
INEQUALITIES FOR THE (p; q)-EXTENDED GENERALIZED
ALUTHGE TRANSFORM OF BOUNDED OPERATORS IN

HILBERT SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Let H be a complex Hilbert space. For a contraction V 2 B (H) ;
i.e. 0 � V �V � I, and an operator T 2 B (H) we de�ne the (p; q)-extended
generalized Aluthge transform by

�p;q;V (T ) := jT jp V jT jq ;
where p; q � 0. In this paper we provide some upper bounds for the (p; q)-
extended generalized Aluthge transform �p;q;V (T ) : Several particular cases
of interest are also presented.

1. Introduction

The numerical radius w (T ) of an operator T on H is given by

(1.1) ! (T ) = sup fjhTx; xij ; kxk = 1g :
Obviously, by (1.1), for any x 2 H one has

(1.2) jhTx; xij � w (T ) kxk2 :
It is well known that w (�) is a norm on the Banach algebra B (H) of all bounded

linear operators T : H ! H; i.e.,

(i) ! (T ) � 0 for any T 2 B (H) and ! (T ) = 0 if and only if T = 0;
(ii) ! (�T ) = j�j! (T ) for any � 2 C and T 2 B (H) ;
(iii) ! (T + V ) � ! (T ) + ! (V ) for any T; V 2 B (H) :
This norm is equivalent with the operator norm. In fact, the following more

precise result holds:

(1.3) ! (T ) � kTk � 2! (T )
for any T 2 B (H).
F. Kittaneh, in 2003 [11], showed that for any operator T 2 B (H) we have the

following re�nement of the �rst inequality in (1.3):

(1.4) ! (T ) � 1

2

�
kTk+

T 21=2� :
Utilizing the Cartesian decomposition for operators, F. Kittaneh in [12] improved

the inequality (1.3) as follows:

(1.5)
1

4
kT �T + TT �k � !2 (T ) � 1

2
kT �T + TT �k
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for any operator T 2 B (H) :
For powers of the absolute value of operators, one can state the following results

obtained by El-Haddad & Kittaneh in 2007, [10]:
If for an operator T 2 B (H) we denote jT j := (T �T )1=2 ; then

(1.6) !r (T ) � 1

2

jT j2�r + jT �j2(1��)r
and

(1.7) !2r (T ) �
� jT j2r + (1� �) jT �j2r ;

where � 2 (0; 1) and r � 1:
If we take � = 1

2 and r = 1 we get from (1.6) that

(1.8) ! (T ) � 1

2
kjT j+ jT �jk

and from (1.7) that

(1.9) !2 (T ) � 1

2

jT j2 + jT �j2 :
For more related results, see the recent books on inequalities for numerical radii

[8] and [5].
Let T = U jT j be the polar decomposition of the bounded linear operator T . The

Aluthge transform eT of T is de�ned by eT := jT j1=2 U jT j1=2 ; see [1].
The following properties of eT are as follows:
(i)

eT � kTk ;
(ii) w

�eT� � ! (T ) ;
(iii) r

�eT� = ! (T ) ;
(iv) !

�eT� � T 21=2 (� kTk) ; [14].
Utilizing this transform T. Yamazaki, [14] obtained in 2007 the following re�ne-

ment of Kittaneh�s inequality (1.4):

(1.10) ! (T ) � 1

2

�
kTk+ !

�eT�� � 1

2

�
kTk+

T 21=2�
for any operator T 2 B (H) :
We remark that if eT = 0; then obviously w (T ) = 1

2 kTk :
Abu-Omar and Kittaneh [2] improved on inequality (1.10) using generalized

Aluthge transform �t (T ) := jT jt U jT j1�t to prove that

! (T ) � 1

2

�
kTk+ min

t2[0;1]
! (�t (T ))

�
:

For t = 1 this also gives the following result for the Dougal transform bT := jT jU;
(1.11) ! (T ) � 1

2

�
kTk+ !

�bT�� :
In [4] Bunia et al. also proved that

! (T ) � min
t2[0;1]

�
1

2
! (�t (T )) +

1

4

�
kTk2t + kTk2(1�t)

��
;

which for t = 1=2 gives (1.10) as well.
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Motivated by the above results, in this paper we provide some upper bounds
for the (p; q)-extended generalized Aluthge transform �p;q;V (T ) introduced below.
Several particular cases of interest are also presented.

