POWER INEQUALITIES FOR THE NUMERICAL RADIUS IN
TERMS OF GENERALIZED ALUTHGE TRANSFORM OF
OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. Let H be a complex Hilbert space. In this paper we show among
others that, if S, V € B(H), r > 1, p, ¢ > 1 with % + % =1 and pr, qr > 2,

then
+w” (|V|2 |s*|2)) .

Moreover, if T'= U |T| is the polar decomposition of the bounded linear oper-
ator T with U a partial isometry, then

. 1
< (

1 1 1
w2r (SV) S - (Hils*|2pr+7lv‘2qr
2 \llp q

‘1 ‘T‘Qtp'r + 1 ‘T|2(17t)q7‘
p q

+ HTH?’“)

where Ay (T) := [T|*U|T|*~¢, ¢ € [0,1] is the generalized Aluthge transform.

1. INTRODUCTION
The numerical radius w (T) of an operator T on H is given by
(1.1) w(T) = sup {[{Tz, z)|, ||| = 1}.
Obviously, by (1.1), for any € H one has
(1.2) (Ta,z)| < w (T)||=]*.

It is well known that w (-) is a norm on the Banach algebra B (H) of all bounded
linear operators T': H — H, i.e.,
(i) w(T) >0 for any T € B(H) and w (T) = 0 if and only if T = 0;
(il) w(AT) = |Mw(T) forany A€ Cand T € B(H);
(i) w(T+V)<w(T)4+w(V)forany T,V € B(H).
This norm is equivalent with the operator norm. In fact, the following more
precise result holds:

(1.3) w(T) < T} = 2w (T)

for any T € B (H).
F. Kittaneh, in 2003 [13], showed that for any operator T' € B (H) we have the
following refinement of the first inequality in (1.3):

1 onl/2
(1.4) w(T) < 5 (1Tl + (| 727) -
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Utilizing the Cartesian decomposition for operators, F. Kittaneh in [14] improved
the inequality (1.3) as follows:

1 1
(1.5) LT T+ 7T < w? (T) < S 17T + 777

for any operator T' € B (H).
For powers of the absolute value of operators, one can state the following results
obtained by El-Haddad & Kittaneh in 2007, [11]:

If for an operator T' € B (H) we denote |T| := (T*T)l/2 , then

]‘ or * —Q)T
(1.6) W (T) < 5 |+ e PO
and
(1.7) W (1) < ||al TP+ (1= ) TP

where oo € (0,1) and r > 1.
If we take v = 1 and 7 = 1 we get from (1.6) that

1 *
(1.8) w(T) < S T+ 1771
and from (1.7) that
1
(1.9) W (T) < 3 H|T\2 + \T*|2H .

For more related results, see the recent books on inequalities for numerical radii
[10] and [5].

Let T = U|T| be the polar decomposition of the bounded linear operator T
with U a partial isometry. The Aluthge transform T of T is defined by T :=
T2 U |TM?, see [1].

The following properties of T" are as follows:

@ |7 <171,

(i) w (T) <w(D),

(i) r (T) =w (1),

. ~ 1/2

() w (T) < |72 (= I, 015,

Utilizing this transform T. Yamazaki, [15] obtained in 2007 the following refine-
ment of Kittaneh’s inequality (1.4):

o em s g (e (7)) < (1w e)

for any operator T' € B (H).
We remark that if T = 0, then obviously w (T') = 1T
For t € (0,1)
A(T) =T U T
is the generalized Aluthge transform introduced in by Cho and Tanahashi in [9)].

Abu-Omar and Kittaneh [2] improved on inequality (1.10) using generalized
Aluthge transform to prove that

(1.11) W) <y <T|| + min w (A (T))) .

te0,1]
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For ¢t = 1 this also gives the following result for the Dougal transform
1 ~

(1.12) w(T) <5 <||TH +w (T)) .

Also, if we put |T|° = I, then A (T) := U |T| = T.

