
SPECTRAL RADIUS BOUNDS FOR THE NUMERICAL RADIUS
OF OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Let H be a complex Hilbert space. Assume that f and g are non-
negative functions on [0;1) which are continuous and satisfying the relation
f(t)g(t) = t for all t 2 [0;1): In this paper we show among others that, if T
and V are operators in B (H) such that jT jV = V � jT j ; then for A; B 2 B (H)

kBTV Ak � r (V ) kf (jT j)Ak kBg (jT �j)k ;

! (BTV A) � 1

2
r (V )

jf (jT j)Aj2 + jg (jT �j)B�j2
and

!2 (BTV A)

� 1

2
r2 (V )

h
kf (jT j)Ak2 kg (jT �j)B�k2 +

jg (jT �j)B�j2 jf (jT j)Aj2i :
Some applications for the generalized Aluthge transform of an operator are
also given.

1. Introduction

The numerical radius w (T ) of an operator T on H is given by

(1.1) ! (T ) = sup fjhTx; xij ; kxk = 1g :
Obviously, by (1.1), for any x 2 H one has

(1.2) jhTx; xij � w (T ) kxk2 :
It is well known that w (�) is a norm on the Banach algebra B (H) of all bounded

linear operators T : H ! H; i.e.,

(i) ! (T ) � 0 for any T 2 B (H) and ! (T ) = 0 if and only if T = 0;
(ii) ! (�T ) = j�j! (T ) for any � 2 C and T 2 B (H) ;
(iii) ! (T + V ) � ! (T ) + ! (V ) for any T; V 2 B (H) :
This norm is equivalent with the operator norm. In fact, the following more

precise result holds:

(1.3) ! (T ) � kTk � 2! (T )
for any T 2 B (H).
F. Kittaneh, in 2003 [10], showed that for any operator T 2 B (H) we have the

following re�nement of the �rst inequality in (1.3):

(1.4) ! (T ) � 1

2

�
kTk+

T 21=2� :
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Utilizing the Cartesian decomposition for operators, F. Kittaneh in [11] improved
the inequality (1.3) as follows:

(1.5)
1

4
kT �T + TT �k � !2 (T ) � 1

2
kT �T + TT �k

for any operator T 2 B (H) :
For powers of the absolute value of operators, one can state the following results

obtained by El-Haddad & Kittaneh in 2007, [7]:
If for an operator T 2 B (H) we denote jT j := (T �T )1=2 ; then

(1.6) !r (T ) � 1

2

jT j2�r + jT �j2(1��)r
and

(1.7) !2r (T ) �
� jT j2r + (1� �) jT �j2r ;

where � 2 (0; 1) and r � 1:
If we take � = 1

2 and r = 1 we get from (1.6) that

(1.8) ! (T ) � 1

2
kjT j+ jT �jk

and from (1.7) that

(1.9) !2 (T ) � 1

2

jT j2 + jT �j2 :
For more related results, see the recent books on inequalities for numerical radii

[6] and [4].
Let T = U jT j be the polar decomposition of the bounded linear operator T . The

Aluthge transform eT of T is de�ned by eT := jT j1=2 U jT j1=2 ; see [1].
The following properties of eT are as follows:
(i)
eT � kTk ;

(ii) w
�eT� � ! (T ) ;

(iii) r
�eT� = ! (T ) ;

(iv) !
�eT� � T 21=2 (� kTk) ; [12].

Utilizing this transform T. Yamazaki, [12] obtained in 2007 the following re�ne-
ment of Kittaneh�s inequality (1.4):

(1.10) ! (T ) � 1

2

�
kTk+ !

�eT�� � 1

2

�
kTk+

T 21=2�
for any operator T 2 B (H) :
We remark that if eT = 0; then obviously w (T ) = 1

2 kTk :
Abu-Omar and Kittaneh [2] improved on inequality (1.10) using generalized

Aluthge transform to prove that

! (T ) � 1

2

�
kTk+ min

t2[0;1]
! (�t (T ))

�
:

For t = 1 this also gives the following result for the Dougal transform

(1.11) ! (T ) � 1

2

�
kTk+ !

�bT�� :
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In [3] Bunia et al. also proved that

! (T ) � min
t2[0;1]

�
1

2
! (�t (T )) +

1

4

�
kTk2t + kTk2(1�t)

��
;

which for t = 1=2 gives (1.10) as well.
In 1988, F. Kittaneh obtained the following generalization of Schwarz inequality

[9]:

Theorem 1. Assume that f and g are non-negative functions on [0;1) which are
continuous and satisfying the relation f(t)g(t) = t for all t 2 [0;1): Let T; V be
operators in V (H) such that jT jV = V � jT j ; then
(1.12) jhTV x; yij � r (V ) kf (jT j)xk kg (jT �j) yk
for all x; y 2 H; where r(V ) denotes the spectral radius of V:

If we take f (t) = t� and g (t) = t1�� for � 2 [0; 1] and t > 0;

(1.13) jhTV x; yij � r (V ) kjT j� xk
jT �j1�� y

for all x; y 2 H:
Motivated by the above results, in this paper we provide some upper bounds for

the numerical radius ! (BTV A) in term of the functions f; g; the operators T; V
from Theorem 1 and A; B 2 B (H). Among others, we show that, if r > 0; p; q > 1
with 1

p +
1
q = 1 and pr; qr � 1; then

(1.14) !2r (BTV A) � r2r (V )
1p jf (jT j)Aj2pr + 1q jg (jT �j)B�j2qr

 :
If r � 1; then also

!2r (BTV A) � 1

2
r2r (V )

�
kf (jT j)Ak2r kg (jT �j)B�k2r(1.15)

+
jg (jT �j)B�j2 jf (jT j)Aj2r� :

Some applications for the generalized Aluthge transform of an operator are also
given.