2. Some Preliminary Facts

We de�ne, for V a contraction, i:e:; V �V � I and T 2 B (H) ; the (p; q)-extended
generalized Aluthge transform by

�p;q;V (T ) := jT jp V jT jq ;

where p; q � 0: We also assume in what follows that jT j0 := I:
We denote

Tq;V := �0;q;V (T ) := V jT jq

and
TV := �0;1;V (T ) := V jT j :

The p-extended generalized Dougal transform is de�ned bybTp;V := �p;0;V (T ) := jT jp V;
the extended generalized Dougal transform bybTV := �1;0;V (T ) := V jT j ;
the p-extended generalized Aluthge transform byeTp;V := �p;p;V (T ) := jT jp V jT jp
and the extended Aluthge transform byeTV := �1=2;1=2;V (T ) := jT j1=2 V jT j1=2 :
For p = t; q = 1� t; where t 2 [0; 1] we have

�t;V (T ) := �t;1�t;V (T ) = jT jt V jT j1�t :

The transform �t;V (T ) ; called the extended generalized Aluthge transform, was
introduced and studied in [9].
An operator U 2 B (H) is called a partial isometry if kUxk = kxk for all x 2

N? (U) :
Now, let x 2 H; then there exists a unique x1 2 N (U) and a unique x2 2 N? (U)

such that x = x1 + x2: Then

0 � hU�Ux; xi = kUxk2 = kUx1 + Ux2k2 = kUx2k2 = kx2k2 :

By the fact that x1 ? x2;

kxk2 = kx1k2 + kx2k2 :

Therefore
0 � hU�Ux; xi � kxk2 ;

which shows that U is a contraction on H:
If the operator T has the polar decomposition T = U jT j with U a partial

isometry, then by taking V = U; we de�ne

�p;q (T ) := jT jp U jT jq ;
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and all the previous transform by omitting in the notations the V; which will give
the concepts of the p-generalized Dougal transformbTp := �p;0;U (T ) := jT jp U;
the Dougal transform bT := �1;0;U (T ) := jT jU;
and the p-generalized Aluthge transformeTp := �p;p;U (T ) := jT jp U jT jp ;
which for p = 1=2 gives the usual Aluthge transformeT := �1=2;1=2;U (T ) := jT j1=2 U jT j1=2 ;
Also

Tq := �0;q (T ) := U jT jq ;
which gives for q = 1 the usual polar decomposition T = U jT j :
For p = t; q = 1� t; where t 2 [0; 1] we have

�t (T ) := �t;1�t (T ) = jT jt V jT j1�t :
The transform �t (T ) was introduced and studied in [7].
If V is a contraction, then kV k � 1 and since kV �k = kV k ; hence V � is also a

contraction. Observe that

��p;q;V (T ) := (jT j
p
V jT jq)� = jT jq V � jT jp = �q;p;V � (T )

for all p; q � 0: Therefore

(Tq;V )
�
= bTq;V � ; �bTp;V �� = Tp;V �

and �eTp;V �� = eTp;V � :

Since kV �V k = kV V �k = kV k2 and V is a contraction, thenV �V � V V �2

 � kV k2 � 1
showing that

W :=
V �V � V V �

2
is a contraction and we can consider the transform

�p;q;V �V�V V �2
(T ) := jT jp

�
V �V � V V �

2

�
jT jq

for p; q � 0:
For a contraction V; we have

Im (V ) :=
V � V �
2i

; Re (V ) := Re

�
V + V �

2

�
and since

kIm (V )k =
V � V �2i

 � kV k � 1 and kRe (V )k � kV k � 1;
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hence Im (V ) and Re (V ) are contractions as well. We can then consider the trans-
forms

�p;q;Im(V ) (T ) := jT jp Im (V ) jT jq and �p;q;Re(V ) (T ) := jT jpRe (V ) jT jq

for p; q � 0:
For T 2 B (H) we de�ne

T+ :=
1

2
(jT j+ T ) and T� :=

1

2
(jT j � T ) :

If U is the partial isometry in the polar representation of T , then

V :=
I � U
2

is a contraction and we can consider

�p;q; I�U2
(T ) := jT jp I � U

2
jT jq = jT jp+q ��p;q (T )

2
:

