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Abstract

Here is studied in detail the multivariate fuzzy approximation to the
multivariate unit by multivariate fuzzy neural network operators acti-
vated by a general sigmoid function. These operators are multivariate
fuzzy analogs of earlier studied multivariate Banach space valued ones.
The derived results generalize earlier Banach space valued ones into the
fuzzy level. Here the high order multivariate fuzzy pointwise and uniform
convergences with rates to the multivariate fuzzy unit operator are given
through multivariate fuzzy Jackson type inequalities involving the multi-
variate fuzzy moduli of continuity of the mth order (m > 0) H-fuzzy par-
tial derivatives, of the involved multivariate fuzzy number valued function.
The treated operators are of averaged, quasi-interpolation, Kantorovich
and quadrature types at the multivariate fuzzy setting.
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1 Introduction

The author in [1], [2] and [3], see chapters 2-5, was the first to derive neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliaguet-Euvrard and ”Squashing” types
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[25], by employing the modulus of continuity of the engaged function or its high
order derivative, and deriving very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators
"bell-shaped” and ”squashing” function are assumed to be of compact support.

The author motivated by [26], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [12] - [20], by
treating both the univariate and multivariate cases.

Continuation of the author’s works ([4] - [11], [22] and especially of [21], Ch.
21) is this article, where the multivariate fuzzy neural network approximation is
based on a general sigmoid activation function, which among others, may result
into higher rates of approximation. We involve the fuzzy partial derivatives of
the multivariate fuzzy function under approximation or itself, and we establish
tight multivariate fuzzy Jackson type inequalities. An extensive background is
given on fuzzy multivariate analysis and real neural network approximation, all
needed to present our results.

Our fuzzy multivariate feed-forward neural networks (FFNNs) are with one
hidden layer. For neural networks in general you may read [29], [32], [33]. For
the fractional aspect see [34].

2 Fuzzy Real Analysis background

See also [21], Ch. 21, pp. 466-473.
We need the following background

Definition 1 (see [36]) Let u: R — [0, 1] with the following properties

(i) is normal, i.e., 3 xg € R; pu (o) = 1.

(it) p(Az+ (1= A)y) = min{p(z),pn(y)}, V2,y € R, VA € [0,1] (uis
called a convex fuzzy subset).

(iii) p is upper semicontinuous on R, i.e. V xg € R and V & > 0, 3 neigh-
borhood V (x0) : pu(x) < p(xo) +€, Vo €V (xg).

(iv) The set supp (u) is compact in R, (where supp (1) := {x € R: p(x) >
0}).

We call i a fuzzy real number. Denote the set of all p with Rx.

E.9. X{zoy € RF, for any xo € R, where x4,y is the characteristic function
at xXo-

For 0 < r <1 and p € Ry define
W= {w € R pu(a) > 1) 1)

and

(1] :={w eR: plz) > 0}



Then it is well known that for each r € [0,1], [u]" is a closed and bounded
interval on R ([28]).

For u,v € R and A € R, we define uniquely the sum u @ v and the product
A ©u by

woo]" ="+ ", Pou" =", Vrel01],

where [u]” + [v]" means the usual addition of two intervals (as substes of R) and
A[u]” means the usual product between a scalar and a subset of R (see, e.g.
[36]).

Notice 1 ® u = v and it holds

UPUV=VDUANOQU=UuO .

If0<ry <ry <1 then
[u]* € [u]™ .
Actually [u]” = [u(_r), ug)}, where 1" < us_r), u(_r), us_r) eR,Vrel0,1].
For A > 0 one has /\u(ir) =(\0® u)g), respectively.
Define D : Rr xRr - Rx by

D (u,v) := sup max{’u(_r) — "
rel0,1]

b 2)

wu$>_vg>
where
[v]" = {v(_r),vsrr)] ;u,v € Ry,

We have that D is a metric on Rx.
Then (Rz, D) is a complete metric space, see [36], [37].
Let f,g: W CR™ — Rx. We define the distance

DWﬁ@ZE%DUW%M@%

Remark 2 We determine and use

DWﬁ@ZiﬁDUWLQZ

Sup sup max { ‘fir) (z) f_(‘_r) (ac)‘} .