2. Inequalities Via Buzano�s Result

We have:

Theorem 2. Assume that f and g are non-negative functions on [0;1) which are
continuous and satisfying the relation f(t)g(t) = t for all t 2 [0;1): Let T; V be
operators in B (H) such that jT jV = V � jT j ; then for A; B 2 B (H)
(2.1) kBTV Ak � r (V ) kf (jT j)Ak kBg (jT �j)k
and

(2.2) ! (BTV A) � 1

2
r (V )

jf (jT j)Aj2 + jg (jT �j)B�j2 :
Also,

!2 (BTV A)(2.3)

� 1

2
r2 (V )

h
kf (jT j)Ak2 kg (jT �j)B�k2 +

jg (jT �j)B�j2 jf (jT j)Aj2i :
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Proof. Observe that by (1.12) we have

jhTV x; yij2 � r2 (V ) kf (jT j)xk2 kg (jT �j) yk2

= r2 (V ) hf (jT j)x; f (jT j)xi hg (jT �j) y; g (jT �j) yi
= r2 (V )



f2 (jT j)x; x

� 

g2 (jT �j) y; y

�
for all x; y 2 H:
If we take Ax instead of x and B�y instead of y; then we get

jhTV Ax;B�yij2 � r2 (V )


f2 (jT j)Ax;Ax

� 

g2 (jT �j)B�y;B�y

�
= r2 (V )



A�f2 (jT j)Ax; x

� 

Bg2 (jT �j)B�y; y

�
= r2 (V )



(f (jT j)Ax)� f (jT j)Ax; x

�
�


(g (jT �j)B�)� g (jT �j)B�y; y

�
= r2 (V )

D
jf (jT j)Aj2 x; x

ED
jg (jT �j)B�j2 y; y

E
;

namely

(2.4) jhBTV Ax; yij2 � r2 (V )
D
jf (jT j)Aj2 x; x

ED
jg (jT �j)B�j2 y; y

E
for all x; y 2 H:
Therefore

kBTV Ak2 = sup
kxk=kyk=1

jhBTAx; yij2

� r2 (V ) sup
kxk=kyk=1

hD
jf (jT j)Aj2 x; x

ED
jg (jT �j)B�j2 y; y

Ei
= r2 (V ) sup

kxk=1

D
jf (jT j)Aj2 x; x

E
sup
kyk=1

D
jg (jT �j)B�j2 y; y

E
= r2 (V )

jf (jT j)Aj2jg (jT �j)B�j2
= r2 (V ) kf (jT j)Ak2 kg (jT �j)B�k2

= r2 (V ) kf (jT j)Ak2 kBg (jT �j)k2 ;

which is equivalent to (2.1).
From (2.4) we also have

(2.5) jhBTV Ax; xij2 � r2 (V )
D
jf (jT j)Aj2 x; x

ED
jg (jT �j)B�j2 x; x

E
for all x 2 H:
By the A-G inequality, we also have

jhBTV Ax; xij � r (V )
D
jf (jT j)Aj2 x; x

E1=2 D
jg (jT �j)B�j2 x; x

E1=2
� 1

2
r (V )

hD
jf (jT j)Aj2 x; x

E
+
D
jg (jT �j)B�j2 x; x

Ei
= r (V )

* 
jf (jT j)Aj2 + jg (jT �j)B�j

2

2!
x; x

+
for all x 2 H:
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By taking the supremum, we get

! (BTV A) = sup
kxk=1

jhBTAx; xij

� r (V ) sup
kxk=1

* 
jf (jT j)Aj2 + jg (jT �j)B�j

2

2!
x; x

+

= r (V )

 jf (jT j)Aj2 + jg (jT �j)B�j2

2
 ;

which proves (2.2).
Let x 2 H, kxk = 1, then by Buzano�s inequality, we recall that

1

2
[kuk kvk+ jhu; vij] � jhu; ei he; vij

holds for any u; v; e 2 H with kek = 1; we deriveD
jf (jT j)Aj2 x; x

ED
x; jg (jT �j)B�j2 x

E
� 1

2

hjf (jT j)Aj2 xjg (jT �j)B�j2 x+ Djf (jT j)Aj2 x; jg (jT �j)B�j2 xEi
=
1

2

hjf (jT j)Aj2 xjg (jT �j)B�j2 x+ Djg (jT �j)B�j2 jf (jT j)Aj2 x; xEi :
By making use of (2.5) we get

jhBTV Ax; xij2(2.6)

