
POWER INEQUALITIES FOR THE NUMERICAL RADIUS OF
WEIGHTED SUMS OF OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Let H be a complex Hilbert space. In this paper we obtain among
others the following vector inequality for r � 1 and pi � 0; i 2 f1; :::; ng withPn
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for r � 1; where Si; Vi 2 B (H) with i 2 f1; :::; ng :

1. Introduction

The numerical radius ! (T ) of an operator T on H is given by

(1.1) ! (T ) = sup fjhTx; xij ; kxk = 1g :
Obviously, by (1.1), for any x 2 H one has

(1.2) jhTx; xij � w (T ) kxk2 :
It is well known that ! (�) is a norm on the Banach algebra B (H) of all bounded

linear operators T : H ! H; i.e.,

(i) ! (T ) � 0 for any T 2 B (H) and ! (T ) = 0 if and only if T = 0;
(ii) ! (�T ) = j�j! (T ) for any � 2 C and T 2 B (H) ;
(iii) ! (T + V ) � ! (T ) + ! (V ) for any T; V 2 B (H) :
This norm is equivalent with the operator norm. In fact, the following more

precise result holds:

(1.3) ! (T ) � kTk � 2! (T )
for any T 2 B (H).
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F. Kittaneh, in 2003 [13], showed that for any operator T 2 B (H) we have the
following re�nement of the �rst inequality in (1.3):

(1.4) ! (T ) � 1

2

�
kTk+

T 21=2� :
Utilizing the Cartesian decomposition for operators, F. Kittaneh in [14] improved

the inequality (1.3) as follows:

(1.5)
1

4
kT �T + TT �k � !2 (T ) � 1

2
kT �T + TT �k

for any operator T 2 B (H) :
For powers of the absolute value of operators, one can state the following results

obtained by El-Haddad & Kittaneh in 2007, [11]:
If for an operator T 2 B (H) we denote jT j := (T �T )1=2 ; then

(1.6) !r (T ) � 1

2

jT j2�r + jT �j2(1��)r
and

(1.7) !2r (T ) �
� jT j2r + (1� �) jT �j2r ;

where � 2 (0; 1) and r � 1:
If we take � = 1

2 and r = 1 we get from (1.6) that

(1.8) ! (T ) � 1

2
kjT j+ jT �jk

and from (1.7) that

(1.9) !2 (T ) � 1

2

jT j2 + jT �j2 :
For more related results, see the recent books on inequalities for numerical radii

[9] and [5].
We recall the following vector inequality for positive operators A � 0; obtained

by C. A. McCarthy in [8]

hAx; xip � hApx; xi ; p � 1

for x 2 H; kxk = 1 and Buzano�s inequality [7],

(1.10) jhx; ei he; yij � 1

2
[kxk kyk+ jhx; yij]

that holds for any x; y; e 2 H with kek = 1:
If we replace x by y

kyk ; y 6= 0; we get�
A
y

kyk ;
y

kyk

�p
�
�
Ap

y

kyk ;
y

kyk

�
; p � 1;

namely

(1.11) hAy; yip � kyk2(p�1) hApy; yi ; p � 1;

for all y 2 H:
Also recall the following result for operator matrices obtained by F. Kittaneh in

[12]:
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Lemma 1. Let A; B; C 2 B (H) with A; B � 0: Then the operator matrix�
A C�

C B

�
2 B (H �H)

is positive, if and only if

jhCx; yij2 � hAx; xi hBy; yi
for all x; y 2 H:

In the recent paper [10] we proved that, if A; B; C 2 B (H) satisfy the conditions
in Lemma 1, then then for r > 0; p; q > 1 with 1

p +
1
q = 1 and pr; qr � 1;

(1.12) !2r (C) �
1pApr + 1qBqr

 :
If r � 1; then

(1.13) !2r (C) � 1

2
[kAkr kBkr + !r (BA)] :

If r � 1; p; q > 1 with 1
p +

1
q = 1 and pr; qr � 2; then also

(1.14) !2r (C) � 1

2

�1pApr + 1qBqr
+ !r (BA)� :

Moreover, for � 2 [0; 1] and r � 1;

(1.15) !2 (C) � k(1� �)Ar + �Brk1=r kAk� kBk1��

and

(1.16) !2 (C) � k(1� �)Ar + �Brk1=r k�Ar + (1� �)Brk1=r :
By the use of the inequalities (1.12)-(1.16) we also obtained in [10] that:
Let S; V 2 B (H) ; then for r > 0; p; q > 1 with 1

p +
1
q = 1 and pr; qr � 1;

