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Abstract

The first author recently derived several approximation results by neural network op-
erators see the new monograph [19]. There, the approximation methods derived from the
parametrized and deformed neural networks induced by the g—deformed and A—parametrized
logistic and hyperbolic tangent activation functions. The results we apply here are uni-
variate on a compact interval, regular and fractional. The outcome is the quantitative
approximation of Brownian motion over the three dimensional sphere. We derive several
Jackson type inequalities estimating the degree of convergence of our neural network op-
erators to a general expectation function of Brownian motion. We give a detailed list of
approximation applications regarding the expectation of well known functions of Brown-
ian motion. Smoothness of our functions is taken into account producing higher speeds of

approximation.
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1 Introduction

The first author in [1] and [2], see chapters 2 — 5, was the first to establish neural network
approximation to continuous functions with rates by very specifically defined neural network
operators of Cardaliaguet-Euvrard and ’Squasing’ types, by employing the modulus of conti-

nuity of the engaged function or its high order derivative, and producing very tight Jackson
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type inequalities. He treats there both the univariate and multivariate cases. The defining
these operators ’bell-shaped’ and ’squashing’ functions are assumed to be compact support.
Also the first author inspired by [23], continued his studies on neural networks approximation
by introducing and using the proper quasi-interpolation operators of sigmoidal and hyperbolic
tangent type which resulted into [4], [5], [6], [7] and [9], by treating both the univariate and
multivariate cases. He did also the corresponding fractional cases [8], [10] and [14].

In [17], [19] the first author continued similar studies for Banach space valued functions for
activation functions deriving from the g—deformed and A—parametrized logistic and hyper-
bolic tangent sigmoid functions. The authors based and inspired by [27] perform here neural
network quantitative approximations to Brownian motion over the three dimensional sphere.
They present a series of Jackson type inequalities estimating the error of approximation to a
general expectation function of the Brownian motion and its derivative. They produce regular

and fractional calculus results. They finish with a lot of important applications.

2 About Parametrized and Deformed Neural Networks

2.1 About the g-deformed and A-parametrized logistic activation function

Here we follow [21].

We consider here the g-deformed and A-parametrized function acting as an activation function

1

:m, x € R, where g, A >0, A > 1. (1)
q

Pg,x (2)

This is an A-generalized logistic type function.

We easily observe that

Lm ga (@) =1, lim g () =0. (2)
Furthermore we have
Pa (2) =1— PLA (—x) (3)
We also have that
q
= — . 4
fun (0) = 1 and ¢y 5 (0) = @
We have )
P () = gA(In A) (1 + qA*M) A > 0. (5)

So that ¢, ) is a striclty increasing function over R. Furthermore it holds

-2
Gy (@) = aX? (i A)° (A 4 @A™ 1 2g) (A7 - A¥) e C(R). (6)

cpg)\ (x) >0, for x < logTAq and there ¢, ) is concave up.

1 :
When z > <844 we have P () <0 and gy is concave down.

1
P < Og}\Aq> = 0.

Of course




S0, g, is a sigmoid function, see [18].
Consider the function
1

G (@) = 5 (P2 (2 +1) — gga (z = 1)), 7 €R. (7)
Then
Gq7>\(—x):G%7/\ (x), Ve el (8)
We have that
Gy (@) = 5 (@ (1) — gl (= 1)) . )
G’q)\ > 0, i.e. Gy is striclty increasing over (—oo, log)f‘q — 1) . Gy, is strictly decreasing

1 o 1 1
over (%, —i—oo) . Gy is strictly concave down over (% —1,°8a% 4 1) .

Overall Gy  is a bell-shaped function over R. lOgTAq

is the only critical number of G, \ over
R. Therefore Gy » (MéTAq> is the maximum of G .

The global maximul of Gy is

log 4 g AN —1
= ) 1
G‘“( A > 2 (AN +1) (10)
Finally we have that

) 1
xgr_'r_loqu,)\ (x) = 9 (@q,)\ (+OO> — Pg,A (+OO)> =0, (11)

and .
lim Gy (2) = 5 (92 (~00) — 9y (~00) = 0. (12)

Consequently the z-axis is the horizontal asymptote of G, . Of course G 5 () > 0,V z € R.
We need

Theorem 1. ([22]) It holds

ZGq,A(Qf—i)Il;VxGR,Vq,)\>O,A>1. (13)

1=—00

Furthermore,

Theorem 2. ([22]) It holds
/ Ggy(xv)dr =1, A\ g>0, A>1. (14)

So that Gy is a density function on R; A,¢ >0, A > 1.
We need the following result

Theorem 3. (/22]) Let 0 < a < 1, and n € N with n'=® > 2. Then

[e.o]

1 1 (o
Z Gy (nx—k)<max{q,q}A/\(nla_2):fyA A(n! 2)7 (15)
k= —o0
{ s nw — k| > ntte

where g, A >0, A > 1; v := max{q,%}.