� 1

2
r2 (V )

�
hjf (jT j)Aj2 xjg (jT �j)B�j2 x+ Djg (jT �j)B�j2 jf (jT j)Aj2 x; xEi

for x 2 H, kxk = 1:
If we take the supremum, then we obtain

!2 (BTV A)

= sup
kxk=1

jhBTAx; xij2

� 1

2
r2 (V ) sup

kxk=1

hjf (jT j)Aj2 xjg (jT �j)B�j2 x
+
D
jg (jT �j)B�j2 jf (jT j)Aj2 x; x

Ei
� 1

2
r2 (V )

"
sup
kxk=1

jf (jT j)Aj2 x sup
kxk=1

jg (jT �j)B�j2 x
+ sup

kxk=1

D
jg (jT �j)B�j2 jf (jT j)Aj2 x; x

E#

=
1

2
r2 (V )

�
h
kf (jT j)Ak2 kg (jT �j)B�k2 +

jg (jT �j)B�j2 jf (jT j)Aj2i ;
which proves (2.3). �
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We observe that if we take B = A in Theorem 2, then we get

kATV Ak � r (V ) kf (jT j)Ak kAg (jT �j)k
and

(2.7) ! (ATV A) � 1

2
r (V )

jf (jT j)Aj2 + jg (jT �j)A�j2 :
Also,

!2 (ATV A)(2.8)

� 1

2
r2 (V )

h
kf (jT j)Ak2 kg (jT �j)A�k2 +

jg (jT �j)A�j2 jf (jT j)Aj2i :
Further, if we choose A = I in (2.7) and (2.8), then we get

! (TV ) � 1

2
r (V )

jf (jT j)j2 + jg (jT �j)j2
and

!2 (TV )

� 1

2
r2 (V )

h
kf (jT j)k2 kg (jT �j)k2 +

jg (jT �j)j2 jf (jT j)j2i :
Remark 1. If we take f (t) = t�; g (t) = t1�� with � 2 [0; 1] in Theorem 2, then
we get

kBTV Ak � r (V )
jT j�AB jT �j1��

and

(2.9) ! (BTV A) � 1

2
r (V )

���jT j�A���2 + ���jT �j1��B����2 :
Also,

!2 (BTV A)(2.10)

� 1

2
r2 (V )

�jT j�A2 jT �j1��B�2 + ���jT �j1��B����2 ���jT j�A���2� :
Moreover, if we take � = 1=2; then we get

kBTV Ak � r (V )
jT j1=2AB jT �j1=2

and

! (BTV A) � 1

2
r (V )

���jT j1=2A���2 + ���jT �j1=2B����2 :
Also,

!2 (BTV A)

� 1

2
r2 (V )

�jT j1=2A2 jT �j1=2B�2 + ���jT �j1=2B����2 ���jT j1=2A���2� :
If we put B = A in Remark 1, then we get

kATV Ak � r (V )
jT j�AA jT �j1��

and

(2.11) ! (ATV A) � 1

2
r (V )

���jT j�A���2 + ���jT �j1��A����2 :
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Also,

!2 (BTV A)(2.12)

� 1

2
r2 (V )

�jT j�A2 jT �j1��A�2 + ���jT �j1��A����2 ���jT j�A���2� :
Moreover, the choice A = I in (2.11) and (2.12) gives

! (TV ) � 1

2
r (V )

jT j2� + jT �j2(1��)
and

!2 (TV ) � 1

2
r2 (V )

h
kTk2 +

jT �j2(1��) jT j2�i
for � 2 [0; 1] :

Corollary 1. Assume that f and g are non-negative functions on [0;1) which are
continuous and satisfying the relation f(t)g(t) = t for all t 2 [0;1): Let A; B;
X 2 B (H) ; then for all � 2 [0; 1] ;

(2.13) kBXAk � kXk�
f �jXj1���ABg �jX�j1��

�
and

(2.14) ! (BXA) � 1

2
kXk�

���f �jXj1���A���2 + ���g �jX�j1��
�
B�
���2 :

Also,

!2 (BXA) � 1

2
kXk2�

�f �jXj1���A2 g �jX�j1��
�
B�
2(2.15)

+

���g �jX�j1��
�
B�
���2 ���f �jXj1���A���2� :

Proof. Let X = U jXj be the polar decomposition of the bounded linear operator
X, with U a partial isometry. If we take T = U jXj1�� and V = jXj�, then we
have

TV = U jXj = X; jT j = jXj1�� and jT �j = jX�j1��

and since

jT jV = jXj = V � jT j
and

r (jXj�) = kjXj�k = kXk� ;
hence by Theorem 2 we derive the desired inequalities (2.13)-(2.15). �

If we take B = A in Corollary 1, then we get

kAXAk � kXk�
f �jXj1���AAg �jX�j1��

�
and

(2.16) ! (AXA) � 1

2
kXk�

���f �jXj1���A���2 + ���g �jX�j1��
�
A�
���2 :
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Also,

!2 (AXA) � 1

2
kXk2�

�f �jXj1���A2 g �jX�j1��
�
A�
2(2.17)