(1.17) !2r (SV ) �
1p jS�j2pr + 1q jV j2qr

 :
If r � 1; then

(1.18) !2r (SV ) � 1

2

h
kSk2r kV k2r + !r

�
jV j2 jS�j2

�i
:

If r � 1; p; q > 1 with 1
p +

1
q = 1 and pr; qr � 2; then also

(1.19) !2r (SV ) � 1

2

�1p jS�j2pr + 1q jV j2qr
+ !r �jV j2 jS�j2�� :

Moreover, for � 2 [0; 1] and r � 1; we have that

(1.20) !2 (SV ) �
(1� �) jS�j2r + � jV j2r1=r kSk2� kV k2(1��)

and

(1.21) !2 (SV ) �
(1� �) jS�j2r + � jV j2r1=r � jS�j2r + (1� �) jV j2r1=r :

Motivated by the above results, in this paper we obtain some generalizations of
the previous inequalities involving weighted sums of operators. Among others we
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establish the following vector inequality for r � 1 and pi � 0; i 2 f1; :::; ng withPn
i=1 pi = 1;�����
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for all x 2 H and p; q > 1 with 1

p +
1
q = 1; where Si; Vi 2 B (H) with i 2 f1; :::; ng.

We also have obtained the numerical radius inequality
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for r � 1; where Si; Vi 2 B (H) with i 2 f1; :::; ng :

2. Vector Inequalities

In what follows we assume everywhere that the weights pi � 0; i 2 f1; :::; ng
with

Pn
i=1 pi = 1:

Theorem 1. Let Ai; Bi; Ci 2 B (H) with Ai; Bi � 0 for i 2 f1; :::; ng and such
that the operator matrices

(2.1)
�
Ai C�i
Ci Bi

�
2 B (H �H)

are positive for i 2 f1; :::; ng : Then for all x; y 2 H and p; q > 1 with 1
p +

1
q = 1;�����
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+�����
2

(2.2)

� kxk2=q kyk2=p
* 

nX
i=1

piA
p
i

!
x; x

+1=p* nX
i=1

piB
q
i

!
y; y

+1=q
:

In particular �����
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Proof. From Lemma 1 we have

(2.5) jhCix; yij2 � hAix; xi hBiy; yi ; x; y 2 H

for i 2 f1; :::; ng :
If we multiply by pi � 0; i 2 f1; :::; ng with

Pn
i=1 pi = 1 and sum, then we get

(2.6)
nX
i=1

pi jhCix; yij2 �
nX
i=1

pi hAix; xi hBiy; yi ; x; y 2 H:

By Cauchy-Buniakowsky-Schwarz weighted inequality we have

(2.7)

�����
* 

nX
i=1

piCi

!
x; y

+�����
2

�
nX
i=1

pi jhCix; yij2 ;

while by weighted Hölder�s inequality for p; q > 1 with 1
p +

1
q = 1;

nX
i=1

pi hAix; xi hBiy; yi(2.8)

�
 

nX
i=1

pi hAix; xip
!1=p nX

i=1

pi hBiy; yiq
!1=q

�
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pi hApi x; xi kxk
2(p�1)

!1=p nX
i=1

pi hBqi y; yi kyk
2(q�1)

!1=q

= kxk2(1�
1
p ) kyk2(1�

1
q )

* 
nX
i=1

piA
p
i

!
x; x

+1=p* nX
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q
i
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+1=q
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piB
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!
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for x; y 2 H; where for the last inequality we used McCarthy�s result (1.11).
By making use of (2.6), (2.7) and (2.8 ) we get (2.2).
From (2.5) we get by taking the square root that

jhCix; yij � hAix; xi1=2 hBiy; yi1=2 ; x; y 2 H;

which implies that

(2.9)
nX
i=1

pi jhCix; yij �
nX
i=1

pi hAix; xi1=2 hBiy; yi1=2 ; x; y 2 H:

By the weighted triangle inequality we get

(2.10)

�����
* 

nX
i=1

piCi

!
x; y

+����� �
nX
i=1

pi jhCix; yij ;
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while by Cauchy-Buniakowsky-Schwarz weighted inequality we have
nX
i=1

pi hAix; xi1=2 hBiy; yi1=2(2.11)

�
"
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�
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=
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=

* 
nX
i=1

piAi

!
x; x
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for x; y 2 H:
By utilizing (2.9)-(2.11) we obtain (2.4). �

