)de =1 (11)



Thus

Corollary 4 We have that

/ X () dz = 1. (12)
Hence x (z) is a density function on R.
We need

Theorem 5 ([15]) Let 0 < a < 1, and n € N with n'=* > 2. It holds

- 1—h(n'=*—-2
3 e — ) < & (”2 ). (13)
k= —o0
s na — k| > ntm
with .
o LP022)
n—-+oo 2
Thus we obtain
Corollary 6 Let0 < a <1, andn € N with n' = > 2, A > 0. It holds
> 1-— A(nt—e -2
Z X (nz — k) < ( erf( gn ))), (14)

k= —o0
s nx — k| > ntme

with

5 (1—erf()\(n1_“—2))) _0
oo 2 -

Denote by || the integral part and by [-] the ceiling of a number.
Furthermore we need

Theorem 7 ([13]) Let © € [a,b] CR and n € N so that [na] < |nb|. It holds

1 1
ZLan W (nz — k) < (1) YV x€la,b]. (15)

k=[na]

Therefore we derive

Corollary 8 Let x € [a,b] CR, A >0 and n € N so that [na] < [nb|. Then

1 1 4
Z,&ibrjmw x (nz — k) = x (1) erf(2)) (16)




Remark 9 As in [13], we have that

Lnb)
lim Z X (nz — k) # 1. (17)
k=[na]

Note 10 For large enough n we always obtain [na] < |nb|. Also a < % <b,
iff [na] <k < |nb|. Asin [13], we obtain that

Lnb]
Z X (nx —k) <1 (18)
k=[na]
We introduce
N
Z(x1,.,an) = Z (z) == Hx(xi), = (z1,..,zn) ERY, NeN. (19)
i=1
It has the properties:
(i) Z(x) >0, VzeRY,
(i)
oo (o) o o
Yo Z@—k)= > > > Z(wr—kye,ay —ky) =1, (20)
k=—c0 k1=—00 ko=—00 kn=—0c0

where k := (k1,....,k,) € ZN, ¥ 2 € RV,

hence
(i)
> Znz-k)=1, (21)
k=—o0
VzeRN:neN,
and
(iv)
/ Z (x)dz =1, (22)
RN
that is Z is a multivariate density function.
Here denote ||z||_ := max {|z1], ..., |zn|}, 2 € RV, also set 0o := (00, ..., 0),
—00 := (=00, ..., —00) upon the multivariate context, and

[na] := ([na1],..., [nan]),

[nb] := (|nb1], ..., [nbn]),

(23)

where a := (ay, ...,an), b := (b1,...,bn) .



We obviously see that

[nb] [nb] N
> 2= 3 (Txmi) -

k=[na] k=[na]

[nb1] [nbw | N [nb; ]
Z Z <Hx nx; — Z> H Z X (nx; — ki) | . (24)

ki=[na1] kn=[nan] i=1 \k;=[na;]

For 0 < < 1and n €N, a fixed 2 € RV, we have that

[nb] [nb]
Z Z (nx — k) + Z Z (nx — k). (25)

(T (i

In the last two sums the counting is over disjoint vector sets of k’s, because the
condition ||% — :UHoo > ﬁ implies that there exists at least one % — xr’ > %,
where r € {1,..., N}.

(v) As in [10], pp. 379-380, we derive that

[nb]

_ 1-5 _
3 Zng—k) 2 1 erﬂ(; 2), 0<f<1, (26)
{ k = [na]
12 -2l > F

with n € N:n'=% > 2z e [T, [as, bi] -
(vi) By Corollary 8 we get that

1 4 \"
0< < ( > , (27)
Z]Lcanm] (nz — k) erf (2)
Vaze (HZV:I [ai,bi]), n € N.

It is also clear that
(vii)

s 1—erfA (n'=P -2

Z Z(nx—k) < z (;L ) ; (28)

s 71,
Il > &

0<fB<l,neN:n"#>2 zecRV.