+

���g �jX�j1��
�
A�
���2 ���f �jXj1���A���2� :

Moreover, by taking A = I in (2.16) and (2.17) we obtain

! (X) � 1

2
kXk�

���f �jXj1������2 + ���g �jX�j1��
����2

and

!2 (X) � 1

2
kXk2�

�f �jXj1���2 g �jX�j1��
�2

+

���g �jX�j1��
����2 ���f �jXj1������2�

for � 2 [0; 1] :

Remark 2. If we take f (t) = t�; g (t) = t1�� with � 2 [0; 1] in Corollary 1, then
we get

(2.18) kBXAk � kXk�
jXj�(1��)AB jX�j(1��)(1��)


and

(2.19) ! (BXA) � 1

2
kXk�

���jXj�(1��)A���2 + ���jX�j(1��)(1��)B�
���2 :

Also,

!2 (BXA) � 1

2
kXk2�

�jXj�(1��)A2 jX�j(1��)(1��)B�
2(2.20)

+

���jX�j(1��)(1��)B�
���2 ���jXj�(1��)A���2� :

For � = 1=2 we get

(2.21) kBXAk � kXk�
jXj(1��)=2AB jX�j(1��)=2


and

(2.22) ! (BXA) � 1

2
kXk�

���jXj(1��)=2A���2 + ���jX�j(1��)=2B�
���2 :

Also,

!2 (BXA) � 1

2
kXk2�

�jXj(1��)=2A2 jX�j(1��)=2B�
2(2.23)

+

���jX�j(1��)=2B�
���2 ���jXj(1��)=2A���2� :

Moreover, if we take � = 1=2; then we get

(2.24) kBXAk � kXk1=2
jXj1=4AB jX�j1=4
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and

(2.25) ! (BXA) � 1

2
kXk1=2

���jXj1=4A���2 + ���jX�j1=4B�
���2 :

Also,

!2 (BXA)(2.26)

� 1

2
kXk

�jXj1=4A2 jX�j1=4B�
2 + ���jX�j1=4B�

���2 ���jXj1=4A���2� :
If we take B = A in Remark 2 then we get

kAXAk � kXk�
jXj�(1��)AA jX�j(1��)(1��)


and

(2.27) ! (AXA) � 1

2
kXk�

���jXj�(1��)A���2 + ���jX�j(1��)(1��)A�
���2 :

Also,

!2 (AXA) � 1

2
kXk2�

�jXj�(1��)A2 jX�j(1��)(1��)A�
2(2.28)

+

���jX�j(1��)(1��)A�
���2 ���jXj�(1��)A���2� :

Moreover, if we take A = I; then we obtain for �; � 2 [0; 1]

! (X) � 1

2
kXk�

jXj2�(1��) + jX�j2(1��)(1��)


and

!2 (X) � 1

2
kXk2�

h
kXk2(1��) +

jX�j2(1��)(1��) jXj2�(1��)
i :

3. Some Inequalities Via Young�s Result

We also have:

Theorem 3. Assume that the conditions of Theorem 2 are satis�ed. If r > 0; p;
q > 1 with 1

p +
1
q = 1 and pr; qr � 1; then

(3.1) !2r (BTV A) � r2r (V )
1p jf (jT j)Aj2pr + 1q jg (jT �j)B�j2qr

 :
If r � 1; then

!2r (BTV A)(3.2)

� 1

2
r2r (V )

�
kf (jT j)Ak2r kg (jT �j)B�k2r +

jg (jT �j)B�j2 jf (jT j)Aj2r� :
If r � 1; p; q > 1 with 1

p +
1
q = 1 and pr; qr � 2; then also

!2r (BTV A) � 1

2
r2r (V )

�1p jf (jT j)Aj2pr + 1q jg (jT �j)B�j2qr
(3.3)

+
jg (jT �j)B�j2 jf (jT j)Aj2r� :
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Proof. If we take the power r > 0 in (2.5), then we get, by Young and McCarthy
inequalities that

jhBTV Ax; xij2r

� r2r (V )
D
jf (jT j)Aj2 x; x

Er D
jg (jT �j)B�j2 x; x

Er
� r2r (V )

�
1

p

D
jf (jT j)Aj2 x; x

Epr
+
1

q

D
jg (jT �j)B�j2 x; x

Eqr�
� r2r (V )

�
1

p

D
jf (jT j)Aj2pr x; x

E
+
1

q

D
jg (jT �j)B�j2qr x; x

E�
= r2r (V )

��
1

p
jf (jT j)Aj2pr + 1

q
jg (jT �j)B�j2qr

�
x; x

�

for x 2 H with kxk = 1:
By taking the supremum over kxk = 1; then we get that

!2r (BTV A) = sup
kxk=1

jhBTV Ax; xij2r

� r2r (V ) sup
kxk=1

��
1

p
jf (jT j)Aj2pr + 1

q
jg (jT �j)B�j2qr

�
x; x

�
= r2r (V )

1p jf (jT j)Aj2pr + 1q jg (jT �j)B�j2qr
 ;

which proves (3.1).
By taking the power r � 1 in (2.6) and using the convexity of the power function,

we get

jhBTV Ax; xij2r(3.4)