Corollary 1. Let Ai; Bi; Ci 2 B (H) with Ai; Bi � 0 for i 2 f1; :::; ng and such
the operator matrices �

Ai C�i
Ci Bi

�
2 B (H �H)

are positive for i 2 f1; :::; ng : Then for all x 2 H and p; q > 1 with 1
p +

1
q = 1;
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:
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Proof. From (2.2) we get�����
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:

From Young�s inequality

ab � 1

p
ap +

1

q
bq; a; b � 0; p; q > 1 with 1

p
+
1

q
= 1;
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we have * 
nX
i=1
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=
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:

By using (2.15) and (2.16) we obtain (2.12).
From (2.4) we have
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�����
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+����� �
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:

By the elementary inequality ab � 1
2
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�
; a; b � 0; we get* 
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piBi

!
x; x

+1=2
(2.18)

� 1

2

"* 
nX
i=1

piAi

!
x; x

+
+
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Corollary 2. With the assumptions of Corollary 1 for Ai; Bi; Ci 2 B (H) with
i 2 f1; :::; ng ; we have�����
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�����
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Proof. From (2.3) we get for x 2 H; kxk = 1 that
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+�����
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By utilizing Buzano�s inequality we have for x 2 H; kxk = 1 that�����
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+
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which proves (2.20). �

We also have the power inequalities:

Corollary 3. With the assumptions of Corollary 1 for Ai; Bi; Ci 2 B (H) with
i 2 f1; :::; ng ; we have for r � 1 that�����
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1

q
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+r#
:

for all x 2 H and p; q > 1 with 1
p +

1
q = 1:
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In particular�����
* 
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i=1
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2
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+r
+
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nX
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2
i
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:

Moreover, �����
* 
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i=1

piCi

!
x; x

+�����
r

(2.25)

� 1

2

"* 
nX
i=1
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!
x; x

+r
+

* 
nX
i=1

piBi

!
x; x

+r#
for all x 2 H.

Proof. If we take the power r � 1 in (2.12), then we get, by the convexity of power
function, that�����

* 
nX
i=1

piCi

!
x; x

+�����
2r

� kxk2r
* 

nX
i=1

pi

�
1

p
Api +

1

q
Bqi

�!
x; x

+r

= kxk2r
 
1

p

nX
i=1

pi hApi x; xi+
1

q

nX
i=1

pi hBqi x; xi
!r

� kxk2r
"
1

p

 
nX
i=1

pi hApi x; xi
!r
+
1

q

 
nX
i=1

pi hBqi x; xi
!r#

= kxk2r
"
1

p

* 
nX
i=1

piA
p
i

!
x; x

+r
+
1

q

* 
nX
i=1

piB
q
i

!
x; x

+r#
;

for all x 2 H. This proves (2.23).
From (2.14) we obtain, by taking the power r � 1; that�����
* 

nX
i=1

piCi

!
x; x

+�����
r

�
* 

nX
i=1

pi
Ai +Bi
2

!
x; x

+r

=
1

2

 
nX
i=1

pi hAix; xi+
nX
i=1

pi hBix; xi
!r

� 1

2

" 
nX
i=1

pi hAix; xi
!r
+

 
nX
i=1

pi hBix; xi
!r#

=
1

2

"* 
nX
i=1

piAi

!
x; x

+r
+

* 
nX
i=1

piBi

!
x; x

+r#
;

which proves (2.25). �
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Corollary 4. With the assumptions of Corollary 1 for Ai; Bi; Ci 2 B (H) with
i 2 f1; :::; ng ; we have for r � 1 that�����

* 
nX
i=1

piCi

!
x; x

+�����
4r

� 1

2

"
 

nX
i=1
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2
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r 
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2
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r

(2.26)

+

�����
* 
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2
i
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2
i

!
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+�����
r#

and �����
* 
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2r

� 1

2

"
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x


r 
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+

�����
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!
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+�����
r#

for x 2 H; kxk = 1:

We also have:

Theorem 2. Let Si; Vi 2 B (H) with i 2 f1; :::; ng : Then for all x; y 2 H and p;
q > 1 with 1

p +
1
q = 1�����

* 
nX
i=1

piV
�
i S

�
i

!
x; y

+�����
2

(2.28)

� kxk2=q kyk2=p
* 

nX
i=1

pi jS�i j
2p

!
x; x

+1=p* nX
i=1

pi jVij2q
!
y; y

+1=q
:

In particular �����
* 

nX
i=1

piV
�
i S

�
i

!
x; y

+�����
2

(2.29)

� kxk kyk
* 

nX
i=1

pi jS�i j
4

!
x; x

+1=2* nX
i=1

pi jVij4
!
y; y

+1=2
:

Moreover, �����
* 

nX
i=1

piV
�
i S

�
i

!
x; y

+�����(2.30)

�
* 

nX
i=1

pi jS�i j
2

!
x; x

+1=2* nX
i=1

pi jVij2
!
y; y

+1=2
for all x; y 2 H.