Furthermore it holds

[nb)
lim Y Z(nz—k)#1, (29)
k=[na]

for at least some = € (Hf\;l [a;, b7]) .

Here (X, ””'v> is a Banach space.

Let f e C (Hf\il (@, bs) 7X) , = (T1,...,ZN) € Hfil [ai,b;], n € N such
that [na;] < |nb;|,i=1,...,N.

We introduce and define the following multivariate linear normalized neural
network operator (z := (z1,...,ZN) € (vazl [@;, bz]))

Zlganna‘\ ( ) Z (nm - k)
An (f, 21, zn) = Ap (f,2) = ~ =
' N Z,E brjm] (nx — k)

[nby ] [nb2 ] [nbn | k k N
Zlm:l]'nal-\ Z162:2|'naﬂ ZkN N[naN'\ ( T T) (Hi:1 X (nxl - kl))
N nb;
Hi:l ( Ilél—[JnaJ X (Tll‘l - kl))

For large enough n € N we always obtain [na;] < |nb;], i = 1,...,N. Also
a; < & < by, iff [na;] < ki < [nbi),i=1,..,N.
When geC (Hl 1 lag, bl]) we define the companion operator

A (g0 s Shetn 9 (2) Z (e —B)
n\g, ) = ZLan (nm—]{:) :
k=[na]

Clearly gn is a positive linear operator. We have that

~ N
A, (L,z)=1, Vo e (H [ai,bi]> .

=1
Notice that Ay, (f) € C (Hl az, by ,X) and A, (g) € C (Hl . [al,b,]) .
Furthermore it holds

chnbemﬂ Hf( )H Z (nx — k) - i (”f” :E)

nb
Z,E Hntﬂ (nx — k)

[An (f; )]l < (32)

Yz e 1Y, [aibi].
N
Clearly | f[|, € C (Hi=1 [aiabi]) .



So, we have that
14n (£,2)], < An (111,2),

Vo eI, fabl, ¥ n e N,V f € C (TTL, laibi], X

Let ce X and g € C (Hi:l [a;, b ]) then ¢g € C (HZ 1 lai, by ,X) .

Furthermore it holds
An(Cg, )—CAn g,x), VZL‘EHU/“ i

Since A, (1) = 1, we get that
Ap(c)=¢, VceX.

We call ﬁn the companion operator of A,,.
For convinience we call

Lnb]

A (f, @) Zf() (ne — k) =

k=[na]

|nb1 ] b2 | [nbn | kl N N

ki=[nai] ko= [naz] kn=[nan]

Vae (Hﬁil [ai,bi]) .
That is

A% (f,)
An (fa LIL’) = 9
Z,E"bﬁm (nz — k)

Vaoe (Hl l[al,b]), neN.
Hence

Ao iy = - F (@) (S 2 (= )
7 ZI\;anna] (nx - k)

Consequently we derive

(27) 1 N Lnb]
l4nt0 - 1@, S (o) [0 1@ Y 20—
k=[na]

Vo€ (T, o))
We will estimate the right hand side of (39).
For the last and others we need

(34)

(38)



Definition 11 ([11], p. 274) Let M be a convex and compact subset of (RN, ||'||p),

p € [1,00], and (X, H||,y) be a Banach space. Let f € C(M,X). We define the
first modulus of continuity of f as

wi (f,6):= sup  [f(z)=F@I,, 0<d<diam(M). (40)
z,y €M :
z—yll, <6

If § > diam (M), then
w1 (f,9) = wi (f,diam (M)). (41)

Notice wy (f,0) is increasing in 6 > 0. For f € Cp (M, X) (continuous and
bounded functions) wy (f,d) is defined similarly.

Lemma 12 (/11], p. 274) We have w1 (f,0) = 0 asd | 0, iff f € C(M,X),

where M is a convex compact subset of (RN, H-||p), p € [1,00].