In particular, we get

Tq; I�U2
=
jT jq � Tq

2
= T�,cT p; I�U2 =

jT jp �cTp
2

and eTp; I�U2 =
jT jp �fTp

2
for any operator T 2 B (H) :

3. Main Results

Our �rst main result is as follows:

Theorem 1. Let V be a contraction and T 2 B (H) : Then for q � r � 0 and
p � s � 0;

! (�p;q;V (T ))(3.1)

� 1

2
! (�p+r;q�r;V (T )) +

1

4
(k�p;q;V (T )k+ k�p;q�r;V (T )k kTkr)

� 1

2
! (�p+r;q�r;V (T )) +

1

2
kTkr k�p;q�r;V (T )k

and

! (�p;q;V (T ))(3.2)

� 1

2
! (�s;q+p�s;V (T )) +

1

4

�
k�p;q;V (T )k+ kTkp�s k�s;q;V (T )k

�
� 1

2
! (�s;q+p�s;V (T )) +

1

2
kTkp�s k�s;q;V (T )k :

Proof. We use the following inequality obtained in [3] (see also [6] for a generaliza-
tion):

! (AB) � 1

2
! (BA) +

1

4
(kABk+ kAk kBk)(3.3)

� 1

2
! (BA) +

1

2
kAk kBk

that holds for all A; B 2 B (H) :
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If we take A = jT jp V jT jq�r and B = jT jr then we get from (3.3) that

! (�p;q;V (T ))

� 1

2
!
�
jT jp+r V jT jq�r

�
+
1

4

�
k�p;q;V (T )k+

jT jp V jT jq�r kTkr�
=
1

2
! (�p+r;q�r;V (T )) +

1

4
(k�p;q;V (T )k+ k�p;q�r;V (T )k kTkr)

� 1

2
! (�p+r;q�r;V (T )) +

1

2
k�p;q�r;V (T )k kTkr ;

which proves (3.1)
Now, if we take A = jT jp�s and B = jT js V jT jq in (3.3), then we get

! (�p;q;V (T ))

� 1

2
!
�
jT js V jT jq+p�s

�
+
1

4

�
k�p;q;V (T )k+ kTkp�s kjT js V jT jqk

�
=
1

2
! (�s;q+p�s;V (T )) +

1

4

�
k�p;q;V (T )k+ kTkp�s k�s;q;V (T )k

�
� 1

2
! (�s;q+p�s;V (T )) +

1

2
kTkp�s k�s;q;V (T )k ;

which proves the inequality (3.2). �

Corollary 1. Let V be a contraction and T 2 B (H) : Then for p � s � 0;

!
�eTp;V � � 1

2
! (�p+s;p�s;V (T )) +

1

4

�eTp;V + k�p;p�s;V (T )k kTks�(3.4)

� 1

2
! (�p+s;p�s;V (T )) +

1

2
kTks k�p;p�s;V (T )k

and

!
�eTp;V � � 1

2
! (�s;2p�s;V (T )) +

1

4

�eTp;V + kTkp�s k�s;p;V (T )k�(3.5)

� 1

2
! (�s;2p�s;V (T )) +

1

2
kTkp�s k�s;p;V (T )k :

Follows by Theorem 1 by taking p = q � 0:
Now, if we take p = 1=2 � s � 0 in Corollary 1, then we get

!
�eTV �(3.6)

� 1

2
!
�
�1=2+s;1=2�s;V (T )

�
+
1

4

�eTV + �1=2;1=2�s;V (T ) kTks�
� 1

2
!
�
�1=2+s;1=2�s;V (T )

�
+
1

2
kTks

�1=2;1=2�s;V (T )
and

!
�eTV � � 1

2
! (�s;1�s;V (T )) +

1

4

�eTV + kTk1=2�s �s;1=2;V (T )�(3.7)

� 1

2
! (�s;1�s;V (T )) +

1

2
kTk1=2�s

�s;1=2;V (T ) :
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If we choose s = 1=2 in (3.6), then we obtain

!
�eTV � � 1

2
!
�bTV �+ 1

4

�eTV + bT1=2;V  kTk1=2�(3.8)

� 1

2
!
�bTV �+ 1

2

bT1=2;V  kTk1=2 :
If we take s = 0 in (3.7), then we get

!
�eTV � � 1

2
! (TV ) +

1

4

�eTV + kTk1=2 T1=2;V �(3.9)