Proof. Let Si; Vi 2 B (H) with i 2 f1; :::; ng : Observe that the operator matrices�
SiS

�
i SiVi

V �i S
�
i V �i Vi

�
2 B (H �H)

are positive for i 2 f1; :::; ng.



POWER INEQUALITIES FOR THE NUMERICAL RADIUS 11

Then by Theorem 1 for Ai = jS�i j
2
; Bi = jVij2 and Ci = V �i S�i we get the desired

results. �

Corollary 5. With the assumptions of Theorem 2, we have

(2.31)

�����
* 

nX
i=1

piV
�
i S

�
i

!
x; x

+�����
2

� kxk2
* 

nX
i=1

pi

�
1

p
jS�i j

2p
+
1

q
jVij2q

�!
x; x

+

for all x 2 H and p; q > 1 with 1
p +

1
q = 1:

In particular

(2.32)

�����
* 

nX
i=1

piV
�
i S

�
i

!
x; x

+�����
2

� kxk2
* 

nX
i=1

pi

 
jS�i j

4
+ jVij4

2

!!
x; x

+
:

Moreover,

(2.33)

�����
* 

nX
i=1

piV
�
i S

�
i

!
x; x

+����� �
* 

nX
i=1

pi
jS�i j

2
+ jVij2

2

!
x; x

+

for all x 2 H.

Corollary 6. With the assumptions of Theorem 2 we have�����
* 

nX
i=1

piV
�
i S

�
i

!
x; x

+�����
4

� 1

2

"
 

nX
i=1

pi jS�i j
4

!
x



 

nX
i=1

pi jVij4
!
x

(2.34)

+

�����
* 

nX
i=1

pi jVij2
! 

nX
i=1

pi jS�i j
4

!
x; x

+�����
#

and �����
* 

nX
i=1

piV
�
i S

�
i

!
x; x

+�����
2

� 1

2

"
 

nX
i=1

pi jS�i j
2

!
x



 

nX
i=1

pi jVij2
!
x

(2.35)

+

�����
* 

nX
i=1

pi jVij2
! 

nX
i=1

pi jS�i j
2

!
x; x

+�����
#

for x 2 H; kxk = 1:

Remark 1. Let Si; Vi 2 B (H) with i 2 f1; :::; ng and r � 1: Then we get from
Corollary 3 that�����

* 
nX
i=1

piV
�
i S

�
i

!
x; x

+�����
2r

(2.36)

� kxk2r
"
1

p

* 
nX
i=1

pi jS�i j
2p

!
x; x

+r
+
1

q

* 
nX
i=1

pi jVij2q
!
x; x

+r#
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for all x 2 H and p; q > 1 with 1
p +

1
q = 1: In particular,�����

* 
nX
i=1

piV
�
i S

�
i

!
x; x

+�����
2r

(2.37)

� 1

2
kxk2r

"* 
nX
i=1

pi jS�i j
4

!
x; x

+r
+

* 
nX
i=1

pi jVij4
!
x; x

+r#
:

Moreover, �����
* 

nX
i=1

piV
�
i S

�
i

!
x; x

+�����
r

(2.38)

� 1

2

"* 
nX
i=1

pi jS�i j
2

!
x; x

+r
+

* 
nX
i=1

pi jVij2
!
x; x

+r#
for all x 2 H.
Also, from Corollary 4 we get�����

* 
nX
i=1

piV
�
i S

�
i

!
x; x

+�����
4r

� 1

2

"
 

nX
i=1

pi jS�i j
4

!
x


r 
 

nX
i=1

pi jVij4
!
x


r

(2.39)

+

�����
* 

nX
i=1

pi jVij4
! 

nX
i=1

pi jS�i j
4

!
x; x

+�����
r#

and �����
* 

nX
i=1

piV
�
i S

�
i

!
x; x

+�����
2r

� 1

2

"
 

nX
i=1

pi jS�i j
2

!
x


r 
 

nX
i=1

pi jVij2
!
x


r

(2.40)