Let [-] the ceiling of the number, and |-| the integral part of the number.

We also need

Theorem 4. ([22]) Let x € [a,b] C R and n € N so that [na] < |nb|. For ¢ > 0, A > 0,
A > 1, we consider the number Ay > zo > 0 with Gy x (20) = Ggx (0) and Ay > 1. Then

1 1 1
< max ) =: K (q). (16)
o )

k=[na]

We finally mention

Remark 5. (/22]) (i) We have that

[nb]

HEIEOO Gy (nx —k) #1, for at least some x € [a,b], (17)
k=[na]
where A\, q > 0.
(ii) Let [a,b] C R. For large n we always have [na] < [nb]. Also a < & < b, iff
[na] <k < |nb]|. In general it holds
[nb]
> Goalnz—k) < 1. (18)

k=[na]

Definition 6. Let f € C ([a,b]) and n € N : [na] < |nb|. We introduce and define the

X -valued linear neural network operators

b
> f(E)Gor (nz—k)

k=[na]
Lnb]

Y. Ggx(nx—k)
k=[na]

, x € la,b]. (19)

L, (f,x) =

Clearly here L, (f,z) € C([a,b]). We study here the pointwise and uniform convergence
of L, (f,x) to f (x) with rates.

For convenience, also we call

o= 3 1 (5 pten, )

k=[na]

Lo (f,z) = Ln(fo) (21)

[nb]
Y. Ggx(nx—k)
k=[na]

So that
Ly (f, @)
[nb)
Y. Ggx(nz —k)
k=[na]

—flx) = (22)



k=[na]

[nb)
Ly, (f.z) — f (%) ( > Ggx(nz— k))
[nb] '
Y. Ggx(nz—k)
k=[na]

Consequently, we derive that

[nb]
L (f,2) = f(2)| < K (q) | Ly, (f,2) = [ (x) ( > G (na - k)) =

k=[na]
K (a) kti (7(%) - 7@) Gua (2 - ). (23)

We will estimate the right hand side of the last quantity.
For that we need, for f € C ([a,b]) the first modulus of continuity

wi (f,0) = sup  |f(z) = f(y)], d>0. (24)
x,y € [a,b]
lz -yl <6

Similarly, it is defined wy for f € Cyp (R) (uniformly continuous and bounded functions
from R into R), for f € Cp (R) (continuous and bounded real valued), and for f € C, (R)
(uniformly continuous).

The fact f € C ([a,b]) or f € Cy (R), is equivalent to %i_r}r(l)wl (f,0) =0, see [13].

We present a set of real valued neural network approximations to a function given with

rates.

Theorem 7. ([21]) Let f € C([a,b]), 0 <a <1, neN:nl"*>2 z¢&[a,b]. Then

i)
La(fea) = F@I S K@ [or (£ ) +20fllerd 20D = e5)
and

1 (f) = flloo < p- (26)

We get that lim L, (f) = f, pointwise and uniformly.
n—oo
We need

Definition 8. ([11], [24]) Let [a,b] C R, a > 0; m = [a] € N, ([-] is the ceiling of the
number), f : [a,b] — R. We assume that f™ € Ly ([a,b]). We call the Caputo left fractional

derivative of order ac:

1

(D2, f) (z) := =) / ' (z — )™ M ) dt, Yz elab]. (27)

If a € N, we set D2, f := f™ the ordinary real valued derivative and also set DO, f = f.



By [11], (D2, f) (z) exists almost everywhere in x € [a,b] and DS, f € Ly ([a, b]).
I [ £, ) < 00 then by [11], DS, f € C ([a,b]) , hence | DS, f|| € C ([a,b]) .

We mention
Definition 9. (/12]) Let [a,b] C R, a > 0, m := [a]. We assume that f™ € Ly ([a,D]),
where f: [a,b] = R. We call the Caputo right fractional derivative of order «:

b m—a—1 ¢(m)
(Dp_f) (z) = )/x (z —x) " (2)dz, Y xe€la,b. (28)

We observe that (DI ) (z) = (=1)" ™ (z), for m € N, and (DY_f) (z) = f ().

By [12], (D f) (z) exists almost everywhere on [a,b] and (Dg"f) € L1 ([a,b)).
If Hf(m)HLoo([a,b],X) < oo,and a ¢ N, by [12], D' f € C([a,b]), hence HDgLfH € C([a,b]) .