� r2r (V )

�

24
jf (jT j)Aj2 xjg (jT �j)B�j2 x+ Djg (jT �j)B�j2 jf (jT j)Aj2 x; xE

2

35r

� r2r (V )

�

jf (jT j)Aj2 xr jg (jT �j)B�j2 xr + Djg (jT �j)B�j2 jf (jT j)Aj2 x; xEr
2

for x 2 H with kxk = 1:



SPECTRAL RADIUS BOUNDS 11

By taking the supremum over kxk = 1; then we get that

!2r (BTV A)

� r2r (V ) sup
kxk=1

�
1

2

jf (jT j)Aj2 xr jg (jT �j)B�j2 xr
+
1

2

D
jg (jT �j)B�j2 jf (jT j)Aj2 x; x

Er�
� 1

2
r2r (V )

"
sup
kxk=1

jf (jT j)Aj2 xr sup
kxk=1

jg (jT �j)B�j2 xr
+ sup

kxk=1

D
jg (jT �j)B�j2 jf (jT j)Aj2 x; x

Er#

=
1

2
r2r (V )

�
�jf (jT j)Aj2r jg (jT �j)B�j2r + jg (jT �j)B�j2 jf (jT j)Aj2r�

=
1

2
r2r (V )

�
�
kf (jT j)Ak2r kg (jT �j)B�k2r +

jg (jT �j)B�j2 jf (jT j)Aj2r� ;
which proves (3.2).
Also, observe thatjf (jT j)Aj2 xr jg (jT �j)B�j2 xr

� 1

p

jf (jT j)Aj2 xpr + 1
q

jg (jT �j)B�j2 xqr
=
1

p

jf (jT j)Aj2 x2 pr2 + 1
q

jg (jT �j)B�j2 x2 qr2
=
1

p

D
jf (jT j)Aj4 x; x

E pr
2

+
1

q

D
jg (jT �j)B�j4 x; x

E qr
2

� 1

p

D
jf (jT j)Aj2pr x; x

E
+
1

q

D
jg (jT �j)B�j2qr x; x

E
=

��
1

p
jf (jT j)Aj2pr + 1

q
jg (jT �j)B�j2qr

�
x; x

�
;

then jf (jT j)Aj2 xr jg (jT �j)B�j2 xr + Djg (jT �j)B�j2 jf (jT j)Aj2 x; xEr
2

� 1

2

��
1

p
jf (jT j)Aj2pr + 1

q
jg (jT �j)B�j2qr

�
x; x

�
+
1

2

D
jg (jT �j)B�j2 jf (jT j)Aj2 x; x

Er
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and by (3.4) we get

jhBTV Ax; xij2r � 1

2
r2r (V )

��
1

p
jf (jT j)Aj2pr + 1

q
jg (jT �j)B�j2qr

�
x; x

�
+
1

2
r2r (V )

D
jg (jT �j)B�j2 jf (jT j)Aj2 x; x

Er
or x 2 H with kxk = 1:
By taking the supremum over kxk = 1; we derive (3.3). �

If r > 0; p; q > 1 with 1
p +

1
q = 1 and pr; qr � 1; then by taking B = A in (3.1)

we obtain

!2r (ATV A) � r2r (V )
1p jf (jT j)Aj2pr + 1q jg (jT �j)A�j2qr

 ;
which for A = I gives

!2r (TV ) � r2r (V )
1p jf (jT j)j2pr + 1q jg (jT �j)j2qr

 :
If r � 1; then for B = A in (3.2) we get

!2r (ATV A)

� 1

2
r2r (V )

�
kf (jT j)Ak2r kg (jT �j)A�k2r +

jg (jT �j)A�j2 jf (jT j)Aj2r� ;
which for A = I produces

!2r (TV ) � 1

2
r2r (V )

�
kf (jT j)k2r kg (jT �j)k2r +

jg (jT �j)j2 jf (jT j)j2r� :
If r � 1; p; q > 1 with 1

p +
1
q = 1 and pr; qr � 2; then by taking B = A in (3.3), we

derive

!2r (ATV A) � 1

2
r2r (V )

�1p jf (jT j)Aj2pr + 1q jg (jT �j)A�j2qr


+
jg (jT �j)A�j2 jf (jT j)Aj2r� ;

which for A = I gives

!2r (TV ) � 1

2
r2r (V )

�1p jf (jT j)j2pr + 1q jg (jT �j)j2qr


+
jg (jT �j)j2 jf (jT j)j2r� :

Remark 3. Consider f (t) = t�; g (t) = t1�� with � 2 [0; 1] in Theorem 3. If
r > 0; p; q > 1 with 1

p +
1
q = 1 and pr; qr � 1; then

(3.5) !2r (BTV A) � r2r (V )
1p ���jT j�A���2pr + 1q ���jT �j1��B����2qr

 :
In particular,

!2r (BTV A) � r2r (V )
1p ���jT j1=2A���2pr + 1q ���jT �j1=2B����2qr

 :



SPECTRAL RADIUS BOUNDS 13

If r � 1; then
!2r (BTV A)(3.6)