zeWrel0,1]

)

By the principle of iterated suprema we find that

D (1.9 = sup e {57

rel0,1]

3 .

under the assumption D* (f,0) < oo, that is f is a fuzzy bounded function.
Above ||-|| , is the supremum norm of the function over W C R™.

oo



Here ¥* stands for fuzzy summation and 0 := X{0y € Rz is the neutral
element with respect to @, i.e.,

u®0=0®u=u, VueRg.
We need
Remark 3 (/5]). Here r € [0,1], xl(-r),yl(r) eR,i=1,....,m € N. Suppose that

sup max( (r ),yf )) ER, fori=1,...m
ref0,1]

Then one sees easily that

sup max (Zm Zy(r)> <Z sup max( ()’yl(r)> (4)

rel0,1] =7 r€l0,1]

Definition 4 Let f € C (W), W CR™, m € N, which is bounded or uniformly
continuous, we define (h > 0)

wi (f,h) = sup 1f () = f W)l (5)

zYeW, llz—yll o, <h
where © = (T1, oy Tm), Y = (Y1y ooy Yrm) -

Definition 5 Let f : W — Ry , W C R™, we define the fuzzy modulus of
continuity of f by

W) (F,h) = sup D(f(x).f(y). h>0. (6)
YW, llz—yll o <h

where x = (xla "~7:17m); Y= (yla aym) .
For f: W — Rxr, W CR™, we use
=[] (7)

where fj(:) W =R, Vrel0,1].
We need

Proposition 6 (/5]) Let f : W — Rx. Assume that wi (f,9), w (fﬁr)ﬁ),

w1 (f+ ,5) are finite for any § > 0, r € [0,1].

fhen ) _ (") ()
(f,0) sup max{wl (f7 ,5),w1 (f+ ,6)}. (8)

ref0,1]



We denote by C¥ (W) the space of fuzzy uniformly continuous functions
from W — Rz, also Cx (W) is the space of fuzzy continuous functions on
W CR™, and Cp (W,Rx) is the fuzzy continuous and bounded functions.

We mention

Proposition 7 ([7]) Let f € CY (W), where W C R™ is convex. Then
w%f) (f,9) < oo, for any § > 0.

Proposition 8 (/7]) It holds

limei™ (,6) = wi™ (£,0) =0, (9)

iff f € C¥ (W), W CR™, where W is convex and compact.

Proposition 9 ([7]) Let f € Cr (W), W C R™ open or compact. Then fg)
are equicontinuous with respect to r € [0,1] over W, respectively in +.

Note 10 It is clear by Propositions 6, 8, that if f € C% (W), then fg) €
Cy (W) (uniformly continuous on W ). Also if f € Cp (W,Rz), it implies by
(3) that fg) € Cp (W) (continuous and bounded functions on W ).

‘We need

Definition 11 Let x,y € Rx. If there exists z € Ry : ¢ =y ® z, then we call
z the H-difference on x and y, denoted x — y.

Definition 12 (/36]) Let T := [zg,z0+ 5] C R, with 8 > 0. A function
f T — Rz is H-difference at x € T if there exists an f'(xz) € Rx such
that the limits (with respect to D)

o @ —f @ f@) =S h)

h—0+ h G h

(10)

exist and are equal to f'(x).
We call ' the H-derivative or fuzzy derivative of [ at x.

Above is assumed that the H-differences f (x + h) — f (z), f (z) — f (x — h)
exists in Rx in a neighborhood of .

Definition 13 We denote by C¥ (W), N* € N, the space of all N*-times
fuzzy continuously differentiable functions from W into Ry, W C R™ open or
compact which is convex.

Here fuzzy partial derivatives are defined via Definition 12 in the obvious
way as in the ordinary real case.
We mention



Theorem 14 (/30]) Let f : [a,b] C R — Rz be H-fuzzy differentiable. Let
t € [a,b], 0 <r <1. Clearly

rer=[ro”.roP| cr

Then (f (t))ir) are differentiable and

rer = (o) (rof) ]

(M = (1), vrepal (11)

Remark 15 (see also [6]) Let f € CV ([a,b],Rz), N* > 1. Then by Theorem
14 we obtain fir) € CN ([a,b]) and

o] =[(r00)” (o).

fori=20,1,2,..., N* and in particular we have

(f(z’))(r) _ (fj(:r))(i) ) (12)

+

for any r € 10,1].