Next we present

Theorem 10. (/21])Let 0 < a, B < 1, f € C' ([a,b]), z € [a,b], n € N:nl=F > 2. Then

i)

|Ln (f, ) — f(2)] <

1 ( (Dg f;nﬁ)[ 2 T (D% f’ )[xb]>
SO sy { nad +
AP (D5 g = @+ 1D S o O—207) ) @9)
and
i) 1
[Lnf = flloo < K (q) Tatl)

(Sup w1 (Da e nﬂ)[ ]+ Sup wi (ngﬂrgﬁ)[x,b])

z€[a,b] z€la,b]

nah +

(b—a)a»yA—A(nlﬁ—Q)(sup 1D oo e T e 1D, fl o xb])} (30)

€la,b)

2.2 About g-deformed and A\—parametrized hyperbolic tangent activation

function g, \

Here all this background comes from [16]. We use g, x, see (29), and exhibit that it is a sigmoid
activation function and we will present several of its properties related to the approximation

by neural network operators. So, let us consider the function

e)\x _ qef)\:r
gg ) () == R r—— Agqg>0, xR (31)
We have that .
—(q
0) = ——7. 32
0 0) = 1 (32)



We also have

ggr (-2) = =91, (2), V2 ER, (33)
Furthermore
Jim gy (2) =1, and lim gy (z) = +1 (34)
We find that o
4ghe ™
o () = a2z >0 (35)
(e*2* 4+ q)

therefore g, \ is striclty increasing.
Next we obtain (z € R)

_ 62)\1

gy () = BgAZeP (M) € C(R). (36)

So, in case of z < lg—/\q, we have that g, ) is strictly concave up, with g;’,)\ (1;—)?) = 0. And

in case of z > 1;—/\(1, we have that g,  is strictly concave down.

Clearly, gq4.» is a shifted sigmoid function with g, (0) = %, and gg\ (—2) = —g,-1.5 (),
(a semi-odd function), see also [18].
By 1> —-1,24 1>z — 1, we consider the activation function

My () = 7 (g2 (&4 1) = gy (2 = 1) > 0, (37)

Vo € R; ¢, A > 0. Notice that M, » (£00) = 0, so the z-axis is horizontal asymptote. We have
that
Mgy (—x) =M1, (x), Yz eR; ¢, A >0, (38)

q K
a deformed symmetry.

Furthermore M, ) is strictly decreasing over (1;—/\‘1 + 1,+oo>. M, 5 is concave down over

[%q -1, %? + 1}, and strictly concave down over (1;—/\‘1 -1, 1;%\‘1 + 1) .

Consequently M, \ has a bell-type shape over R.

INE M, » achieves its global maximum, which is

220
Ing\ tanh())
Mq’)\ <2)\> — T, )\ > 0 (39)

We mention

Theorem 11. (/20]) We have that

> Mga(z—i)=1, Vz R,V Aq>0. (40)

1=—00

It follows

Theorem 12. (/20]) It holds

/ Mgy (x)dx =1, X\ ,q>0. (41)



So that M,  is a density function on R; A,q > 0.
We need the following result

Theorem 13. (/20]) Let 0 < a < 1, and n € N with n'=* > 2; ¢, A > 0. Then

o0

1 a .
Z Mgy (nx — k) < max {q7 } 64/\672)\11(1 ) _ T672,\n(1 )’ (42)
q
k= —00
{ :nw — k| > nl

where T := max {q, } 4,
Let [-] the ceiling of the number, and || the integral part of the number.

Theorem 14. (/20]) Let x € [a,b] C R and n € N so that [na] < |nb|. For ¢ >0, A\ > 0, we
consider the number \g > zy > 0 with My » (20) = My (0) and Ay > 1. Then

1 1 1
oh] < mazq 57 SO0 11 =:A(q). (43)
> Mgy (nx—k) B o ( %)

k=[na]

We also mention

Remark 15. (/20]) (i) We have that

Lnb)
lim Z Mgy (nx —k) #1, for at least some x € [a,b], (44)

n—>+oo
=[na]

where A\, q > 0.
(ii) Let [a,b] C R. For large n we always have [na] < |nb|. Also a < % < b, iff
[na] < k < |nb|. In general it holds

[nb]
> My (nz—k)<1. (45)

k=[na]

Definition 16. Let f € C ([a,b]) and n € N : [na] < |nb]. We introduce and define the real

valued linear neural network operators

[nb|
X () Mo ()
H, (f) = = Caefablig>0.q# 1 (46)
k_; WMq’,\ (nz — k)

For large enough n we always obtain [na] < |nb]. Also a < % <b, iff [na] <k < |nb].
We study here the pointwise and uniform convergence of Hy (f,z) to f (x) with rates.