+

�����
* 

nX
i=1

pi jVij2
! 

nX
i=1

pi jS�i j
2

!
x; x

+�����
r#

for x 2 H; kxk = 1:

3. Norm and Numerical Radius Inequalities

We also have:

Theorem 3. Let Ai; Bi; Ci 2 B (H) with Ai; Bi � 0 for i 2 f1; :::; ng and such
that the operator matrices �

Ai C�i
Ci Bi

�
2 B (H �H)

are positive for i 2 f1; :::; ng : Then for all and p; q > 1 with 1
p +

1
q = 1;

(3.1)


nX
i=1

piCi


2

�

nX
i=1

piA
p
i


1=p 

nX
i=1

piB
q
i


1=q

:

In particular

(3.2)


nX
i=1

piCi


2

�

nX
i=1

piA
2
i


1=2 

nX
i=1

piB
2
i


1=2

:
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Moreover,

(3.3)


nX
i=1

piCi


2

�

nX
i=1

piAi



nX
i=1

piBi

 :
Proof. We have, by (2.2) that

nX
i=1

piCi


2

= sup
kxk=kyk=1

�����
* 

nX
i=1

piCi

!
x; y

+�����
2

� sup
kxk=kyk=1

24* nX
i=1

piA
p
i

!
x; x

+1=p* nX
i=1

piB
q
i

!
y; y

+1=q35
= sup

kxk=1

* 
nX
i=1

piA
p
i

!
x; x

+1=p
sup
kyk=1

* 
nX
i=1

piB
q
i

!
y; y

+1=q

=


nX
i=1

piA
p
i


1=p 

nX
i=1

piB
q
i


1=q

;

which proves (3.1).
From (2.4) we get

nX
i=1

piCi

 = sup
kxk=kyk=1

�����
* 

nX
i=1

piCi

!
x; y

+�����
� sup

kxk=kyk=1

* 
nX
i=1

piAi

!
x; x

+1=2* nX
i=1

piBi

!
y; y

+1=2

= sup
kxk=1

* 
nX
i=1

piAi

!
x; x

+1=2
sup
kyk=1

* 
nX
i=1

piBi

!
y; y

+1=2

=


nX
i=1

piAi


1=2 

nX
i=1

piBi


1=2

;

which proves (3.3). �
We also have:

Theorem 4. With the assumptions of Theorem 3 we have

(3.4) !2

 
nX
i=1

piCi

!
�
1p

nX
i=1

piA
p
i +

1

q

nX
i=1

piB
q
i


for all and p; q > 1 with 1

p +
1
q = 1:

In particular

(3.5) !2

 
nX
i=1

piCi

!
� 1

2


nX
i=1

pi
�
A2i +B

2
i

� :
Moreover,

(3.6) !

 
nX
i=1

piCi

!
�

nX
i=1

pi

�
Ai +Bi
2

� :
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We also have

!4

 
nX
i=1

piCi

!
(3.7)

� 1

2

"
nX
i=1

piA
2
i



nX
i=1

piB
2
i

+ !
 

nX
i=1

piB
2
i

nX
i=1

piA
2
i

!#
and

!2

 
nX
i=1

piCi

!
(3.8)

� 1

2

"
nX
i=1

piAi



nX
i=1

piBi

+ !
 

nX
i=1

piBi

nX
i=1

piAi

!#
:

Proof. From (2.12) we have

!2

 
nX
i=1

piCi

!
= sup

kxk=1

�����
* 

nX
i=1

piCi

!
x; x

+�����
2

� sup
kxk=1

* 
nX
i=1

pi

�
1

p
Api +

1

q
Bqi

�!
x; x

+

=


nX
i=1

pi

�
1

p
Api +

1

q
Bqi

� =
1p

nX
i=1

piA
p
i +

1

q

nX
i=1

piB
q
i

 ;
which proves (3.4).
The inequality (3.6) follows by (2.14) on taking supkxk=1 :
From (2.19) we have

!4

 
nX
i=1

piCi

!
= sup

kxk=1

�����
* 

nX
i=1

piCi

!
x; x

+�����
4

� 1

2
sup
kxk=1

"
 

nX
i=1

piA
2
i

!
x



 

nX
i=1

piB
2
i

!
x


+

�����
* 

nX
i=1

piB
2
i

! 
nX
i=1

piA
2
i

!
x; x

+�����
#

� 1

2

"
sup
kxk=1


 

nX
i=1

piA
2
i

!
x



 

nX
i=1

piB
2
i

!
x


+ sup
kxk=1

�����
* 

nX
i=1

piB
2
i

! 
nX
i=1

piA
2
i

!
x; x

+�����
#

=
1

2

"
nX
i=1

piA
2
i



nX
i=1

piB
2
i

+ !
 