In [4] Bunia et al. also proved that

. 1 1 2 2(1—1)
. < — _
(1.13) w(T) < tem[(l)ﬁ] {2w (A (7)) + 1 (HTH + |7 ) ,

which for ¢ = 1/2 gives (1.10) as well.
Motivated by the above results, in this paper we show among others that, if .S,
VGB(H),TZl,p,q>1WithI%—&—%:landpr,quZthen

o (WIS

2,
iy )

1 /1 1
W (SV) < 5 (H %1%+ = [V P
2 \|lp q

Moreover, we have

o 2tpr 2(1—t)qr
w A (T)) < = —|T + —|T

for t € [0,1]

2. MAIN RESULTS

We recall the following vector inequality for positive operators A > 0, obtained
by C. A. McCarthy in [§]

(Az,2)? < (APz,2), p>1

for x € H, ||z|| = 1 and Buzano’s inequality [7],

(2.1) %[lell Iyl + (=, 9)[] = [(z, €) (e, )|

that holds for any x, y, e € H with |le|| = 1.

Also recall the following result for operator matrices obtained by F. Kittaneh in
[12):

Lemma 1. Let A, B, C € B(H) with A, B > 0. Then the operator matriz

[ g C; ] €EB(H®H)
is positive, if and only if
(Cz,)|* < (Az, ) (By,y)
forallx, y € H.
We need the following results that are of interest in themselves:

Lemma 2. Let A, B, C € B(H) with A, B > 0. If the operator matriz

A C*
{C B }EB(H@H)
is positive then for r >0, p, ¢ > 1 with%—i—%: 1 and pr, qr > 1,

1 1
2r (C) S HApT + Z RBar
p q

(2.2)

€
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If r > 1, then

(2.3) W (C) < S [IAI"IBII" +w" (BA)].

N | =

Ifr>1,p,g>1 with}%—&—%:l and pr, qr > 2, then also

1 /|1 1
2.4 W (C) < = (HAWJF ~ B
(2.4) (©) 5 Ulp .

+w” (BA)) .

Proof. Let x € H with ||z|| = 1. Then by Lemma 1 we get
(Ca,2)? < (Az,a) (Ba,a).
If we take the power r > 0, we get, by Young and McCarthy inequalities that

(O, 2" < (Az,z)" (Be,z)" < - (A, 2)"" + - (Bz,z)"
p q

1 1 1 1
< (AP z3) 4 = (B2, z) = <(APT + B‘”") xm>
p q p q

for x € H with ||z| = 1.
By taking the supremum over ||z|| = 1, then we get that

- 1 1
W (C) = sup [(Cz,z)|”" < sup <<Ap’" + qu) :c,:z:>
lzll=1 lzll=1 \ \P q

1 1
et
p q
which proves (2.2).
Further, using Buzano’s inequality, we have

A B Ax. B
(Ca,2)? < (Aw,2) (B, z) < 1Al xl|2+|< z, Ba)|

By taking the power » > 1 and using the convexity of the power function, we get
Az|||| Bz + |(Az, Bx)|\"
2. 2r < || )
25) I < .
o A|" | B + [{Az, Bx)|" _ | Az||" | B||” + [(BAz, z)|"
- 2 2

)

for x € H with ||z| = 1.
By taking the supremum over ||z|| = 1, then we get that
[Az|" || Bz|" + |<BAx,x>|r)
2

W (C) = sup |(Crz)|” < sup (

llzll=1 llzll=1

1 T T T
< 5 | sup {[[Az]" | Bz|"} + sup [(BAz,z)|
llzll=1 llzll=1
1 T T T
< (Sup [Az|" sup [|Bz|" + sup [(BAw,z)| )

2\ Jz)=1 =1 llell=1
1 T T T

=5 MBI +w" (BA))
(

and the inequality (2.3) is proved.
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From (2.5) we also have

' 1 g I T
(Cx, )" < 5 (IAzl" | Be||” + [(Az, Bx)[")
<3 (5 140l + 2180l + (4o, B2 )
< - | -||Az — || Bx x, Bx
2\p q
]. ]. Py 1 24r r)
=— (= JJAz||"% + = ||Bz|"? + |(Az, Bx
5 (3140l o+ 2ol + (0, B
_! <1 <A2x Jc>p2i + ! <B2x z>% + |(Azx Bz>|r>
2 p k) q ) )
<3 (5 @) + 2 (B70.) + Az, B )
< - - T,x — T,x x, Bx
2\p q
1 1 1
_1 <<(AW + B’”“) H> + <A:c,Bm>|T>
2 P q
and by taking the supremum over ||z|| = 1, we derive (2.4). O