For convenience, also we call

12 (0) g"ff() N )

k=[na]



that is

So that

(@)= (49)

Consequently, we derive that

|Hy (f,2) = f (2)] < A(g)
k=[na]

[nb]
Hy (f,x) = f () ( > My (nw — k)) —

[nb]

> (7(5) -1 @) Mo tus =

k=[na]

A(q) ; (50)

where A (q) as in (43). We will estimate the right hand side of the last quantity.
We present a set of real valued neural network approximations to a function given with

rates.

Theorem 17. ([16])Let f € C ([a,b]),0<a<1l,neN:n'"*>2 ¢>0,q¢#1, x € [a,b].

Then
i)
() = T @I <A@ o (£ ) + 20T | =n o)
where T := max {q, %} et
and
i)
|H () = fllog <7 (52)

We get that lim H,, (f) = f, pointwise and uniformly.
n—oo
Next present

Theorem 18. ([16]) Let 0 < a,3 <1, ¢ >0, ¢ # 1, f € C'([a,b],X), = € [a,b], n € N :
n'=P > 2. Then

i)
| Hy (f,2) = f(2)] <
A(q) { (wl (Dg—f’ n%)[a7$} twi (Dfxfa n%)[%b]) N

['(a+1) nab



Te P (105l o (& = & + D%l oy (0= )°) } i

and
A(q
[Hnf = flloo < F(())
< sup wi (D _f, nﬁ)[(w] + sup wy (Dmf, nﬁ) xb])
z€a,b] ’ z€[a,b] i
nob
(b— a)a T672)\n(1*5) ( sup HDO‘ fH ] —+ Sl[lp HD*sz [xb)} (54)
QTGCL

Here, T := max {q, %} e,

3 Combine 2.1 and 2.2

Let a,b € R, f € C([a,b]). Let also ¢, A > 0, A > 1,7 = max {q, %} as in previous sections.

For the next theorems we call
1L (f,2) := Ly (f, ), 2 € [a,]]
2Ln (fvx) = HTL (fal‘) , T € [a’vb] .

Also we set
Ki(q) = K (q)

Ka(q) = A(q).

Furthermore we set
Bin (N a) = AMT2) e NO<a <1

BZ,n A\ a) = 64’\_2)‘"1706,72 eENO<a<l1.
We present

Theorem 19. Let f € C([a,b]), 0 <a<1,neN:n'"%>2 x¢€[a,b]. Then fori=1,2

i
o (7.0) = 1 @) < K@) [on (£ ) + 207l vfin Ol = (65)
and
ii)
liLn (f) = flloo < pi- (56)

We get that lim ;L,, (f) = f, pointwise and uniformly.
n—oo

Proof. From Theorems 7 and 17. O

Next we present

10



Theorem 20. Let0 < o, 3 < 1, f € C' ([a,b]), = € [a,b], n € N:n'=8 > 2. Then fori=1,2

i)
il (f,2) = f ()] <
1 (w1 (D3-S, ﬂ%)[a,m] +wi (D, f, n%)[x,b]>
Ki(g) F'(a+1) nop +
WBin O B) (1Dl s foy (@ = %+ 1Dl gy 0 = 2)%) } (57)
and
i)
1

lilnf — flloo < Ki(q) Tlatl)

z€a,b]
nos

( sup wi (D _f, nﬁ)[a 2] + sup w (D*xf nﬁ) zb])
z€[a,b] v

_I_

(b= a)* Bin (A B) ( s 1Dl o e T sup, D% £l oo [xb)} (58)
z€|a,

Proof. From Theorems 10 and 18. [
4 About Brownian Motion on 3 Dimensional Sphere

([27]) The Brownian motion on S™ is a diffusion (Markov) process Wi, t > 0, on S™ whose

transition density is a function P(¢,x,y) on (0,00) x S™ x S™ satisfying

or 1
S = 5AnP, (59)
and
P(t,z,y) = 6z(y) as t— 0T, (60)

where A,, is the Laplace-Beltrami operator of S™ acting on the x-variables and d,(y) is the
delta mass at z, i.e. P(t,x,y) is the heat kernel of S™. The heat kernel exists, it is unique,

positive, and smooth in (¢, z,y).
Remark 21. The heat kernel P(t,z,y) sutisfying the following properties
1. Symmetry: P(t,x,y) = P(t,y,x).

2. The semigroup identity: For any s € (0,t),
P(t.a.g) = [ Pls.s.2)Plt = 5.2,)du(z), (61)

where dy is the area measure element of S™.

3. Forallt >0 and x € S™
/ P(t,z,y)du(y) = 1. (62)

11



4. Ast — oo, P(t,x,y) approaches the uniform density on S™, i.e

tlggo P(t,z,y) = (63)

1
A’
where A,, is the area of the S™ with radius a. It is also well known that

ntl
2m 2

(=
27(% —1)lrza”
(n—1)!