� 1

2
! (TV ) +

1

2
kTk1=2

T1=2;V  :
Corollary 2. Let V be a contraction and T 2 B (H) : Then for q � r � 0;

! (Tq;V ) �
1

2
! (�r;q�r;V (T )) +

1

4
(kTq;V k+ kTq�r;V k kTkr)(3.10)

� 1

2
! (�r;q�r;V (T )) +

1

2
kTkr kTq�r;V k :

It follows by Theorem 1 by taking p = 0:
Now, if we take q = 1 in (3.10) then we get

! (TV ) �
1

2
! (�r;1�r;V (T )) +

1

4
(kTV k+ kT1�r;V k kTkr)(3.11)

� 1

2
! (�r;1�r;V (T )) +

1

2
kTkr kT1�r;V k

for all r 2 [0; 1] :
If we consider r = 1 in the inequality (3.11), then we obtain

(3.12) ! (TV ) �
1

2
!
�bTV �+ 1

4
(kTV k+ kV k kTk) �

1

2
!
�bTV �+ 1

2
kV k kTk :

From the same inequality (3.11) for r = 1=2; we derive

! (TV ) �
1

2
!
�eTV �+ 1

4

�
kTV k+

T1=2;V  kTk1=2�(3.13)

� 1

2
!
�eTV �+ 1

2

T1=2;V  kTk1=2 :
We also have:

Corollary 3. Let V be a contraction and T 2 B (H) : Then for p � s � 0;

!
�bTp;V � � 1

2
! (�s;p�s;V (T )) +

1

4

�bTp;V + kTkp�s bTs;V �(3.14)

� 1

2
! (�s;p�s;V (T )) +

1

2
kTkp�s

bTs;V  :
It follows by Theorem 1 by taking q = 0:
Further, if we take p = 1 in (3.14), then we get

!
�bTV � � 1

2
! (�s;1�s;V (T )) +

1

4

�bTV + kTk1�s bTs;V �(3.15)

� 1

2
! (�s;1�s;V (T )) +

1

2
kTk1�s

bTs;V 
for all s 2 [0; 1] :
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Now, for s = 0 in (3.15) we obtain

(3.16) !
�bTV � � 1

2
! (TV ) +

1

4

�bTV + kTk kV k� � 1

2
! (TV ) +

1

2
kTk kV k ;

while for s = 1=2 we derive

!
�bTV � � 1

2
!
�eTV �+ 1

4

�bTV + kTk1=2 bT1=2;V �(3.17)

� 1

2
!
�eTV �+ 1

2
kTk1=2

bT1=2;V  :
Remark 1. If we take r = q in (3.1), then we get

! (�p;q;V (T )) �
1

2
!
�bTp+q;V �+ 1

4

�
k�p;q;V (T )k+

bTp;V  kTkq�(3.18)

� 1

2
!
�bTp+q;V �+ 1

2
kTkq

bTp;V 
for all p; q � 0:
If we choose in (3.18) p = 0; then we obtain

! (Tq;V ) �
1

2
!
�bTq;V �+ 1

4
(kTq;V k+ kV k kTkq)(3.19)

� 1

2
!
�bTq;V �+ 1

2
kTkq kV k

for all q � 0:
If we take q = 1 in (3.19), then we get

! (TV ) �
1

2
!
�bTV �+ 1

4
(kTV k+ kV k kTk)(3.20)

� 1

2
!
�bTV �+ 1

2
kTk kV k :

Also, if we take in (3.18) p = q; then we get

!
�eTp;V � � 1

2
!
�bT2p;V �+ 1

4

�eTp;V + bTp;V  kTkp�(3.21)

� 1

2
!
�bT2p;V �+ 1

2
kTkp

bTp;V  ;
which, for p = 1=2; gives

!
�eTV � � 1

2
!
�bTV �+ 1

4

�eTV + bT1=2;V  kTk1=2�(3.22)

� 1

2
!
�bTV �+ 1

2

bT1=2;V  kTk1=2 :
If we take s = 0 in (3.2), then we get

! (�p;q;V (T )) �
1

2
! (Tq+p;V ) +

1

4
(k�p;q;V (T )k+ kTkp kTq;V k)(3.23)

� 1

2
! (Tq+p;V ) +

1

2
kTkp kTq;V k :

for all p; q � 0:
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If we choose q = 0 in (3.23), then we obtain