� 1

2
r2r (V )

�jT j�A2r jT �j1��B�2r + ���jT �j1��B����2 ���jT j�A���2r� :
In particular,

!2r (BTV A)

� 1

2
r2r (V )

�jT j1=2A2r jT �j1=2B�2r + ���jT �j1=2B����2 ���jT j1=2A���2r� :
If r � 1; p; q > 1 with 1

p +
1
q = 1 and pr; qr � 2; then also

!2r (BTV A) � 1

2
r2r (V )

�1p ���jT j�A���2pr + 1q ���jT �j1��B����2qr
(3.7)

+

���jT �j1��B����2 ���jT j�A���2r� :
In particular,

!2r (BTV A) � 1

2
r2r (V )

�1p ���jT j1=2A���2pr + 1q ���jT �j1=2B����2qr


+

���jT �j1=2B����2 ���jT j1=2A���2r� :
If we take p = q = 2 and assume that r � 1

2 ; then from (3.1) we get

!2r (BTV A) � 1

2
r2r (V )

jf (jT j)Aj4r + jg (jT �j)B�j4r ;
which for r = 1

2 gives

! (BTV A) � 1

2
r (V )

jf (jT j)Aj2 + jg (jT �j)B�j2 ;
while for r = 1 gives

!2 (BTV A) � 1

2
r2 (V )

jf (jT j)Aj4 + jg (jT �j)B�j4 :
If we take r = 1 in (3.1), then we get

!2 (BTV A) � r2 (V )
1p jf (jT j)Aj2p + 1q jg (jT �j)B�j2q


for p; q > 1 with 1

p +
1
q = 1:

If we take r = 1 in (3.2) then we get

!2 (BTV A)

� 1

2
r2 (V )

�
kf (jT j)Ak2 kg (jT �j)B�k2 +

jg (jT �j)B�j2 jf (jT j)Aj2� ;
while for r = 2;

!4 (BTA)

� 1

2
r4 (V )

�
kf (jT j)Ak8 kg (jT �j)B�k8 +

jg (jT �j)B�j2 jf (jT j)Aj22� :
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Also, if we take p = q = 2 and r � 1 in (3.3), then we get

!2r (BTV A) � 1

2
r2r (V )

�
1

2

jf (jT j)Aj4r + jg (jT �j)B�j4r
+
jg (jT �j)B�j2 jf (jT j)Aj2r� :

In particular, for r = 1 we derive

!2 (BTV A) � 1

2
r2 (V )

�
1

2

jf (jT j)Aj4 + jg (jT �j)B�j4
+
jg (jT �j)B�j2 jf (jT j)Aj2� :

Moreover, if p; q > 1 with 1
p +

1
q = 1 and take r = 2 in (3.3), then we derive the

inequality

!4 (BTA) � 1

2
r4 (V )

�1p jf (jT j)Aj4p + 1q jg (jT �j)B�j4q


+
jg (jT �j)B�j2 jf (jT j)Aj22� ;

which for p = q = 2 provides

!4 (BTV A) � 1

2
r4 (V )

�
1

2

jf (jT j)Aj8 + jg (jT �j)B�j8
+
jg (jT �j)B�j2 jf (jT j)Aj22� :

Further, if we take f (t) = t�; g (t) = t1�� with � 2 [0; 1] then we can get other
similar inequalities. The details are omitted.

Corollary 2. Assume that f and g are non-negative functions on [0;1) which are
continuous and satisfying the relation f(t)g(t) = t for all t 2 [0;1): Let A; B;
X 2 B (H) ; then for all � 2 [0; 1] ;

(3.8) !2r (BXA) � kXk2r�
1p ���f �jXj1���A���2pr + 1q ���g �jX�j1��

�
B�
���2qr :

If r � 1; then

!2r (BXA) � 1

2
kXk2r�

�f �jXj1���A2r g �jX�j1��
�
B�
2r(3.9)

+

���g �jX�j1��
�
B�
���2 ���f �jXj1���A���2r� :

If r � 1; p; q > 1 with 1
p +

1
q = 1 and pr; qr � 2; then also

!2r (BXA) � 1

2
kXk2r�

�1p ���f �jXj1���A���2pr + 1q ���g �jX�j1��
�
B�
���2qr(3.10)

+

���g �jX�j1��
�
B�
���2 ���f �jXj1���A���2r� :
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Remark 4. If we take f (t) = t�; g (t) = t1�� with � 2 [0; 1] in Corollary 2, then
we get

(3.11) !2r (BXA) � kXk2r�
1p ���jXj�(1��)A���2pr + 1q ���jX�j(1��)(1��)B�

���2qr :
If r � 1; then

!2r (BXA) � 1

2
kXk2r�

�jXj�(1��)A2r jX�j(1��)(1��)B�
2r(3.12)

+

���jX�j(1��)(1��)B�
���2 ���jXj�(1��)A���2r� :

If r � 1; p; q > 1 with 1
p +

1
q = 1 and pr; qr � 2; then also

!2r (BXA) � 1

2
kXk2r�

�1p ���jXj�(1��)A���2pr + 1q ���jX�j(1��)(1��)B�
���2qr(3.13)