A, = forn odd

An =

, forn even. (64)

Finally, the symmetry of S™ implies that P(¢,z,y) depends only on ¢ and d(z,y), the
distance between z and y. Thus in spherical coordinates it depends on ¢ and the angle ¢

between z and y. Hence,
P(t,z,y) = p(t, ),

where p(t, @) satisfies

dp 1 1 op  0?p
P A= (-1 N
5 = 5onP (n—1)cotp - (65)

and

lim aA,_1p(t,p) - sin""

t—0t

Here 6(+) is the standard Dirac delta function on R.

4.1 Explicit form of the heat kernel of S3

Proposition 22. Let Wy, t > 0 be the Brownian motion on a 3-dimensional sphere S3 of

radius a. The transition density function p(t,¢) of Wy is given by

exp (52z) (o + 2nm)2a®
= _— a7/ E 2 _r =77
p(tv QD) (27Tt)3/2 sin © neZ(SO + nﬂ_) exp 2t ) (67)

where Z is the set of all integers. Equivalently

? n? —
p(t,p) = ——5——— Znexp (—t(al) + igon) (68)

472a3 sin @ = 2a2
and (n? )
1 t(n®—1
p(t, 80) m Z n sin n(p) exp < M) . (69)
Furthermore p(t, ) is analytic about ¢ = 0 and ¢ = 7. In fact
.0 = lim p(t.9) = 3 Y ntewn (U5 (70)
neN
and (n? )
. t(n®—1
p(t,m) = Solggrg pte) =553 —1)"exp (—Qag) : (71)

neN

12



Theorem 23. Consider function g : R — R, which is bounded on [0,7], i.e. there exists
M > 0 such that |g(¢)| < M, for every ¢ € [0,7], and Lebesgue measurable on R. Let also
W (t,¢) be the Brownian motion on S3. Then the expectation

E (lgW))) (t) = / " 19(6) p(t, )do

s continuous in t, and
E(lgW)]) (t) < mMp (to, ¢o) , (72)

where

to, o) = t¢), with0 <ty < to.
p (to, do) (t’d))e[rtflliix[&ﬂp( ¢), wi 1 <t

Here p(t, ¢) is the transition density function of the Brownian motion Wy, t > 0 on S® given
by (67).

Proof. It is known that the transition density function of the Brownian motion W, ¢ > 0 on
S3 p(t, ¢) is continuous in (¢, ¢) € [t1,ta] x [0,7],¢1 > 0.
By the extreme value theorem there exists (tg, o) € [t1,t2] X [0, 7] such that

p (to, ¢o) = max p(t,9).

(t,¢))€ [t]_ ,tz} X [O,W]

So we have
0 S p (t7 Qb) S p (th ¢0) ) for every (ta ¢) € [tb t2] X [O’ 7T] .

Let N e Nty t € [t1,t2] tty — t, as N — oo.

Then, p (tn, ¢) — p (t, ¢) for every ¢ € [0, 7] .

The function g : R — R, is bounded on [0, 7], i.e. there is a M > 0 such that |g(¢)| < M, for
every ¢ € [0, 7], and Lebesgue measurable on R.

Furthermore we have that,

l9(®)| p(tn, @) — |9(d)|p (¢, 6), as N — oo

and
19(9)| p(tn, @) < [g(@)|p (to, o), for all ¢ € [0,7] and N € N.

So, by dominated convergence theorem we get that
E(lgW)]) (tn) = E(lg(W)]) (t) as N — oc.

Thus E (|g(W)]) (¢) is proved to be continuous in t.

Moreover,
‘g(¢)|p(t7¢) S Mp (t07¢0) for all ¢ € [t17t2] and (ls S [077‘—]'
Thus,
B (gD (0) = [ @)t 0)d < 70 (1 0).
O

13



Proposition 24. Consider function g : R — R, which is bounded on [0,7] and Lebesgue

measurable on R. Let also W (t, ¢) be the Brownian motion on S3. Then the expectation

E (jg(W)]) (t) = /0 " 19(@)] plt, B)do

OF (lgW))) / ()] 2L g (73)

is differentiable in t, and

which is continuous in t.