Let f € C}V* (W), W C R™, open or compact, which is convex, denote

af ~ — T~ .
5= gr—&, where & := (a7, ..., ), &; € ZT,i=1,...,m and

0<|a ::Zm:o?i <N*, N*>1.
i=1
Then by Theorem 14 we get that
(£) =2, vrepu, (13)
and any & : || < N*. Here f(ir) c N (W).

Notation 16 We denote

(iD (;;,a))zf(?) = (14)

0 f (z1,m2) ~ O*f (z1,22) ~ O*f (z1,22) ~
Dl —mF—= D|—m—=- 2D —————=~ .
< O] ’0> " ( O3 70) ’ < D10y 70)



In general we denote (j=1,....N*)

(ép (;ﬁ,ﬁ))j (@)= (15)

4! Df (1, y ) ~
E — —D - - — 0] .
o .71!.]2!~--.]m! <8.le1 833%2 83:#[’

(F1se-sdm)ELT 3000 §i=]

We mention also a particular case of the Fuzzy Henstock integral (§ (x) = g),
see [36].

Definition 17 (/27], p. 644) Let [ : [a,b] — Rx. We say that f is Fuzzy-

Riemann integrable to I € R if for any € > 0, there exists 6 > 0 such that for
any division P = {[u,v];&} of [a,b] with the norms A (P) < ¢, we have

D(Z(vu)@f(f),[) <e.

P

We write

b
I:= (FR)/ f(z)dz. (16)
‘We mention

Theorem 18 (/28]) Let f : [a,b] — Rr be fuzzy continuous. Then

b
wm/fwm

exists and belongs to Rx, furthermore it holds

b r b b
@m/fmﬂzﬂ/m@wm/uﬁmmy

v rel0,1].

For the definition of general fuzzy integral we follow [31] next.

Definition 19 Let (Q2,%, u) be a complete o-finite measure space. We call F :
Q — Ry measurable iffV closed B C R the function F~1 (B) : Q — [0, 1] defined
by

F~Y(B) (w) := sggF (w) (z), allw e Q

is measurable, see [31].



Theorem 20 (/31]) For F : Q — Ry,

F(w) = {(Fi” (w), F") (w)) 0<r< 1} :

the following are equivalent
(1) F is measurable,
(2)v relo,1], F, FY) are measurable.

Following [31], given that for each r € [0, 1], Fy), F_E_r) are integrable we
have that the parametrized representation

{(/A Fﬁ”du,/AFf)du) 0<r< 1} (17)

is a fuzzy real number for each A € X.
The last fact leads to

Definition 21 (/81]) A measurable function F : Q — R,
F(w) = {(Fﬁ” (w), F") (w)) 0<r< 1}

is integrable if for each r € [0,1], Fj(:)

integrable.

are integrable, or equivalently, if FJ(EO) are

In this case, the fuzzy integral of F' over A € ¥ is defined by

/ Fdy = {(/ F@du,/ Ff)du) 0<r< 1}. (18)
A A A

By [31], F is integrable iff w — || F' (w)|| z is real-valued integrable.
Here denote
ul| = D (uo) , YueRgr

We need also

Theorem 22 ([31]) Let F,G : Q2 — Rz be integrable. Then
(1) Let a,b € R, then aF + bG is integrable and for each A € ¥,

/(aF—i—bG)du:a/ qu+b/ Gdy;
A A A

(2) D (F,G) is a real- valued integrable function and for each A € ¥,

D(/ qu,/Gdu) S/D(F,G)du.
A A A
H/ quH S/ 1| 7 dpa.
A F A

In particular,



Above p could be the multivariate Lebesgue measure, which we use in this
article, with all the basic properties valid here too. Notice by [31], Fubini’s
theorem is valid for fuzzy integral (18).

Basically here we have that

[ /A dey— { /A ray, /A F_E_r)d/i}, (19)

(r)
( / qu> - / FOdp, ¥reo,1]. (20)
A + A

3 About real neural networks background

i.e.