Remark 1. With the assumptions in Lemma 2, if we take p = q = 2 and assume
that v > L, then from (2.2) we get

W (C) < % |42 4+ B ||,
which for r = % gives
w(@) <5 IA+ B,
while for r =1 gives the result from [3]

W (C) < =A%+ B

N~

If we take in (2.2) r = 1, then we get

W (C) < HlAP+ Lpe
p q

forp, g>1 with%—k%:l.
If we take r =1 in (2.3) then we get the result from [3]

W (0) < S IIANIBI +w (BA),
while for r = 2,
W (0) < 3 [IAIF 1BI +2 (B4)].
Also, if we take p=q=2 andr > 1 in (2.4), then we get

1/1
w¥ (0) < 3 (2 ||A2T + BQTH +w" (BA)> .
In particular, for r = 1 we derive the result obtained in [3]

w2 (0) < 1

<3 (; 142 + B +w(BA)> .



6 S.S. DRAGOMIR
Moreover, if p, ¢ > 1 with % + % =1 and take r = 2 in (2.4), then we derive the
inequality

1 /1 1
wi(o) < L (HA L L2
2 \|lp q

+w? (BA)) :
which for p = q = 2 provides
Aoyt (; 4% + B +u? (BA)) |
We also have:

Theorem 1. Let S,V € B(H), then for r > 0, p, ¢ > 1 with % + % =1 and pr,
qr > 1,

1 1
(2.6) w? (SV)§H|S*|2PT+|V|2‘" .
p q
If r > 1, then
r 1 T r r %
(2.7) W (SV) < 5 [ISIP IVIP + e (VP15 -

Ifr>1,p,¢g>1 with}%—&—%:l and pr, qr > 2, then also

1 /1 2 1.2 2 2
2. 2r < = - * | 4PpT - qr T * .
ey wrevysg (s D] o (Vi)
Proof. Observe that the operator matrix
Ss* SV

is positive. Then by Lemma 2 for A = |[$*|*, B = |[V|* and C = V*5* we get the
desired inequalities (2.6)-(2.8). O

Remark 2. With the assumptions of Theorem 1, if we take p = q = 2 and assume
that r > 3, then from (2.6) we get

1 ' .
wQT(SV)§§’|S*|4 + v

If we take r = %, then we obtain the known result

1
w(SV) < 3 ‘ 15*% + [V]?

F

‘|s*\4 + |V|4H .

while for r =1, the result from [3]

w? (SV) <

N =

If we take in (2.6) r = 1, then we get

w? (SV) <

1 1
HERRET TR
p q

)

where p,q > 1 with % + % =1.
If we take r =1 in (2.7), then we get, see also [3]

W (sV) < ¢ ISP IVIE +w (1VE1S7)]
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while for r = 2,
1 4 4 2| o2
W (V) < 5 [ISIH VI + 2 (VI 157)].
Also, if we takep=q=2 andr >1 in (2.8), then we get

o (WP1s))

In particular, for r =1 we derive the result obtained in [3)]

1/1
w2r (SV) S 5 (2 H|S*|4T‘ + ‘V‘4r

W(sv)< L (; 1571+ v o (v S*F)) .

Moreover, if p, ¢ > 1 with % + % =1 and take r = 2 in (2.8), then we derive the

inequality
e (HEH)E

+w? (VPP |5*|2)> .
We also have:

Lemma 3. Let A, B, C € B(H) with A, B > 0. If the operator matriz

W (SV) < ;(

1 1
HERE e
p q

which for p = q = 2 provides

1/1 1
4 < - (= *18 - 8
vy <5 (5 s+ S

A *
{ c CB } €B(HeH)
is positive then for a € [0,1] and r > 1,
(2.9) W (C) < (1 =) A"+ aB" |V | A| | Bl
and
(2.10) w2 (C) < ||(1=a) A" + aB"||"" ad” + (1 — a) B"|".