Proof. As we said before, the transition density function of the Brownian motion W;,t > 0
on S3,p(t, $) is continuous in (¢, @) € [t1,t2] x [0,7],t1 > 0.
We have -

= [ @)1 p(t. )5, tor every t < 1),

We apply differentiation under the integral sign.

ot 6) _ H op(t. )

‘We notice

l9(¢) H '
ot ot 00, [t1,t2]x[0,7]

ORI — [ g 2,

which is continuous in ¢ (same proof as in Theorem 23). O

Therefore there exists

5 Main Results

We start with

Proposition 25. Let0 < a < 1,n € N:n!'=% > 2 t € [t1,t5], wheret; > 0. Then fori=1,2

9
L (B (a(W)D) ()~ B (g W) (1) <
K (o) or (B Qo) ) + 21 (9O Dl rBin )| =250 (70
and
i)
i (B la(W)]) ~ E(lgW)lc < o1 (75)

We get that ILm iLn (E (JlgW)]) = E(|g(W)]), pointwise and uniformly.

Proof. From Theorem 19. O

Next we present

14



Proposition 26. Let 0 < o, 3 < 1, t € [t1,ts],where t1 > 0 n € N : n'=8 > 2. Then for
i=1,2

i

i (B (lgV)D) (£) = B (lgW)]) (8)] <

w L), g Fwr (DSE (g, ),

K@'<q>p<a1+1>{( 1 (DEE (Jg(W)) ,LB)[M%B 1 (DSE (lg(W))) nﬁ)[,ﬂ)+
Wi s B) (IDEE (gD g (¢ = 8)° + IDLE (1900l (2 = D)%)} (76)
and
ii) '
IiZa (lg()) = B (9P oo < K3 @) 5o gy

tE[t1,t2] tE[tl,tg]
nobs

( sup wi (D ([g(W)]) &)+ sup wn (DstE<|g<W>\>,;ﬁ)[t,t2])

_l’_

(tz—tl)av@,n(/\,ﬁ)< o (|5 B (W) gy g+ s [DEE oV >|>|roo,[t,t2]>}
te[tl,tz} [tl,tg]
(77)

Proof. From Theorem 20. O

We continue with

Proposition 27. Let0 < a < 1,n € N:n!'=% > 2 t € [t1,t2], wheret; > 0. Then fori = 1,2

g
aa (ZEBOODY (200N )
i) [on (PRS0 ) | U ah | e
and
Y P G WG )

We get that li_}In iLn, (8E(|(%§W)D) = 8E(|%§W)|), pointwise and uniformly.

Proof. From Theorem 19. OJ

6 Applications

For a function g : R — R, which is bounded on [0,7] and Lebesgue measurable on R and

W (t, $) the Brownian motion on S3. We will use the following notations
E(lg(W))) = E (Ja(W))" (80)
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and

2EUEE B ). (B

We can apply our main results to the function g(W) = W. Consider the function g : R — R,
where g(z) = x for every € R. Let also W (¢, ¢) be the Brownian motion on S. Then the

expectation
EQW) (0 = [ antt.0)a

is continuous in t.

Moreover,

Corollary 28. Let 0 < a <1, n € N:n'=% > 2 t € [t;,ta], where t; > 0. Then fori=1,2
and j =0,1

i
iLa (WD) () = EqW)Y ()] <
K (o) [on (BEQWDO ) 2BV shn )| = 2
and
ii)
L (BEQWDY) = E(W)D|_ <p (83)

We get that ILm iLn (E (\W!)(j)) = E (W)Y, pointwise and uniformly.

Proof. From Propositions 25 and 27. [J

Next we present

Corollary 29. Let 0 < o, < 1, t € [t1,to],where t; >0 n € N:n'=8 > 2. Then fori=1,2

i

L (B (WD) (8) = E (W) (1)] <

wi (DB (W), %), g+ (DRE(WD, %),

Ki(q)r(al—i-l){(l — ]naﬁl 6[7])+
WBin O B) ([IDEE (WD s (¢ = 1) + IDLE (Wlloo oy (B2 =)}, (84)
and
i) )
4L (W) = B (WDl < K (@) 3y

( sup wi (DLE (W), %), + suwp (DstEuWD,;ﬁ)[t,tQ])

tG[tLtQ} tG[tl,tQ]
nob

_l’_

(tz—t1)a’v@,n(>\,ﬁ)< sup [|DE (Wl gt sup IDGE (W)l m])}- (85)

tE[tl,tQ} E[tl,tg]

16



Proof. From Proposition 26. [J
For the next corollaries we consider the function g : R — R, where g(x) = cosx for every
z € R. Let also W (t, ¢) be the Brownian motion on S3. Then the expectation

B (eosW) (1) = [ " cos 9| p(t, 6)do

is continuous in t.

Moreover,

Corollary 30. Let 0 < a < 1,n € N:n'=% > 2 t € [t;,ta], where t; > 0. Then fori=1,2
and j =0,1

i)
L (B (jeos WD) (1) = B (jeos W) (1) <
K (o) o (B eos W) 0) 2|8 Qeos WO a0 = (60)
and
ii)
L, (E(]cosWD(j)) - E(|cosW\)<J'>HOo < pi (87)

We get that li_>m iLp (E (|cos W\)(j)> = E (|cos W|)(j), pointwise and uniformly.