Clearly we have also: f € Cy (RN , X ) (uniformly continuous functions),
iff wy (f,0) — 0 as § | 0, where wy is defined similarly to (40). The space
Cp (RN , X ) denotes the continuous and bounded functions on RY.

When f € Cp (RN,X) we define,

B, (f,7) = By (fow1, csn) i= i f<fL)Z(nx_k) =

k=—o0
00

00 00 N
k1 ko kn
YOy .Y f(nnn [xte k), @2
k1=—00 ko=—0o0 kn=—c0 =1

ne€N,VazeRY, N eN, the multivariate quasi-interpolation neural network

operator.
Also for f € Cp (RY, X) we define the multivariate Kantorovich type neural
network operator

n

Co (f2) 1= Ch (fr21, 0 an) 1= Y <nN/ f(t)dt)Z(n:c—k:):

k

k=—o0 n

k141 ko+1 ky+1

i i i (nN/h"/kz"[ﬁN" f(tl,...,tN)dtl...dtN)

k1=—00 kpo=—00 kn=—o0 n o

. (H X (nz; — k1)> , (43)

i=1

10



neN, VaeRV.

Again for f € Cp (RN , X ) , N € N, we define the multivariate neural net-
work operator of quadrature type D, (f,z), n € N, as follows.

Let 0 = (0y,....,05) € NV, r = (ry,...,7n) € Zﬂ\_', Wy = Wry ry,..ry = 0, such

0 01 62 On
that > w, = Y. > o Y Wey g ey = 1; k€ ZYN and
r=0 r1=07r2=0 rny=0

Snk (f) := L S (f):

o k r
;Owrf (n + ng) =

58 S v (B )
T1,72,...TN n nela n 77/927.“7 n TL&N )

7‘1:0 7’2:0 TN:0

where 7 := (%, g—z, e %) .
We set
Dn (f,.’L‘) = Dn (f)mh-'-axN) = Z 57119 (f)Z(TLZC - k) = (45)

k=—o0

ST D bnkikankn () (Hx(nmi - k;i)> 7

k1=—00 ko=—00 kn=—o0

VzecRY,

In this article we study the approximation properties of A,,B,,C,, D,
neural network operators and as well of their iterates. That is, the quantitative
pointwise and uniform convergence of these operators to the unit operator I.

3 Multivariate general sigmoid Neural Network
Approximations

Here we present several vectorial neural network approximations to Banach
space valued functions given with rates.
We give

Theorem 13 Let f € C (Hivzl [ai, b; ,X) ,0<B8<1,A >0,z € (Hfil [ai,biD ,
N,n € N with n*=% > 2. Then
1)
[An (f, @) = f (@), <

(eﬁ?ﬂ))N [“’1 (f , nlﬂ> + (L= erfr (n'77 - 2)) HIfIIWHOJ — i (n), (46)

11



andg)
140 () =71, <2 ). (47)

. Il o .
We notice that lim A, (f) =" f, pointwise and uniformly.
n—oo

Above wq is with respect to p = 0o and the speed of convergnece is
max (T%ﬁ, (1 — erfA (nl_ﬁ — 2))) .

Proof. As similar to [12] is omitted. m
We continue with

Theorem 14 Let f € Cp (RN,X), 0<pB<1,A>0,zcRY NnecN with
n'=P > 2, wy is for p=oo. Then

1
1B (0= F @I, Sor (45 ) + (1= e (0 = D) 11| = da o),
(48)

)
180 () =111, <22 ). (49)

Given that [ € (CU (RN,X) NCp (RN,X)), we obtain lim B, (f) = f, uni-
formly. The speed of convergence above is max (%ﬂ, (1 — erfA (nl_B — 2))) .