Here we follow [24].

Let h : R — [—1,1] be a general sigmoid function, such that it is strictly
increasing, h(0) = 0, h(—z) = —h(z), h(+o0) = 1, h(—o0) = —1. Also h
is strictly convex over (—oo,0] and strictly concave over [0, +00), with h(?) €
C (R).

We consider the activation function

1
1/1(x):=1(h(x+1)—h(x—1)), z € R, (21)
As in [23], p. 88, we get that ¢ (—x) = ¢ (), thus ¢ is an even function. Since
x+1>x—1,then h(x+1)>h(x—1),and ¢ (z) >0, all z € R.
We see that

v (0) = (22)
Let z > 1, we have that

' (z) :i(h’(m—kl)—h'(m—l)) <0,
by k' being strictly decreasing over [0, 400).
Let now 0 < z < 1,then 1 —2z >0and 0 < 1 —2 < 1+ z. It holds
R (z—1)=h(1—2)>h'(x+1), so that again ¢’ () < 0. Consequently 1) is
stritly decreasing on (0, +00) .
Clearly, v is strictly increasing on (—o0,0), and ¥’ (0) = 0.
See that

. 1
i () = (h(+00) = b (+00)) =0, (23)

and 1
dim () = (h(~00) — h(~00)) = 0. (24)

That is the z-axis is the horizontal asymptote on 1.



Conclusion, 1 is a bell symmetric function with maximum

_h()
¥ (0) = ——
We need
Theorem 23 ([24]) We have that
Y p(x—i)=1, VzeR (25)
Theorem 24 ([24]) It holds
/OO ¥ (x)de = 1. (26)

Thus ¥ (z) is a density function on R.
We give

Theorem 25 ([2/]) Let 0 < a < 1, and n € N with n'=% > 2. It holds

i P (nx —k) < (L= (n2_°‘ ~2) . (27)

k= —o0
tna — k| > ntme

i (000 —2)

n—-+00 2

Notice that
=0.

Denote by || the integral part of the number and by [-] the ceiling of the
number.
We further give

Theorem 26 (/24]) Let z € [a,b] C R and n € N so that [na] < |nb]. It holds

1 1
;v )] 28
Z]Lgib[me Y (nx — k) = ¥ (1) = € o) (28)
Remark 27 ([2/]) i) We have that
[nb]
hﬂm Z Y (nx—k)#1, (29)
k=[na]

for at least some x € [a, b].

10



ii) For large enough n € N we always obtain [na] < [nb]. Also a < % <b,

iff [na] <k < |nb|.
In general, by Theorem 23, it holds

[nb]
Z Y (ne—k) <1 (30)
k=[na]
We introduce
N
Z(x1,..,xn) = Z (x) := Hw(xi), z=(z1,..,on) ERY, NeN. (31)
i=1
It has the properties:
(i) Z(z) >0, Vo eRY,
(i)
oo o0 oo oo
Yo Z@—k)i= > > > Z(wr—kye,ay—ky) =1, (32)
k=—o00 ki=—oc0 ka=—00 kn=-—o0
where k := (k1,....,k,) € ZN, ¥ 2 € RV,
hence
(iii)
> Znz—k)=1, (33)
k=—o0
VzeRN:neN,
and
(iv)
/ Z (z)dx =1, (34)
RN
that is Z is a multivariate density function.
Here denote ||z||_ := max {|z1], ..., |zn|}, 2 € RV, also set 0o := (00, ..., 0),
—00 := (=00, ..., —00) upon the multivariate context, and
[na] := ([na1],..., [nan]),
(35)

[nb] := (|nb1], ..., |nbN]),

where a := (a1, ...,an), b := (b1,...,bn) .
We obviously see that

[nb] [nb] N
Z Z(nx —k) = Z <H¢(n$i —ki)> =

k=[na] k=[na] \i=1

11



|nb1] [nbn | N |nb; ]
o> (Hw na; — k > Il >, vmai—k)|. (36)

ki=[na1] kn=[nan] i=1 \k;=[na;]

For 0 < 8 <1andn €N, a fixed z € RY, we have that

Lnb]
Z Z(nx —k) =
k=[na]
[nb] [nb]
> Z (nz — k) + > Z (nx —k). (37)
k = [na] k = [na]
|2 —2lle <7 17 =2l > 75

In the last two sums the counting is over disjoint vector sets of k’s, because the
condition ||% — :z:||Oo > n% implies that there exists at least one |kT: - xr| > n—lg,
where r € {1,...,N}.