Proof. From Propositions 25 and 27. [J

Next we present

Corollary 31. Let 0 < o, 3 < 1, t € [t1,to],where t; >0 n € N:n'=8 > 2. Then fori=1,2

i)
|iLn (E (lcos W1)) (t) — E (Jcos W) (¢)| <
w1 (D E (|[cosW ), wi (DGE ([cos W), .
A (1 (D7 B (lcos W) . &), Lt (R (W) ), ),

WBi,n (A, (HDa (|cos W‘)Hoo,[tl,t] (t—t)" + | DGE (|COSW|)HO@,[t,t2] (t2 — t)a)} , (88)

1

iZnE (jeos WI) = B (jeos Wlloo < K (@) 7y

te(ty,ta] te(t1,t2]
nob

( sup wi (D{E (Jcos W), n%)[tht] + sup wi (DYLE (Jeos W), ﬁ)[t,t2]>

+

(t2 = t1)* ¥Bim (N, B) ( sup || DL E (Jeos W)[| 4+ sup [ID5E (|cos W!)Hoo,[t,t2]> } :
tE[tl,tz} te[tl,tQ]
(89)
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Proof. From Proposition 26. [J

We can obtain similar results for the function g : R — R, where g(z) = sinx for every x € R.

Let as consider now the function g : R — R, where g(z) = tanhz for every z € R. Let
also W (t, ¢) be the Brownian motion on S3. Then the expectation

E (Jtanh W) ( / (tanh(e)| p(t, ¢)do

is continuous in t.

Moreover,

Corollary 32. Let 0 < a < 1,n € N:nl=% > 2 t € [t;,ts], where t; > 0. Then fori=1,2
and 7 =0,1

i)
iLn (E (Jtanh W\)(j)> () — E (Jtanh W)@ (t)’ <
K (o) o (ot W) ) 2B (anh WO |2 )| =i (00
and
ii)

iLn (B (tanh W) — B (tanh W) <, (91)
We get that li_>m iLn (E ([tanh W\)(j)> = F (|tanh W|)(j), pointwise and uniformly.

Proof. From Propositions 25 and 27. [

Next we present

Corollary 33. Let 0 < a, 8 < 1, t € [t1,to],where t; >0 n € N:n'=8 > 2. Then fori=1,2
i)

|iLn (E ([tanh W1)) () — E ([tanh W) (¢)] <
) (wl (DB (ftanh W), &) . + w1 (D (Jtanh W), niﬁ)[m])

Ma+1) nas +

Ki(q)

VBin (N, B) (HDt (tanh W), (= 1) + | DSE (tanh W)l g1y (2 _t)a)}7
(92)
and

ii)
1

L, E h —F h <K; -
<L (tanh W) — B (tanb W)l < K (0) g

( sup wi (D E ([tanh W), ~ )[tht] + sup wi (D GF (ftanh W), ~ )[tt2]>

te[tl,tg] tE[tl,tQ]

nob +
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<t2—tl>%@,n<x,ﬂ>< sup || DB (ftanh W), o+ sup ||D:;E<rtanhW|>||oo,[t,tg]>}-
tet1,ta] R te(ty,ta]
(93)

Proof. From Proposition 26. [J

In the following let as consider the function g : R — R, where g(z) = e ™** £ > 0 for every
x € R. Let also W (t, ¢) be the Brownian motion on S3. Then the expectation

(™) 0= [ e pt.0do

is continuous in t.

Furthermore,

Corollary 34. Let 0 < a < 1,n € N:nl=% > 2 t € [t;,ts], where t; > 0. Then fori=1,2
and 7 =0,1

i) - <E <e_ZW>(j)> 0 - B (e_gw)(j) (t)' <

ki) o (£ (™)) w2 E ()] b o) o o
and
), - (E (e"W)(j)> & (e*‘fW>(j) ) <o (95)

We get that li_>m iLn, (E (e*ZW)(j)) =F (e*KW)(j), pointwise and uniformly.

Proof. From Propositions 25 and 27. [

We continue with

Corollary 35. Let 0 < a, 8 < 1, t € [t1,to],where t; >0 n € N:n'=8 > 2. Then fori=1,2

i)
aa () 0 B 0] =
K; (q) . (a1+ . (w1 (D E (e=V) ”Llﬁ)[tl’tlz;m (DYLE (=), n%)[th]) .