Proof. As similar to [12] is omitted. m
We give

Theorem 15 Let f € Cp (RN,X), 0<B<1,A>0 2z€RY N,neN with
n'=P > 2, wy is for p=oco. Then

1
16 o) = £ @I, <o (£2 4 )40 = e (01 = 2) 1L | = 0.
(50)
2
liCa (=11, < 2s ). (51)

Given that f € (CU (RN,X) NCg (RN,X)) , we obtain lim C, (f) = f, uni-
formly.

Proof. As similar to [12] is omitted. m
We also present

12



Theorem 16 Let f € Cp (RN,X), 0<B<1,A>0,zeRY, NneN with
n' =8 > 2, wy is for p=oo. Then
1)
1 1 _
1D (f,2) = £ (@), < w1 (ﬁ =+ ng)+(1 —erp\ (07 = 2)) |I£11,]|_ =
(52)
2)
[1Dn ()= 11| < 2. (53)
Given that [ € (C'U (]RN,X) NCp (RN,X)) , we obtain lim D, (f) = f,

uniformly.

Proof. As similar to [12] is omitted. m
Let feC™ (Hl 1 lai, bl])7 m, N € N. Here f, denotes a partial derivative

of f, @ := (a1,...,an), a; € Z4, i =1,...,N, and |a| := z:fvlozz = [, where

l=0,1,...,m. We write also f, := g:a and we say it is of order [.
We denote
Wlf]?r); (fash) = arlg‘?xmwl (fash). (54)
Call also
I fallSm = max {lIfall o} (55)

|a|=m
|||, is the supremum norm.

In the next we discuss high order of approximation by using the smoothness

of f.
We give

Theorem 17 Let f € C™ (Hf\il [ai,bi]), 0<pB<1,nmNEeEN,n =P >2
A>0,z¢€ (vazl [a;, bz}) Then

)
An(fw)—f(x)—i |Z<HfNa> ([[ - ) ) < (50)
(erf?m)N{mﬁTw £ (o7 +
(B sy
i) N
Anth0) = £ = (g ) (57)

13



{é(&@iz%)l <ﬁ )
()] ¢ (55)

.\ <|ba|| 1 ferlloo,m ’") (1= erfr (' — 2))},

m!

iii)

40~ = (i) 58)

(5= () b <H w-ar)
<1 — erfA (;11—5 - 2))

. (Ib— all2; IL{?&H ) (1—erfx (n' =7 — 2))}>

i) assume fo (zg) =0, for all a: o] =1,...,m; xo € (Hf\il [ai,bi]), then

N m
A foao) = £ 0 < (g ) (et (fa )+ 69)
b~ a2 a2 N -
( - )(1—67’]‘)\(11 [3—2))},

notice in the last the extremely high rate of convergence at n=P(m+1),

Proof. As similar to [10], pp. 389-396, it is omitted. m
We make

Definition 18 Let f € Cp (RN,X), N € N, where (X, ||||ﬂ{> is a Banach

space. We define the general neural network operator

2)i= Y L (f)Z(nx—k) =

k=—o00
B (frz), ifla (f) = f (£ )
Con(f,z), if bk (f) = an ) dt, (60)

14



Clearly Ik, (f) is an X-valued bounded linear functional such that ||l (f)[, <
st

Hence F,, (f) is a bounded linear operator with H | E (f)||7H < H”f”'YH
We need ~ ~

Theorem 19 Let f € Cp (RN, X), N > 1. Then F, (f) € Cp (RY, X).

Proof. Very lengthy and as similar to [10], pp. 396-400, it is omitted. m

A
A, (f)eC(]Jy[[al, ]7X) gwenthatfeC(H[a“ Z],X)

i=1
Call L,, any of the operators A,, By, Cy, Dy,.

Clearly then

Nz2 | = 1w oo, | < iz < sty

etc.

Remark 20 By (30) it is obvious that H”A" (f) < H||fH7H < o0, and

o0

=z

—~

61)

Therefore we get
lizs ol <[] veen, (62

the contraction property.
Also we see that

ik )

N I[P 2

Ao s iz < 69

Here LE are bounded linear operators.