(v) As in [21], pp. 379-380, we derive that

Lnb) 1-8
1— —2
3 Z(ne—k) 2 h(”2 ) o<p<1, ()
{ k = [na)
1% =2l > 75

withneN:n' 8 >2 ¢ Hf\il [a;, b;] .
(vi) By Theorem 26 we get that
0< 1 <= (V) (39)
s Zme k) @)Y ’

Ve (HZ 1[az,bz]), n € N.

It is also clear that
(vii)
> 1—h(n'=8 -2
Z Z(nx —k) < (n2 ) =:c(B,n), (40)
{ -
15 =2l > 7

0<B<l,neN:n""#>2 zecRV.
Furthermore it holds

[nb)
lim_ k; | Z (nx —k) #1, (41)

12



for at least some x € (Hfil [a;, bz]) .
Let feC (Hl 1 [al,bl]) , and n € N such that [na;] < [nb;],i=1,...,
We define the multivariate averaged positive linear neural network operators

(z:= (21, 2N) € (Hfil [ai,bi]>):

N.

Lnb] nx —
Zk [na] ( )Z( k): (42)

A (fr21, 0 2n) o= An (f,2) 1= S 7 (na — k)

k=[na]

Z[ﬂbl Zlnbﬂ ZL"bNJ (kl s kTN) (Hivzl Y (nx; — kz))

ki1=[na1] ko=[nas] " kn=[nan] n’

Hil( i?b(nmw(ml ki))

For large enough n € N we always obtain [na;] < |nb;], i = 1,...,N. Also
a; < % < bi7 iff [na11 < kz < Lnb’iJ7 1= 17"'7N'
When f € Cp (RN) we define
B, (f,z) := B, (f,21, ..., zN) := i f k Z(nx —k) = (43)
b ) ) ) n

k=—o00

Z Z Z f(kl k2 IZV) (f[lw(nxi—ki)>,

]{)1—700 k}z —0o0 kafoo

n €N,V zecRY, N cN, the multivariate quasi-interpolation neural network

operators.
Also for f € Cp (RN ) we define the multivariate Kantorovich type neural

network operators
o) kt1
Co (o) = Co (fow1ysan) = 3 (nN / f(t)dt)zmx—k) =
k=—o00

1+1 ko41 ky+1

i i i ( / /2 [w f(tl,...,tN)dtl...dtN>

k}l 700](:27 o0 k‘N — 00 n

N
: <H¢ (nx; — ki)) ;

neN, VaeRN,
Again for f € Cp (RY), N € N, we define the multivariate neural net-

work operators of quadrature type D, (f,x), n € N, as follows. Let 6§ =
(01,....,0n) € NN 7 = (rq,...,7n) € Zﬂ Wy = Wy, ry,..ry > 0, such that

13



0 01 02
E Wy = Z E Z Wry 1y, .. TN_l k'EZN nd
7=0

r1=07r2=0 rn=0

0 k7
Onk (f) = 571,k1,k2,~~7kN (-f) = ZwFf (n + 77;> :
=0

01 22}

k1 r ko ro kn N
71,7 T y DERES) ) 4
S5 Y ey (B B b )

T1= 07‘2_0 TN= 0

where 7 := (’“—1 T2 . ’”—N)

6,7 657 ' On
We put
Dy (f,2) =Dy (fi1, s 2n) = Y Ok (f) Z (nx — k) = (46)
k=—o0
Z Z Z Onker ez, ok (Hw nx; — z),
kl_foo kQ—*OO kN_foo
vV eRY,
Let f e C™ (Hl 1 lai, b; ]), m, N € N. Here f, denotes a partial derivative
of f, a:= (a1,..,an), a; € Zy, i =1,...., N, and || := vazl a; = I, where

1=0,1,...,m. We write also f, := % and we say it is of order [.
We denote

winax (fa, h) == arlgz‘lxmwl (fa,h).