!
�bTp;V � � 1

2
! (Tp;V ) +

1

4

�bTp;V + kTkp kV k�(3.24)

� 1

2
! (Tp;V ) +

1

2
kTkp kV k

for all p � 0: If in this inequality we take p = 1; then we get

!
�bTV � � 1

2
! (TV ) +

1

4

�bTV + kTk kV k�(3.25)

� 1

2
! (TV ) +

1

2
kTk kV k :

Moreover, if we take in (3.23) q = p; then we derive

!
�eTp;V � � 1

2
! (T2p;V ) +

1

4

�eTp;V + kTkp kTp;V k�(3.26)

� 1

2
! (T2p;V ) +

1

2
kTkp kTp;V k

for all p � 0; which for p = 1=2 produces

!
�eTV � � 1

2
! (TV ) +

1

4

�eTV + kTk1=2 T1=2;V �(3.27)

� 1

2
! (TV ) +

1

2
kTk1=2

T1=2;V  :
We also have:

Theorem 2. Let V be a contraction and T 2 B (H) : Then for q � r � 0 and
p � s � 0;

! (�p;q;V (T )) �
1

2
! (�p+r;q�r;V (T )) +

1

4

jT j2r + kTk2p eTq�r;jV j2(3.28)

� 1

2
! (�p+r;q�r;V (T )) +

1

4

jT j2r + kTk2p jT j2(q�r)
and

! (�p;q;V (T )) �
1

2
! (�s;q+p�s;V (T )) +

1

4

jT j2(p�s) + kTk2q eTs;jV �j2
(3.29)

� 1

2
! (�s;q+p�s;V (T )) +

1

4

jT j2(p�s) + kTk2q jT j2s :
Proof. We use the following inequality obtained in [13]

(3.30) ! (AB) � 1

2
! (BA) +

1

4
kBB� +A�Ak

for all A; B 2 B (H) :
If we take A = jT jp V jT jq�r and B = jT jr then we get from (3.30) that

! (�p;q;V (T ))(3.31)

� 1

2
! (�p+r;q�r;V (T )) +

1

4

jT j2r + jT jq�r V � jT j2p V jT jq�r :
Observe that

0 � jT j2p �
jT j2p I = kTk2p I
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and if we multiply this inequality to the left with V � and to the right with V; then
we get

V � jT j2p V � kTk2p V �V = kTk2p jV j2 � kTk2p :
Moreover, if we multiply both sides with jT jq�r � 0; then we further obtain

jT jq�r V � jT j2p V jT jq�r � kTk2p jT jq�r jV j2 jT jq�r = kTk2p eTq�r;jV j2
� kTk2p jT j2(q�r)

and by (3.31) we derive the desired result (3.28).
Now, if we take A = jT jp�s and B = jT js V jT jq in (3.30), then we get

! (�p;q;V (T ))(3.32)

� 1

2
! (�s;q+p�s;V (T )) +

1

4

jT js V jT j2q V � jT js + jT j2(p�s) :
Since, as above

jT js V jT j2q V � jT js � kTk2q jT js V V � jT js = kTk2q jT js jV �j2 jT js

= kTk2q eTs;jV �j2 � kTk
2q jT j2s ;

hence by (3.32) we derive (3.29). �

Corollary 4. Let V be a contraction and T 2 B (H) : Then for p � s � 0;

!
�eTp;V � � 1

2
! (�p+s;p�s;V (T )) +

1

4

jT j2s + kTk2p eTp�s;jV j2(3.33)

� 1

2
! (�p+s;p�s;V (T )) +

1

4

jT j2s + kTk2p jT j2(p�s)
and

!
�eTp;V � � 1

2
! (�s;2p�s;V (T )) +

1

4

jT j2(p�s) + kTk2p eTs;jV �j2
(3.34)

� 1

2
! (�s;2p�s;V (T )) +

1

4

jT j2(p�s) + kTk2p jT j2s :
Follows by Theorem 2 for p = q � 0:
Now, if we take p = 1=2 � s � 0 in Corollary 4, then we get

!
�eTV � � 1

2
!
�
�1=2+s;1=2�s;V (T )

�
+
1

4

jT j2s + kTk eT1=2�s;jV j2(3.35)

� 1

2
!
�
�1=2+s;1=2�s;V (T )