Notation 21 Here N € N, 0 < 8 < 1. Denote by

s \V
eN = (W) o U Ln = A, (64)
1, if L, = By, Cy, Dy,

ni sz =A,, By,
<p(n) o {TIL 7 Zf Ln - Cnana (65)
N .
Cp (RN7 ), if Ly, = Bpn, Cp, Dy,
and
N
y o= § Ml b i b= An (67)
N

’ Zan = BnacnvDrw

15



We give the condensed

Theorem 22 Let f€Q,0< <1, z€Y;n, NeN withn'=? >2, XA>0.
Then

(i)
1 (f.2) = @I, < e [0 (oo ) + (1= erfp (02 = 2)) 151, ]|_] = 7w,

i T
(68)
where wy 1s for p = oo,
and
(ii)
Jizn (= fIL|_ < 7(0) =0, asn— 0. (69)

For f uniformly continuous and in 2 we obtain

lim L, (f) = f,

n—oo

pointwise and uniformly.

Proof. By Theorems 13, 14, 15, 16. =
Next we do iterated neural network approximation (see also [9]).
We make

Remark 23 Letr € N and L,, as above. We observe that
Lof—f=Lof =Lyt )+ (L =Ly 2 ) +

(L 2f =Ly 2 ) 4 o+ (Lo f = Luf) + (Lnf = f).
Then

[1zss = 0, < izr =2l |+ ety - 2o |+

lzs2s = i1l

e s = Lt 1as - 11,

oo

lzet @t = L]+ (|26 @t = DIL||+[|1267° Eat = DIL|

oot 120 (Enf = D[+ [10f = 21| < ofiEns =21, o)
That is

lzes = a1 <o fizas - 11, (71)

3

We give

16



Theorem 24 All here as in Theorem 22 and r € N, 7(n) as in (68). Then

lizns =11, <. (72)

So that the speed of convergence to the unit operator of L, is not worse than of
L,.

Proof. By (71) and (68). m
We make

Remark 25 Let mq,....m, E N:my <my < ... <m,, 0< <1, feq.
Then ¢ (m1) > @ (m2) > ... > @ (m,.), ¢ as in (65).
Therefore

wi (¢ (m1)) = wi (frp(m2)) = .. = wi (9 (mr)) - (73)

Assume further that my P > 2,i=1,...,7. Then

i

. 1-8 . 1-8 _
1—erfA (72711 2) . 1—erfA (;n2 2) - 1 — erfA (;nv{ B _ 2)

Let L,,, as above, i =1,...;r, all of the same kind.
We write

Lin, (L, s (wLiny (Lony f))) = f =
Lun, (L, (-Lny (Liny ))) = Lin, (Ln,—y (Lo f)) +
L, (L., («.Liny £)) = L, (L, (o.Ling f)) +
Lony (Liny s (oo Lins 1)) = Liny. (Lo, (oo Loy ) + oot (75)
L, (Liny o f) = Lo, f + Lon f — f =
Lo, (L, (.Liny)) (L f = £) 4 Liny, (Linyy (- Liny)) (Ling f — f) +
Lo, (Linyy (Liny)) (Ling f = f) + o 4+ Lon,. (Liny o f — f) + Lin, f — f-

Hence by the triangle inequality property of H””“’H we get
HL’mw (Lmr—l (Lmz (Lm1f))) - fH’Y S

[ L (Lo (oLnz)) (L f = D]+

| Lim, (Lm,_y (-o-Ling)) (Lo f — f)HW +

17
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|1z s =)

(repeatedly applying (61))

< W2t = £+ |12maf = 71|+ [12maf = 21+

[Zast = A1+ 1t = 11 = St =11 70)
=1

That is, we proved

l12m, (L, B (L, £) = 111 | <ZHHLmif -

We give

Theorem 26 Let f € Q; N, my,mg,....m, E N:m; <mg < ... <m,, 0<
B<Lim ™ >2i=1,..rzeV, andlet (Ly,,...,Lm,) as (Apm,,..; Am,)
or (Bmys ey Bm,) or (Cryy ooty Crn) 07 (Dinyy ooy D), p = 00. Then