+

���jX�j(1��)(1��)B�
���2 ���jXj�(1��)A���2r� :

4. Some Results Via A-G Inequality

We also have:

Theorem 4. With the assumptions of Theorem 2, we have for r � 1 that

!2 (BTV A) � r2 (V )
(1� �) jf (jT j)Aj2r + � jg (jT �j)B�j2r1=r(4.1)

� kf (jT j)Ak2� kg (jT �j)B�k2(1��)

for all � 2 [0; 1] :
Also, we have

!2 (BTV A) � r2 (V )
(1� �) jf (jT j)Aj2r + � jg (jT �j)B�j2r1=r(4.2)

�
� jf (jT j)Aj2r + (1� �) jg (jT �j)B�j2r1=r

for all � 2 [0; 1] and r � 1:

Proof. From (2.5) we have for all � 2 [0; 1] that

jhBTV Ax; xij2 � r2 (V )
D
jf (jT j)Aj2 x; x

ED
jg (jT �j)B�j2 x; x

E
= r2 (V )

D
jf (jT j)Aj2 x; x

E1�� D
jg (jT �j)B�j2 x; x

E�
�
D
jf (jT j)Aj2 x; x

E� D
jg (jT �j)B�j2 x; x

E1��
� r2 (V )

h
(1� �)

D
jf (jT j)Aj2 x; x

E
+ �

D
jg (jT �j)B�j2 x; x

Ei
�
D
jf (jT j)Aj2 x; x

E� D
jg (jT �j)B�j2 x; x

E1��
for all x 2 H; kxk = 1:
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If we take the power r � 1; then we get by the convexity of power r that

jhBTV Ax; xij2r(4.3)

� r2r (V )
h
(1� �)

D
jf (jT j)Aj2 x; x

E
+ �

D
jg (jT �j)B�j2 x; x

Eir
�
D
jf (jT j)Aj2 x; x

Er� D
jg (jT �j)B�j2 x; x

Er(1��)
� r2r (V )

h
(1� �)

D
jf (jT j)Aj2 x; x

Er
+ �

D
jg (jT �j)B�j2 x; x

Eri
�
D
jf (jT j)Aj2 x; x

Er� D
jg (jT �j)B�j2 x; x

Er(1��)
for all x 2 H; kxk = 1:
If we use McCarthy inequality for power r � 1; then we get

(1� �)
D
jf (jT j)Aj2 x; x

Er
+ �

D
jg (jT �j)B�j2 x; x

Er
� (1� �)

D
jf (jT j)Aj2r x; x

E
+ �

D
jg (jT �j)B�j2r x; x

E
=
Dh
(1� �) jf (jT j)Aj2r + � jg (jT �j)B�j2r

i
x; x

E
and by (4.3)

jhBTV Ax; xij2r � r2r (V )
Dh
(1� �) jf (jT j)Aj2r + � jg (jT �j)B�j2r

i
x; x

E
�
D
jf (jT j)Aj2 x; x

Er� D
jg (jT �j)B�j2 x; x

Er(1��)
for all x 2 H; kxk = 1:
If we take the supremum over kxk = 1; then we get

!2r (BTV A) = sup
kxk=1

jhBTV Ax; xij2r

� r2r (V ) sup
kxk=1

Dh
(1� �) jf (jT j)Aj2r + � jg (jT �j)B�j2r

i
x; x

E
� sup
kxk=1

D
jf (jT j)Aj2 x; x

Er�
sup
kxk=1

D
jg (jT �j)B�j2 x; x

Er(1��)
= r2r (V )

(1� �) jf (jT j)Aj2r + � jg (jT �j)B�j2r
�
jf (jT j)Aj2r� jg (jT �j)B�j2r(1��)

= r2r (V )
(1� �) jf (jT j)Aj2r + � jg (jT �j)B�j2r

� kf (jT j)Ak2r� kg (jT �j)B�k2r(1��) ;

which proves (4.1).
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We also have

jhBTV Ax; xij2 � r2 (V )
D
jf (jT j)Aj2 x; x

E1�� D
jg (jT �j)B�j2 x; x

E�
�
D
jf (jT j)Aj2 x; x

E� D
jg (jT �j)B�j2 x; x

E1��
� r2 (V )

h
(1� �)

D
jf (jT j)Aj2 x; x

E
+ �

D
jg (jT �j)B�j2 x; x

Ei
�
h
�
D
jf (jT j)Aj2 x; x

E
+ (1� �)

D
jg (jT �j)B�j2 x; x

Ei
;

for all x 2 H; kxk = 1:
This implies in the same way that

jhBTAx; xij2r � r2r (V )
Dh
(1� �) jf (jT j)Aj2r + � jg (jT �j)B�j2r

i
x; x

E
�
Dh
� jf (jT j)Aj2r + (1� �) jg (jT �j)B�j2r

i
x; x

E
for all x 2 H; kxk = 1; which proves (4.2). �

If we take B = A in Theorem 4, then we get that

!2 (ATV A) � r2 (V )
(1� �) jf (jT j)Aj2r + � jg (jT �j)A�j2r1=r

� kf (jT j)Ak2� kg (jT �j)A�k2(1��)

and

!2 (ATV A) � r2 (V )
(1� �) jf (jT j)Aj2r + � jg (jT �j)A�j2r1=r

�
� jf (jT j)Aj2r + (1� �) jg (jT �j)A�j2r1=r

for all � 2 [0; 1] and r � 1: Moreover, if we choose A = I in these inequalities, then
we obtain