Proof. From Lemma 1 we have for « € [0, 1] that
(Cx,2)|* < (Az,) (Ba,x) = (Aw, )"~ (Be, )" (Az,z)" (Ba,x) "
< [(1 - @) (Az,2) + a (Bz, )] (Az,2)" (Bw, )"

for all z € H, ||z| = 1.
If we take the power r > 1, then we get by the convexity of power r

2.1D)(Cz,z)[*" < [(1—a)(Az,z) + a (Bz,z)]" (Az, )" (Bz, z)" =)
< [(1-a)(Az,2)" + a(Bz,z)"] (Az, )" (Bx,z)" 7).
If we use McCarthy inequality for power r > 1, then we get
(1—-a)(Az,z)" +a(Br,z)" < (1—a)(A"z,2) + (B "z, z)
={((1-a)A" +aB"|z,z)
and by (2.11), we obtain
(Ca,z)*" < [(1 - a) (Az,2) + o (Bx, 2)]" (Az, z)"* (B, z)" )

< ([(1— @) A" + aB"|z,x) (Az,z)" (Bx,z) =)
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for all x € H, ||z|| = 1.
If we take the supremum over ||z|| = 1, then we get

w? (C) = sup |(C$,$>\2T
lz]|=1

= sup {<[(1 —a)A" +aB"z,z) (Az, x)"™ <B$,$>T(1_Q)}

llzll=1

< sup {{[(1-a) A" +aB]z,2)} sup (BAz,z)" sup (Ba,z) "™
lzli=1 llz[l=1 lz|=1

= |1 =a) A"+ aB"| A" ||B] ",

which is equivalent to (2.9).
Similarly

(Ca,2)* < (Az,x) (Bx,x) = (Az,z)'~* (Bw,z)* (Az,2)" (Bx,z) "
<[1-a){Az,z) + a(Bz,z)] [a (Az,z) + (1 — a) (Bx, x)],

which gives that
(Cz,2))*" < ([(1 —a) A" + aB" z,2) ([0A” + (1 — o) B"] &, z)
for all z € H, ||z| = 1. This proves (2.10). O

Corollary 1. With the assumption of Lemma 3, we have

]' I T r
(2.12) W (0) < gz 147+ BT | A2 1B 2
and
1 )
(2.13) w(0) < 5y A" + B (A
We have:

Theorem 2. Let S,V € B(H), then for a € [0,1] and r > 1,

1/r
@) W V)<|@—a) | P+ al v s v

and

1/r 1/r

(2.15) W (V) < H(l — Q) S+ a|V*

a7+ (1 =) [V

In particular,

2 1 * |27 2r 1/r
(2.16) W (SV) < 5o |IS717 + V] ISVl
and
1 - ST
(2.17) w(SV) < G |S* 7" + |V|? )

Proof. We take in Lemma 3 A = |[S*|>, B = |V|* and C = V*5* to get the desired
inequalities. O
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3. APPLICATIONS FOR GENERALIZED ALUTHGE TRANSFORM
We have the following inequalities for one operator:

Theorem 3. Let T € B(H) and t € [0,1], then

1 1 _
(3.1) W2 (T) < Hp |T*|2tpr + 5 |T|2(1 t)qr

forr>0,p,q>1with%+%:1 and pr, qr > 1.
Also, forr > 1,

(3.2 W (1) < 3 I+ (jR00 )]

If?“zl,p,q>lwz'thl+l=1 and pr, qr > 2, then

(33) W¥(T)< 1 ( +w" (|T|2(1_t) |T*|2t)) .

* | 2tpr 1 2(1— T

|T | tp |T| (1-t)q
/T

||T||2[ta+(1 t)(1 a)].

Moreover, if o € [0,1] and r > 1, then

(34) H 1— o) |T**" 4 o |T)20-0

Proof. If we take S = U|T|" and V = |T|'"" in (2.6) and observe that SV =
UlT| =
15*2 = §§* = U|T|t T U* = U |T)* U* = [T,
then
W (T) < % |T*|2tp'r n 5 |T|2(17t)q7’

which proves (3.1).
The same choice of S and V in (2.7) gives

1 2r —t)r _
(35 WT@)s3 MU (ol IO o (e |T*l”ﬂ |
Observe that , ,
* e ¢ ¢\t ¢
[SI" = 5*S = [T UU|T|" = T[T = [T
2r

since U is an isometry on ran(|7’|). Then HU |T\tH = ||T)]*"" and by (3.5) we get
(3.2).