HLm,‘ (LmPl (o 7n2( m1f)))( ) — f(x)H <

v =

[z, Es oo (o ) = £1 ] <

] [N
cN zT: [Wl (fip(mi)) + (1 —erf (m;_ﬂ - 2)) ‘

i=1

}g
R o0

ren [wi (£ (m) + (1= e (mi ™ =2) ) |IsL,)| ] @®)

Clearly, we notice that the speed of convergence to the unit operator of the mul-
tiply iterated operator is not worse than the speed of L, .

Proof. Using (77), (73), (74) and (68), (69). =

References

[1] G.A. Anastassiou, Moments in Probability and Approximation Theory, Pit-
man Research Notes in Math., Vol. 287, Longman Sci. & Tech., Harlow,
U.K., 1993.

[2] G.A. Anastassiou, Rate of convergence of some neural network operators
to the unit-univariate case, J. Math. Anal. Appli. 212 (1997), 237-262.

18



3]

[4]

G.A. Anastassiou, Quantitative Approzimations, Chapman&Hall/CRC,
Boca Raton, New York, 2001.

G.A. Anastassiou, Inteligent Systems: Approximation by Artificial Neural
Networks, Intelligent Systems Reference Library, Vol. 19, Springer, Heidel-
berg, 2011.

G.A. Anastassiou, Univariate hyperbolic tangent neural network approxi-
mation, Mathematics and Computer Modelling, 53(2011), 1111-1132.

G.A. Anastassiou, Multivariate hyperbolic tangent neural network approxi-
mation, Computers and Mathematics 61(2011), 809-821.

G.A. Anastassiou, Multivariate sigmoidal neural network approximation,
Neural Networks 24(2011), 378-386.

G.A. Anastassiou, Univariate sigmoidal neural network approrimation, J.
of Computational Analysis and Applications, Vol. 14, No. 4, 2012, 659-690.

G.A. Anastassiou, Approzimation by neural networks iterates, Advances in
Applied Mathematics and Approximation Theory, pp. 1-20, Springer Pro-
ceedings in Math. & Stat., Springer, New York, 2013, Eds. G. Anastassiou,
O. Duman.

G.A. Anastassiou, Intelligent Systems II: Complete Approximation by
Neural Network Operators, Springer, Heidelberg, New York, 2016.

G.A. Anastassiou, Intelligent Computations: Abstract Fractional Calculus,
Inequalities, Approximations, Springer, Heidelberg, New York, 2018.

G.A. Anastassiou, General Multivariate arctangent function activated
neural network approximations, J. Numer. Anal. Approx Theory, 51(1)
(2022), 37-66.

G.A. Anastassiou, General sigmoid based Banach space valued neural net-
work approzimation, J. Computational Analysis and Applications, 31 (4)
(2023), 520-534.

Z. Chen and F. Cao, The approximation operators with sigmoidal functions,
Computers and Mathematics with Applications, 58 (2009), 758-765.

D. Costarelli, R. Spigler, Approzimation results for neural network opera-
tors activated by sigmoidal functions, Neural Networks 44 (2013), 101-106.

D. Costarelli, R. Spigler, Multivariate neural network operators with sig-
moidal activation functions, Neural Networks 48 (2013), 72-77.

19



[17] S. Haykin, Neural Networks: A Comprehensive Foundation (2 ed.), Pren-
tice Hall, New York, 1998.

[18] W. McCulloch and W. Pitts, A logical calculus of the ideas immanent in
nervous activity, Bulletin of Mathematical Biophysics, 7 (1943), 115-133.

[19] T.M. Mitchell, Machine Learning, WCB-McGraw-Hill, New York, 1997.

20