�
+
1

4

jT j2s + kTk jT j2(1=2�s)
and

!
�eTV � � 1

2
! (�s;1�s;V (T )) +

1

4

jT j2(1=2�s) + kTk eTs;jV �j2
(3.36)

� 1

2
! (�s;1�s;V (T )) +

1

4

jT j2(1=2�s) + kTk jT j2s :
If we choose s = 1=2 in (3.35), then we get

(3.37) !
�eTV � � 1

2
!
�bTV �+ 1

4

jT j+ kTk jV j2 � 1

2
!
�bTV �+ 1

4
kjT j+ kTk Ik :

If we take s = 0 in (3.36), then we obtain

(3.38) !
�eTV � � 1

2
! (TV ) +

1

4

jT j+ kTk jV �j2 � 1

2
! (TV ) +

1

4
kjT j+ kTk Ik :
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Corollary 5. Let V be a contraction and T 2 B (H) : Then for q � r � 0;

! (Tq;V ) �
1

2
! (�r;q�r;V (T )) +

1

4

jT j2r + eTq�r;jV j2(3.39)

� 1

2
! (�r;q�r;V (T )) +

1

4

jT j2r + jT j2(q�r)
It follows by Theorem 2 for p = 0:
Now, if we take q = 1 in (3.39) then we get

! (TV ) �
1

2
! (�r;1�r;V (T )) +

1

4

jT j2r + eT1�r;jV j2(3.40)

� 1

2
! (�r;1�r;V (T )) +

1

4

jT j2r + jT j2(1�r)
for all r 2 [0; 1] :
If we choose r = 1 in the inequality (3.40), then we obtain

(3.41) ! (TV ) �
1

2
!
�bTV �+ 1

4

jT j2 + jV j2 � 1

2
!
�bTV �+ 1

4

jT j2 + I :
From the same inequality(3.40) for r = 1=2; we derive

(3.42) ! (TV ) �
1

2
!
�eTV �+ 1

4

jT j+ eT1=2;jV j2 � 1

2
!
�eTV �+ 1

2
kTk :

We also have:

Corollary 6. Let V be a contraction and T 2 B (H) : Then for p � s � 0;

!
�bTp;V � � 1

2
! (�s;p�s;V (T )) +

1

4

jT j2(p�s) + eTs;jV �j2
(3.43)

� 1

2
! (�s;p�s;V (T )) +

1

4

jT j2(p�s) + jT j2s :
It follows by Theorem 1 for q = 0:
Further, if we take p = 1 in (3.43), then we get

!
�bTV � � 1

2
! (�s;1�s;V (T )) +

1

4

jT j2(1�s) + eTs;jV �j2
(3.44)

� 1

2
! (�s;1�s;V (T )) +

1

4

jT j2(1�s) + jT j2s
for all s 2 [0; 1] :
For s = 0 we obtain from (3.44) that

!
�bTV � � 1

2
! (TV ) +

1

4

jT j2 + jV �j2 � 1

2
! (TV ) +

1

4

jT j2 + I ;
while for s = 1=2 we derive

!
�bTV � � 1

2
!
�eTV �+ 1

4

jT j+ eT1=2;jV �j2
 � 1

2
!
�eTV �+ 1

2
kTk :

Remark 2. If we take r = q in (3.28), then we get

! (�p;q;V (T )) �
1

2
!
�bTp+q;V �+ 1

4

jT j2q + kTk2p jV j2(3.45)

� 1

2
!
�bTp+q;V �+ 1

4

jT j2q + kTk2p I :
Further, if we choose p = 0 in (3.45) then we obtain

! (Tq;V ) �
1

2
!
�bTq;V �+ 1

4

jT j2q + jV j2 � 1

2
!
�bTq;V �+ 1

4

jT j2q + I ;
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for all q � 0; while q = 1 produces

! (TV ) �
1

2
!
�bTV �+ 1

4

jT j2 + jV j2 � 1

2
!
�bTV �+ 1

4

jT j2 + I :
Also, if we take in (3.45) p = q; then we get

!
�eTp;V � � 1

2
!
�bT2p;V �+ 1

4

jT j2p + kTk2p jV j2
� 1

2
!
�bT2p;V �+ 1

4

jT j2p + kTk2p I ;
which for p = 1=2 gives that

!
�eTV � � 1

2
!
�bTV �+ 1

4

jT j+ kTk jV j2 � 1

2
!
�bTV �+ 1

4
kjT j+ kTk Ik :