Ifr>1,p, ¢g>1with % + % =1 and pr, gr > 2, then by (2.8) we get (3.3).

Further, if we use (2.14) for S = U |T|" and V = |T|' ™" we also get for o € [0, 1]
and r > 1 that

1/r
W (1) < [ = @) [T a0 | e e

_ H o) (T2 + o |T20-97 1/r Tt (==

which proves (3.4). O
Corollary 2. Let T € B(H), then

27 1
(3.6) W (T) < ‘ p

T 1 T
7"+ |7
q

forr>0,p7q>1with%—i—%:landpr,qrzl.
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Also, forr >1
T 1 T T *
(3.7) W (1) < 5 [ITI* +wr (T]177))]

Ifer,p,q>1with%+%:1 and pr, qr > 2, then

1 /|1 1
3.8 W (T <(H TP 4 = |T|7"
(3.8) (@) < 5 ([T + 1

v (TI177)).
Moreover, if a € [0,1] and r > 1, then

(3.9) W (T) < ||(1 = ) [T +aT] |
Remark 3. If we take r =1 in (5.6), then we get

1/r
7).

w?(T) <

)

1 1
’IT*|p+IT|q
P q

for p, ¢ > 1 with % + % = 1. In particular, for p=q =2 we get
1
W (T) < 5 |l + 7P
If we take r =1 in (8.2), then we get
1 2 2(1—t) )2
W (T) < 5 [ITI +w (JTP0 0 1)) -
Ifr=1 and p = q =2, then by (3.8) we get
L1y g2 2 *
(@) < 5 (5P e v zir).
If we take r =2 and p, ¢ > 1 with % + % =11n (3.8), then we obtain

1 1 1
4 *|2p 2q
w (T < = —|T + —|T

ra? (71177
which for p =q = 2 gives

w(T) < 1

1 x4 4 *
<3 (5w v o2 ariz).

‘We also have:

Theorem 4. Let T € B(H) and t € [0,1], then

. 1 2pr 1] —ar
(.10 @) = 3o [ Do
forr>0,p7q>1with%+%:1 and pr, qr > 1.
Also
2r 1 2r r 2—t * t
(3.11) W (A (T) < 5 [T+ (1P oo ')
forr>1.
Moreover,
(3.12) w? (A (T))
1 /)1 o1 —t)qr r - *
S(“U* A e E (e T|t)>
2 \llp q
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forrzl,p,q>lwith%+$=1andpr,quQ.
Also, for a € [0,1] and r > 1,

1/r
+a|T|2(1—t)qT' ||T||2[t(1+(1—t)(1—(1)] )

(3.13) W2 (A (1)) < H(l o) |

Proof. If we take S = |T'U and V = |T|'"" in (2.6) and observe that SV =
IT/"U |T|"™" = Ay (T), then we get

W (A (T)) <

With the same choice and by using (2.7) we derive

1 2pr 1 —Har
- ‘U* |T|t‘ 4= |T|2(1 t)q
p q

@) < g i o i (g0 oot )|
o e W e (e ]
< 5 (11 e o (i ove )|
= ¢ 11 o (imptwoe )]

which proves (3.11).
Ifr>1,p, q¢q>1with 1% + é =1 and pr, gr > 2, then from (2.8) we get (3.12).

If we take S = |T|'U and V = |T|'~" in (2.14) then for a € [0,1] and r > 1,
w? (A (1))

2pr 1r 20
(=) oo 2™+ a0 o e o)

IN

2pr 1/r
(1 _ a) U* ‘T|t +a ‘T|2(17t)qr ||T||2ta HT”Q(lft)(lfa)

IN

2pr 1/r

— (1 _ Oé) U* ‘T|t + a ‘T|2(1—t)q’r‘ ||T||2[ta+(1—t)(1—a)] ,

which proves (3.13). O
For t = 1/2 we obtain the following inequalities for the Aluthge transform T.
Corollary 3. Let T € B(H), then

1 2pr 1

3.14 W (T f‘U* T1/2‘ + =Ty
(3.14) (7) < 7| 171
forr>0,p, g>1 with % +%—1 and pr, qr > 1.

Also

. (= 1 or 3/2 « 111/2

(3.15) w? (T) 5 [||T|| <|T\/ vU* ||V )}
forr>1.