Call also
lfallsem = max {lfalloo}

where ||-||, is the supremum norm.

In [21], [23], we studied the basic approximation properties of A, By, C,
D,, neural network operators and as well of their iterates for Banach space
valued functions. That is, the quantitative pointwise and uniform convergence
of these operators to the unit operator 1.

We need

Theorem 28 Let f € C (Hl 1 [al,bz]) ,0< <1,z € (Hf\; [ai,bi}) ,N,n €
N with n'=# > 2. Then
1)
A0 (1)~ £ @) <900 [on (£ 5 ) + 2@ ] =2 an)

and

14



2)
140 () = fllo < Au. (48)

We notice that lim A, (f) = f, pointwise and uniformly.
n—oo

Proof. Similar to [23], p. 118. m
We need

Theorem 29 Let f € Cp (RN) ,0<fB<1l, zeRY N,neN withn'=? > 2.
Then

1)
By () - f @ < (Fop )+ 20l =2 (49)

2)
1Bn (f) = flloo < A2 (50)
Given that f € (CU (RN) NCg (RN)), we obtain ILm B, (f) = f, uniformly.

Proof. Similar to [23], p. 128. m
We also need

Theorem 30 Let f € Cp (RN) ,0<B<1,2eRN, N.neN withn'=# > 2.
Then

1)
Culea) = F@I <o (g 35 ) 2B ISl = Do, 6D

9
ICn (1)~ Flle < s (52)
Given that f € (Cy (RV) N Cp (RY)), we obtain nhﬁn;o Cn (f) = f, uniformly.

Proof. Similar to [23], p. 129. m
We also need

Theorem 31 Let f € Cp (RN) ,0<B<1,2zeRN, NneN withn'=# > 2.
Then

1
Da ()~ F @ < n (frg 4 7 ) + 2B Il = Ao (53)

2)
[Dn (f) = flloo < A (54)

Given that f € (Cuy (RY)NCp (RY)), we obtain ILm D, (f) = f, uni-
formly.

15



Proof. Similar to [23], p. 131. m
We finally mention (similar to [21], p. 481)

Theorem 32 Let f € C™ (Hf\il [ai,bi]), 0<pB<1,nmNEeN, nF>2

x € (vazl [ai,b,;]). Then

i)

Al = @)= Y (2_ (r{ L ) (H ™, )) <
Jx=1 \lal=j« = (55)
m b—al™ N max . arm
7<N>~{mﬂvnnw oA (forgz ) + (” oo Moo m >2c(ﬂ,n)},
i)
An ()~ F @) <7 (V)- (56)

1=

1 N
nBix + (l | (b; — ai)ai> C(ﬂﬂ)})
=1

(2 ()

Jx=1 || =74
m b— N max Nm
dett (fo g ) + (” 2l ol ) 20(&71)}7
14 (f) = flloe <7 (N)-
vy <||fa|| ) (ﬂb_a
Je=1 \|a|=j. HNlO‘z i=1

. ]'Vmﬁ - <f> (IIbaZIfTII?STZNm> }
m m!

,m; xOG ILL 1 [a;, l]),

iii)

) additionally assume fo, (x0) =0, foralla : |a| =1,.

then A
A (Fo) = £ o) <9 (09 { s (f) (58)
b—al™ | fu ™ N
(n 2 15 )MM}’

notice in the last the extremely high rate of convergence at n=P(m+1),

16



4 Main Results: Fuzzy multivariate Neural Net-
work Approximation based on a general sig-
moid function

We define the following General Fuzzy multivariate Neural Network Operators
AF BF CJ, D7, based on a general sigmoid activation function. These are

analogs of the real A,, By, Cy, Dy, see (42), (43), (44) and (46), respectively.
N
Let f € Cr (H [ai,bi]), N € N, we set

i=1

[nb]x*

> (&) oZ(na—k)
A;?L: (f,l‘l, ,,’L‘N) = A;?L: (f,l‘) — k:"na]tan
> Z(nx—k)
k=[na]