!2 (TV )

� r2 (V )
(1� �) jf (jT j)j2r + � jg (jT �j)j2r1=r kf (jT j)k2� kg (jT �j)k2(1��)

and

!2 (TV ) � r2 (V )
(1� �) jf (jT j)j2r + � jg (jT �j)j2r1=r

�
� jf (jT j)j2r + (1� �) jg (jT �j)j2r1=r

for all � 2 [0; 1] and r � 1:

Remark 5. Consider f (t) = t�; g (t) = t1�� with � 2 [0; 1] in Theorem 4, then

!2 (BTV A) � r2 (V )
(1� �) ���jT j�A���2r + � ���jT �j1��B����2r1=r

�
jT j�A2� jT �j1��B�2(1��)



18 S. S. DRAGOMIR

and

!2 (BTV A) � r2 (V )
(1� �) ���jT j�A���2r + � ���jT �j1��B����2r1=r

�
� ���jT j�A���2r + (1� �) ���jT �j1��B����2r1=r

for all � 2 [0; 1] and r � 1:
In particular, for � = 1=2 we obtain

!2 (BTV A) � r2 (V )
(1� �) ���jT j1=2A���2r + � ���jT �j1=2B����2r1=r

�
jT j1=2A2� jT �j1=2B�2(1��)

and

!2 (BTV A) � r2 (V )
(1� �) ���jT j1=2A���2r + � ���jT �j1=2B����2r1=r

�
� ���jT j1=2A���2r + (1� �) ���jT �j1=2B����2r1=r

for all � 2 [0; 1] and r � 1:

Corollary 3. With the assumptions of Theorem 2 we have

!2 (BTV A)

� 1

21=r
r2 (V )

jf (jT j)Aj2r + jg (jT �j)B�j2r1=r kf (jT j)Ak kg (jT �j)B�k
for all r � 1:
Also, we have

! (BTV A) � 1

21=r
r (V )

jf (jT j)Aj2r + jg (jT �j)B�j2r1=r
for all r � 1:
In particular, we have

!2 (BTV A)

� 1

2
r2 (V )

jf (jT j)Aj2 + jg (jT �j)B�j2 kf (jT j)Ak kg (jT �j)B�k
and

! (BTV A) � 1

2
r (V )

jf (jT j)Aj2 + jg (jT �j)B�j2 :
If we take f (t) = t�; g (t) = t1�� with � 2 [0; 1] in Corollary 1, then we get

!2 (BTV A)

� 1

21=r
r2 (V )

���jT j�A���2r + ���jT �j1��B����2r1=r jT j�AjT �j1��B�
for all r � 1:
Also, we have

! (BTV A) � 1

21=r
r (V )

���jT j�A���2r + ���jT �j1��B����2r1=r
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for all r � 1:
In particular, we obtain

(4.4) !2 (BTV A) � 1

2
r2 (V )

���jT j�A���2 + ���jT �j1��B����2jT j�AjT �j1��B�
and

! (BTV A) � 1

2
r (V )

���jT j�A���2 + ���jT �j1��B����2 :
We also have:

Corollary 4. Assume that f and g are non-negative functions on [0;1) which are
continuous and satisfying the relation f(t)g(t) = t for all t 2 [0;1): Let A; B;
X 2 B (H) ; then for all � 2 [0; 1] ;we have for r � 1 that

!2 (BXA) � kXk2�
(1� �) ���f �jXj1���A���2r + � ���g �jX�j1��

�
B�
���2r1=r(4.5)

�
f �jXj1���A2� g �jX�j1��

�
B�
2(1��)

for all � 2 [0; 1] :
Also, we have

!2 (BXA) � kXk2�
(1� �) ���f �jXj1���A���2r + � ���g �jX�j1��

�
B�
���2r1=r(4.6)

�
� ���f �jXj1���A���2r + (1� �) ���g �jX�j1��

�
B�
���2r1=r

for all � 2 [0; 1] and r � 1:

If we take f (t) = t�; g (t) = t1�� with � 2 [0; 1] in Corollary 4, then for r � 1;
� 2 [0; 1] ; we get

!2 (BXA) � kXk2�
(1� �) ���jXj�(1��)A���2r + � ���jX�j(1��)(1��)B�

���2r1=r(4.7)

�
jXj�(1��)A2� jX�j(1��)(1��)B�

2(1��)
and

!2 (BXA) � kXk2�
(1� �) ���jXj�(1��)A���2r + � ���jX�j(1��)(1��)B�

���2r1=r(4.8)

�
� ���jXj�(1��)A���2r + (1� �) ���jX�j(1��)(1��)B�

���2r1=r :
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