Moreover,

1/t R
(3.16)  w? (T) <= <H ’U* |T|1/2’ + 2|7
2 \llp q

S (A RE T|1/2))
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forrzl,p,q>lwith%+$=1andpr,quQ.
Also, for a € [0,1] and r > 1,

1/

+alTI™| |7

‘Zpr

(3.17) w? (T) < H(l —a) ‘U* IRk

For t = 1 we also obtain the following results for the Dougal transform T.

Corollary 4. Let T € B(H), then

R 11/ *
o (1) <|;](@)
p
forr>0,p7q>1with%—l—%:landpr,qrzl.
Also

2pr

1
+21]
q

e 1 - ~||2r
o (@) < 3 i+ |7

forr>1.
Moreover,
2pr

O (HG) ")

forer,p,q>1with%wL%:landpr,qTZ?.
Also, for a € [0,1] and r > 1,

+1IH+H:F
q

1/r

w? (f) < H(l—a) ‘(f)*rpr—i-al (lrall

For t = 0 we also get:

Corollary 5. Let T € B(H), then

1 .1 i,
wQT(T)SHIU*IQP + = |7
P q

forr>0,p7q>1with%—i—%:l(mdpr,qrzl.
Also

W (1) < 5 [ITIP + o (7P UU) |

N |

forr>1.
Moreover,

2r *|2pr 2qr
w(T) < = - |U +—|T

o (|T|2UU*)>

forrzl,p,q>1with%-l—%:landpr,qrzz
Also, for a € [0,1] and r > 1,

1/r
W? (1) < || (1= @) U PP+ | ).

We also have the following upper bounds for the numerical radius of generalized
Aluthge transform:
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Theorem 5. Let T € B(H) and t € [0,1], then

1 s o1 —Har
(3.18) W (A(T)) < H|T|2tp + = TPt
p q
forr>0,p, g>1 with%—i—%:l and pr, qr > 1.
Ifr>1,p,¢>1 with%—l—%:l and pr, qr > 2, then

VAT or 1ot
319w A < g (|3 e

I
Also, for a € 0,1] and r > 1,

(3.20) OJ2 (At (T)) < H(l _ Oé) ‘T|2tT +a ‘T|2(1_t)T 1/r ||T||2[to¢+(l—t)(l—oz)] )

Proof. If we take S = |T|" and V = U |T|'~" and observe that SV = |T|' U |T|'™" =
Ay (T)7

qr
|V|2q7‘ _ (V*V)qr _ (|T|1—t U |T|1—t> _ |T|2(1—t)qr

then by (2.6) we get (3.18).
Ifr>1,p, qg>1 with % + % =1 and pr, qr > 2, then by the same choices in
(2.8) we obtain

w? (A (T))

IN

1/]1 .1 —Har
2 (H'T”” o[
p q

LW (‘T|2(17t) |T|2t)>
+ ||T2T) ,

1 /1 1 e
5 (H |T‘2tp 4= |T|2(1 t)q
p q

which proves (3.19).
For a € [0,1] and r > 1, then by (2.14) we get

” _ 1/r _ B
w? (A (7)) < H(l—a) 1T 4 o |20 )2t ) 20 e

1/r TPl a0 -a)

7

_ H(l - a) |T|2t?” +a |T|2(1—t)7’

which proves (3.20). O
Remark 4. If we take t = 1/2 in (3.18) then we get

~ 1 S | -
(3.21) W (T) < H TP+ = |7
p q

for'r>0,p,q>1with%+%:1 and pr, qr > 1.
Ifr>1,p,g>1 with%—l—%zl and pr, qr > 2, then by (3.19) we obtain

(3.22) W (T) < + |T||2T> .

DN | =

1 1
(H T + — 7™
p q
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