If we take s = 0 in (3.29), then we get

! (�p;q;V (T )) �
1

2
! (Tq+p;V ) +

1

4

jT j2p + kTk2q jV �j2(3.46)

� 1

2
! (Tq+p;V ) +

1

4

jT j2p + kTk2q I
for all p; q � 0:
If we choose q = 0 in (3.46), then we obtain

!
�bTp;V � � 1

2
! (Tp;V ) +

1

4

jT j2p + jV �j2 � 1

2
! (Tp;V ) +

1

4

jT j2p + I
for all p � 0; which for p = 1 gives

!
�bTV � � 1

2
! (TV ) +

1

4

jT j2 + jV �j2 � 1

2
! (TV ) +

1

4

jT j2 + I :
Moreover, if we take in Theorem 2 q = p; then we get

!
�eTp;V � � 1

2
! (�p+s;p�s;V (T )) +

1

4

jT j2s + kTk2p eTp�s;jV j2
� 1

2
! (�p+s;p�s;V (T )) +

1

4

jT j2s + kTk2p jT j2(p�s)
and

!
�eTV � � 1

2
! (�s;2p�s;V (T )) +

1

4

jT j2(p�s) + kTk2p eTs;jV �j2


� 1

2
! (�s;2p�s;V (T )) +

1

4

jT j2(p�s) + kTk2p jT j2s
for all 0 � s � p:
More similar inequalities may be stated if one further takes some particular

values for p and s: The details are omitted.

4. Related Results

We also have:

Theorem 3. Let V be a contraction and T 2 B (H) : Then for q � 0 and p � 0;

! (�p;q;V (T )) �
p
2

2

kTk2p jT jq jV j2 jT jq + kTk2q jT jp jV �j2 jT jp1=2(4.1)

�
p
2

2

kTk2p jT j2q + kTk2q jT j2p1=2 � kTkp+q :
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In particular,

(4.2) !
�eTp;V � � p

2

2
kTkp

jT jp �jV j2 + jV �j2� jT jp1=2 � kTk2p :
Proof. We use the following inequality obtained by Kittaneh in [12]

(4.3) !2 (A) � 1

2
kA�A+AA�k

for all A 2 B (H) :
If we write (4.3) for A = �p;q;V (T ) = jT jp V jT jq ; then we get

!2 (�p;q;V (T )) �
1

2
kjT jq V � jT jp jT jp V jT jq + jT jp V jT jq jT jq V � jT jpk(4.4)

=
1

2

jT jq V � jT j2p V jT jq + jT jp V jT j2q V � jT jp :
Observe that

0 � jT jq V � jT j2p V jT jq � kTk2p jT jq V �V jT jq = kTk2p jT jq jV j2 jT jq

� kTk2p jT j2q

and

0 � jT jp V jT j2q V � jT jp � kTk2q jT jp V V � jT jp = kTk2q jT jp jV �j2 jT jp

� kTk2q jT j2p ;
which gives that

0 � jT jq V � jT j2p V jT jq + jT jp V jT j2q V � jT jp

� kTk2p jT jq jV j2 jT jq + kTk2q jT jp jV �j2 jT jp

� kTk2p jT j2q + kTk2q jT j2p :
Therefore jT jq V � jT j2p V jT jq + jT jp V jT j2q V � jT jp

�
kTk2p jT jq jV j2 jT jq + kTk2q jT jp jV �j2 jT jp

�
kTk2p jT j2q + kTk2q jT j2p

and by (4.4) we get (4.1). �

Corollary 7. Let V be a contraction and T 2 B (H) : Then,

!
�bTp;V � � p

2

2

kTk2p jV j2 + jT jp jV �j2 jT jp1=2(4.5)

�
p
2

2

kTk2p I + jT j2p1=2 � kTkp
for p � 0 and

! (Tq;V ) �
p
2

2

jT jq jV j2 jT jq + kTk2q jV �j21=2(4.6)

�
p
2

2

jT j2q + kTk2q I1=2 � kTkq
for q � 0:
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Remark 3. If we take p = 1=2 in (4.2), then we get

(4.7) !
�eTV � � p

2

2
kTk1=2

jT j1=2 �jV j2 + jV �j2� jT j1=21=2 � kTk :
If we take p = 1 in (4.5), then we obtain