VBin (N, B) (HDg B (e,m> Hm’[thﬂ (t— 1) + HthE (efew) Hoom] (2 — t)“) } , (96)
and

ii)
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—wy 1 —wy 1
(tes[ggz}wl (DfiE (e ) ) nﬂ)[tl,t] + tes[zgg]W1 (DgtE (6 ) ’ nﬂ)[t,t2]>

nah

+

DB ()| g+
oo [tist]  tefty to]

(ta —t1)" V@n (A B) ( sup

te [tl ,tz]

DLE (e_eW) Hoo,[t,tz}) }

(97)

Proof. From Proposition 26. [

In the following we consider the generalized logistic sigmoid function g : R — R, where
glx) = (1+ 6*9”)76 for every € R. Let also W (¢, ¢) be the Brownian motion on S3. Then

the expectation ﬂ 5
B((+e™) ) () = /0 (14¢7) " plt. 0)do

is continuous in t.

Moreover,

Corollary 36. Let 0 < a < 1,n € N:n'=% > 2 t € [t;,ta], where t; > 0. Then fori=1,2
and 7 =0,1

i)

iLn (E <(1 + e_W)_5>(j)) (t) - F ((1 + e‘W)_6)(j) (t)‘ <
o [or ( (000 ) L) 2 (e )

and

i)

Bin (A,a)] — piy (98)

[e.o]

< pi (99)

o

L, (E ((1 + eW)—5>(j)) 5 ((1 N e,W)—a)(j)
(4)

We get that nh_{glo iln <E ((1 +6_W)5)(j)> = FE ((1 +6_W)76> , pointwise and uni-
formly.

Proof. From Propositions 25 and 27. [J
It follows

Corollary 37. Let 0 < o, 3 < 1, t € [t1,to],where t; >0 n € N:n'=8 > 2. Then fori=1,2

Lo (E((1+e™) 7))@ -EB((1+e) ") @) <
) (wl (Df‘_E ((1 i 6—W)*6> ’ n%) g <fotE ((1 i e—W)fé) | n%> Wﬂ)

r (Oé + 1) naﬁ

+
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YBim (A, B) <HD,?‘_E ((1 + e—W)"s) H (t—t1)" + HD?‘,:E ((1 + e—W)";) Hoo’[m] (ty — t)“) } :

(100)

00,[t1,t]

and

ii)
L (46 =2 (1) )| < Ko 1y

( sup wy (D?_E ((1 I e_W)ﬂS) w%ﬂ) + sup wi (thE ((1 + G_W)ﬂ;) ’nl/B)[utz])
+

tG[thtz} [tlvt} tE[tl,tQ]
nops

DYE((14+e ™) )
t— (( Te ) )‘ 00, [t1,t] * tes[gl,?h]

D%E ((1 + e—W)"S) HOO

(101)

[tte]

(ta —t1)” W@n (A B) < sup

te(t1,t2]

Proof. From Proposition 26. [

When é = 1 we have the usual logistic sigmoid function.

The Gompertz function g : R — R, with g(z) = e*¢ ", < 0 is a sigmoid function which
describes growth as being slowest at the start and end of a given time period. Let W (¢, ¢) be
the Brownian motion on S3. Then the expectation

™

B (e ™) (t) = /0 e p(t, §)dd

is continuous in t.
It follows,

Corollary 38. Let 0 < a <1, n € N:n'=% > 2 t € [t;,ta], where t; > 0. Then fori=1,2
and j =0,1

i) . <E (euew>(j)> () E (euﬂv)(j) (t)’ B

i) [ (B ()" ) 2 HE ()] | =m o
and
i)

< pi (103)

[e.e]

Lo, (E (6”€_W)(j)) _E (6“6_W>(j)

—w\ () —w\ ()
We get that ILm iLn (E (e“e W) ’ > =F (e“e W) ’ , pointwise and uniformly.
n o

Proof. From Propositions 25 and 27. [
We finish with
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Corollary 39. Let 0 < o, 3 < 1, t € [t1,ts],where t; >0 n € N:n'=8 > 2. Then fori=1,2

i)

iLn (eue*w) (1)~ E (eue*W) (t)’ <

1 <w1 (D'&E (eue‘w) ’”%)[tl,t] tuw (DgtE (eue‘w> 7735)[1&,1&2})

I'(a+1) nob *

Ki(q)

i ([ () s ()] ) o
and

ii)

LE (eue—w> & (eue—w)Hoo < K (q) r(al+1)
(éﬁl?tg]wl (D?,E (eﬂe_w> 7niﬁ>[t1,t] + tes[;lﬁﬂm (Di"tE (e“e_w> 7n1ﬁ>[t’t2}> )
naB
(t2 = t1)" B (1, B) (éﬁ‘fm DEE ()| gt 20 [[P5E () Hoo,[t@]) }

(105)

Proof. From Proposition 26. [J
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