B ZIETS[J:al] ZIEZbNH;aN] FO B (Hil ¥ (na; — ki))
Hf\; ( k?ﬁ(nm Y (nw; — ki))

;o (59)

meH[a“ b;], n € N.
LethCB (R R}-) we put

Brf(f7l‘> 3:Bf(f,$1,---, Z f< )@Z (nx — k)

k=—o0

Z § f(kl . N) ® <ﬁw(mi—ki)>, (60)

k1=—o0 kn=—00

zeRN neN.
Let f € Cp (RN ,R;), we define the multivariate fuzzy Kantorovich type
neural network operator,

CT (fz):=Cf (f,rr,.zn) = Y <nN ®

oo oo kp41 Enyt1
>y (nNG)/ ' / f(th...,tN)dtl...dtN)
kq kn

klzfoo szfoo

/"f(t)dt) © 2 (nw— k) =




zeRN neN.
Let f € Cp (RN ,]R;), we define the multivariate fuzzy quadrature type
neural network operator. Let here

0 —
D)= D= Yo f (F+ D)= @

7=0

on X k‘1 1 kn | TN
Z Z wm, ’I"N®f ne ”7+W .
r1=0 ry=0 1 N

We put

Df(f,:c) 5:Df(f7$17---, Z 5 HOZme—k):=

k=—o0

oco* N
> - Z G ko (F) O (Hlﬁ (nz; — ki)) ; (63)
i=1

ki=—oc0 kny=—o0

zeRY neN.
We can put together all By, C/, D} fuzzy operators as follows:

Z 7. (f)® Z (nx — k), (64)

k=—o0

where
f(£),if LT = BY,

r k1
Le(f)=¢nNo [,m f@)dt,if LT =CF, (65)
67’{:16(]0)7 lfo:va
zeRN neN.
Similarly, we can put together all B,,, C,,, D,, real operators as

)= Y bk (f)Z(nz — k), (66)

k=—0o0

where
f (ﬁ)k’ if LTL - an

Lk (f) = Nf " dt it Ly, = Cp, (67)
On (f) 1fL = D,,

zeRY neN.
Let r € [0,1], we observe that

[nb]

[Af(f,a:)]rz Z {f(f;)]r Lni(nx—k) _

k=[nal S Z(nx—k)
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Lnb]

k—zm:ﬂ {f@ (D’fir) (5)] 2=l |- (63)

> Z(nx—k)
k=[na
[nd] [nb]
) [k Z (nx — k) Z (nx — k)
k=[na] S Z(nw—k) | k=lnal S Z(nz—k)
k=[na] k=[na]
_ [An (fﬁ”,x) A, ( f%x)] . (69)
We have proved that
(47 (£,0) 0 = 4 (10,2), (70)

N
Vr € [0,1], Vax € (H [a,,ly]) .
i=1
Similarly, as in [21], pp. 485-489, a lengthy proof (see Remark 21.31 and

proof of (21.76) there) it holds that

(7 (fa)! = L (10,2), (71)

Vrel0,1],VazeRN.
Based on (70) and (71) now one may write

D (A (f,2), f () = (72)

ril[ﬁl?u max H (An (f@,:c)) — (2)],|A

and

D (L (f.x), f (= ))
rzl[g,)l]max{‘( (ff,:c ) 79

We present

"II

V) -0 @|}. )

N N

Theorem 33 Let f € Cr <H [a;, b ]> ,0<B8<1,z¢€ <H [a;, b ]) ,N,ne
1=1 =1

N with n'=# > 2. Then

1)
D (A] (f.2),f (2)) <

V) [l (1.5 ) + 268,00 D" (1) = 1, (74

19



and
2)
D* (A7 (f). f) < pr- (75)

We notice that A7 (f,x) e f(z), and AL (f) =N f, as n — oo,quantitatively
with rates.