nX
i=1

piB
2
i

nX
i=1

piA
2
i

!#
;

which proves (3.7).
The inequality (3.8) follows in a similar way from (2.20). �
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Remark 2. If we use Corollary 3 we have for r � 1 that

(3.9) !2r

 
nX
i=1

piCi

!
� 1

p


nX
i=1

piA
p
i


r

+
1

q


nX
i=1

piB
q
i


r

:

for all p; q > 1 with 1
p +

1
q = 1: In particular

(3.10) !2r

 
nX
i=1

piCi

!
� 1

2

 
nX
i=1

piA
2
i


r

+


nX
i=1

piB
2
i


r!
:

Moreover,

(3.11) !r

 
nX
i=1

piCi

!
� 1

2

"
nX
i=1

piAi


r

+


nX
i=1

piBi


r#
:

If we use Corollary 4 we also have

!4r

 
nX
i=1

piCi

!
(3.12)

� 1

2

"
nX
i=1

piA
2
i


r 

nX
i=1

piB
2
i


r

+ !r

 
nX
i=1

piB
2
i

nX
i=1

piA
2
i

!#
and

!2r

 
nX
i=1

piCi

!
(3.13)

� 1

2

"
nX
i=1

piAi


r 

nX
i=1

piBi


r

+ !r

 
nX
i=1

piBi

nX
i=1

piAi

!#
:

We also have the following results for two sequences of operators:

Theorem 5. Let Si; Vi 2 B (H) with i 2 f1; :::; ng : Then for all p; q > 1 with
1
p +

1
q = 1 

nX
i=1

piV
�
i S

�
i


2

�

nX
i=1

pi jS�i j
2p


1=p 

nX
i=1

pi jVij2q

1=q

:

In particular 
nX
i=1

piV
�
i S

�
i


2

�

nX
i=1

pi jS�i j
4


1=2 

nX
i=1

pi jVij4

1=2

:

Moreover, 
nX
i=1

piV
�
i S

�
i


2

�

nX
i=1

pi jS�i j
2



nX
i=1

pi jVij2
 :

The proof follows by Theorem 2 by taking the supremum over kxk = kyk = 1:
We also have the following numerical radius inequalities:

Theorem 6. Let Si; Vi 2 B (H) with i 2 f1; :::; ng : Then

!2

 
nX
i=1

piV
�
i S

�
i

!
�

nX
i=1

pi

�
1

p
jS�i j

2p
+
1

q
jVij2q

� ;
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for p; q > 1 with 1
p +

1
q = 1: In particular

!2

 
nX
i=1

piV
�
i S

�
i

!
�

nX
i=1

pi

 
jS�i j

4
+ jVij4

2

! :
Moreover,

!

 
nX
i=1

piV
�
i S

�
i

!
�

nX
i=1

pi
jS�i j

2
+ jVij2

2

 :
Also, for r � 1; we have

!2r

 
nX
i=1

piV
�
i S

�
i

!
� 1

p


nX
i=1

pi jS�i j
2p


r

+
1

q


nX
i=1

pi jVij2q

r

for all p; q > 1 with 1
p +

1
q = 1: In particular

!2r

 
nX
i=1

piV
�
i S

�
i

!
� 1

2

"
nX
i=1

pi jS�i j
4


r

+


nX
i=1

pi jVij4

r#
:

Moreover,

!r

 
nX
i=1

piV
�
i S

�
i

!
� 1

2

"
nX
i=1

pi jS�i j
2


r

+


nX
i=1

pi jVij2

r#
:

Finally, we have for r � 1 that

!4r

 
nX
i=1

piV
�
i S

�
i

!
� 1

2

"
nX
i=1

pi jS�i j
4


r 

nX
i=1

pi jVij4

r

+!r

 
nX
i=1

pi jVij4
nX
i=1

pi jS�i j
4

!#
and

!2r

 
nX
i=1

piV
�
i S

�
i

!
� 1

2

"
nX
i=1

pi jS�i j
2


r 

nX
i=1

pi jVij2

r

+!r

 
nX
i=1

pi jVij2
nX
i=1

pi jS�i j
2

!#
:

The inequalities follow by Corollary 5 and Remark 1 by taking the supremum
over kxk = 1:
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