!
�bTV � �

p
2

2

kTk2 jV j2 + jT j jV �j2 jT j1=2(4.8)

�
p
2

2

jT j2 + kTk2 I1=2 � kTk ;
while for q = 1 in (4.6), we get

! (TV ) �
p
2

2

jT j jV j2 jT j+ kTk2 jV �j21=2(4.9)

�
p
2

2

jT j2 + kTk2 I1=2 � kTk :
Theorem 4. Let V be a contraction and T 2 B (H) : Then for q � r � 0 and
p � s � 0;

(4.10) ! (�p;q;V (T )) � k�s;r;V (T )k
� jT j (p�s)u� + (1� �) jT j

(q�r)u
1��

1=u
for all u � 2 and � 2 [0; 1] :
In particular, for p � s � 0;

(4.11) !
�eTp;V � � eTs;V � jT j (p�s)u� + (1� �) jT j

(p�s)u
1��

1=u :
Proof. We use the following inequality obtained in [13]

(4.12) !
�
A�XB1��

�
� kXk k�Au + (1� �)Buk1=u ;

where A;B � 0; X 2 B (H) ; u � 2 and � 2 (0; 1) :
Observe that

! (�p;q;V (T )) = !
�
jT jp�s jT js V jT jr jT jq�r

�
= !

��
jT j

p�s
�

��
jT js V jT jr

�
jT j

q�r
1��

�1���
and by using the inequality in (4.12) for A = jT j

p�s
� ; X = jT js V jT jr and B =

jT j
q�r
1�� ; we get

! (�p;q;V (T )) � kjT js V jT jrk
��jT j p�s� �u + (1� �)�jT j q�r1��

�u1=u
= k�s;r;V (T )k

� jT j (p�s)u� + (1� �) jT j
(q�r)u
1��

1=u
and the inequality (4.10) is proved. �

Corollary 8. Let V be a contraction and T 2 B (H) and u � 2, � 2 [0; 1] : Then
for q � r � 0;

! (Tq;V ) � kTr;V k
�I + (1� �) jT j (q�r)u1��

1=u
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and for p � s � 0;

!
�bTp;V � � bTs;V � jT j (p�s)u� + (1� �) I

1=u :
Finally, we can state:

Theorem 5. Let V be a contraction and T 2 B (H) : Then for w � r � 0 and
v � s � 0;

(4.13) ! (�v;w;V (T )) � k�s;r;V (T )k
1p jT j (v�s)pu� +

1

q
jT j

(w�r)qu
�

�=u
for 0 � � � 1; u � 0 and p; q > 1 with 1

p +
1
q = 1 and pu; qu � 2:

In particular, for v � s � 0

(4.14) !
�eTv;V � � eTs;V 1p jT j (v�s)pu� +

1

q
jT j

(v�s)qu
�

�=u :
Proof. We use the following inequality obtained in [13]

(4.15) ! (A�XB�) � kXk
1pApu + 1qBqu

�=u
for 0 � � � 1; u � 0 and p; q > 1 with 1

p +
1
q = 1 and pu; qu � 2:

Observe that

! (�v;w;V (T )) = !
�
jT jv�s jT js V jT jr jT jw�r

�
= !

��
jT j

v�s
�

��
jT js V jT jr

�
jT j

w�r
�

���
and by using the inequality in (4.12) for A = jT j

v�s
� ; X = jT js V jT jr and B =

jT j
w�r
� ; we get

! (�v;w;V (T )) � k�s;r;V (T )k
1p �jT j v�s� �pu + 1q �jT jw�r�

�qu�=u
= k�s;r;V (T )k

1p jT j (v�s)pu� +
1

q
jT j

(w�r)qu
�

�=u ;
which proves (4.13). �

Corollary 9. Let V be a contraction and T 2 B (H) : Then for v � s � 0;

!
�bTv;V � � bTs;V 1p jT j (v�s)pu� +

1

q
I

�=u
for 0 � � � 1; u � 0 and p; q > 1 with 1

p +
1
q = 1 and pu; qu � 2:

For w � r � 0 we also have

! (Tw;V ) � kTr;V k
1pI + 1q jT j (w�r)qu�

�=u :
More similar inequalities may be stated if one further takes some particular

values for v; w; s and r: The details are omitted.
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