N N
Proof. Since f € Cr (H [ai,bi]) we have that fﬂ(tr) eC (H [ai,bi]>, v

i=1 i=1
r € [0,1]. Hence by (47) we obtain
(by (8), (3))

VW b7 (1) e 0 9]

[An (£,2) = 12 @) =7 () [w1 ( 0, nlﬁ) +2¢(8,m)|| £

By (72) now we are proving the claim. m
We give

Theorem 34 Let f € Cp (RN,R}-), 0<pB<1,2ecRN NncN, wih
n'=P > 2. Then

1)
D (B (f,2),f (x)) < (77)
o7 (Frz) 42600 D (£,2) =5
and
2)
D* (B (f).f) < pa. (78)
Proof. Similar to Theorem 33. We use (49) and (73), along with (3) and
(8). m

We also present

Theorem 35 All as in Theorem 34. Then

1)
D(CF (f,2), f(z)) <
wi™ (fi + nla) +2¢(8,n) D (£,5) = ps, (79)
and
2)
D* (CI (f).f) < ps. (80)
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Proof. Similar to Theorem 33. We use (51) and (73), along with (3) and
(8). m
We also give

Theorem 36 All as in Theorem 34. Then

1)
D (D5 (f.2), f (2)) <
A7 (£5 4 o) + 268 D" (1.9) = (s1)
and
2)
D* (D (f). f) < ps. (82)
Proof. Similar to Theorem 33. We use (53) and (73), along with (3) and
(8). m

Note 37 By Theorems 34, 35, 36 for f € (C’B (RN ]Rf) ﬂCJQ (RN)), we 0b-
tain hﬂm D (Lf (f,z), f(x )) =0, and hﬂm D (L'F ) 0, quantitatively

with rates, where LY is as in (64) and (65).

N
Notation 38 Let f € CP (H [ai,bi]>, m,N € N. Here f, denotes a fuzzy

i=1
partial derivative with all related notation similar to the real case, see also Re-

mark 15 and Notation 16. We denote

A" ) = s i) (fash) >0 (83)
Call also
DA (f5) = arlr;?i(m{D* (fas0)}. (84)

We finally present

N
Theorem 39 Let f € C¢ (H [ai,bi]) ,0< B <1, n,m N €N withn'=# >

i=1

2, and z € (H [ai, 1]> Then
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N™  (F)max 1 [b = alls Dy (fa,0) N™
+m!nm5 - <fa’n5) +( m! 2¢(B,n) ¢,
(85)
2

D* (A7 (f), f) <v(N)-

S|y [n;* (_H >c</3,n>]

i«=1\ lal=j. Hal

N™ ) max b— m Drnmax (a3} N™
b <fa, ) (II all - (fa,0) )20(57@}7

(86)

3) additionally assume that f, (zg) = 0, for all « : |a| = 1,...,m; xo €
N

<H [ai,bi]), then
i=1
Nm max 1
D (A7 (fian) f o0) < () { et (o) +
b— m ¥ max - N™
(ll all n (fa,0) >20(5’n)}7 (87)

notice in the last the extremely high rate of convergence at n=Pm+1),

Above we derive quantitatively with rates the high speed approximation of
D (A7 (f,z), f(z)) =0, as n — oo.

Also we establish with rates that D* (A} (f),f) — 0, as n — oo, involving
the fuzzy smoothness of f.

N
Proof. Here f(ir) eCcm™ (H [ai,bi]). We observe that

=1

(56)

4, (£0,2) - £ @) < v (V)

Nm IIlaX 1
+m'nm5 ((f ) ’nﬁ)+

. max
b=l | ( Q)a

m!

Nm
= 2¢(Byn) p = (88)
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TS D

N
Je=1\ lal=j. IT ai! =1
i=1
N™ max (r) 1
m!n.mﬁ 1,m ((f‘l)i ’ [3) +
o=l || (o (3), 8)
= 2(Bn) 0 = (89)
m N
D f z),0 1 i
7 (V) Z Z (;( L9 nﬂp*’(H(bz‘—ai)a)C(ﬁ,n)]
Fe=1 | |al=ju IT ! =t
i=1

mlpms~Lm

(nb—an;’z Dy <fa,a>Nm> QC(M)} T, (90)

m!

N™ (F) max 1
w faanifg +

respectively in =+.
We have proved that

40 (£0.2) =1 @)] < T, (1)

¥ r € [0, 1], respectively in +.
Using (72) we obtain

proving the theorem. m
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