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Abstract

Here we study the multivariate quantitative approximation of complex
valued continuous functions on a box of RN, N € N, by the multivariate
normalized type neural network operators. We investigate also the case of
approximation by iterated multilayer neural network operators. These ap-
proximations are achieved by establishing multidimensional Jackson type
inequalities involving the multivariate moduli of continuity of the engaged
function and its partial derivatives. Our multivariate operators are defined
by using a multidimensional density function induced by a g-deformed and
A-parametrized hyperbolic tangent function, which is a sigmoid function.
The approximations are pointwise and uniform. The related feed-forward
neural network are with one or multi hidden layers. The basis of our the-
ory are the introduced multivariate Taylor formulae of trigonometric and
hyperbolic type.
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1 Introduction

The author in [1] and [2], see chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliaguet-Euvrard and ” Squashing” types,
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by employing the modulus of continuity of the engaged function or its high or-
der derivative, and producing very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators
”bell-shaped” and ”squashing” functions are assumed to be of compact support.

Motivations for this work are the article [14] of Z. Chen and F. Cao, also by
[3]-[12], [15], [16].

Here we perform a g-deformed and A-parametrized, g, A > 0, hyperbolic
tangent sigmoid function based trigonometric and hyperbolic neural network
approximations to complex valued continuous functions over boxes in RV, N €
N and also iterated, multi layer approximations. All convergences here are
with rates expressed via the multivariate moduli of continuity of the involved
function and its partial derivatives and given by very tight multidimensional
Jackson type inequalities.

We come up with the "right” precisely defined multivariate normalized,
quasi-interpolation neural network operators based on boxes of RY. Our boxes
are not necessarily symmetric to the origin. In preparation to prove our re-
sults we mention important properties of the basic multivariate density func-
tion induced by the g-deformed and A-parametrized hyperbolic tangent sigmoid
function.

Feed-forward neural networks (FNNs) with one hidden layer here are math-
ematically expressed as

Nn(x):cha«aj'x}—i—bj), zeR’ seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and x,
and o is the activation function of the network. In many fundamental network
models, the activation function is a kind of hyperbolic tangent sigmoid function.
About neural networks read [17] - [19].

2 About ¢-deformed and \—parametrized hyper-
bolic tangent function g,

We will talk in detail about g4, see ([12], ch. 17) and (1), and justify that it is
an activation sigmoid function and we will give several of its properties related
to the approximation by neural network operators.

So, let us consider the function

e qe—)\x
9o () = g A\g>0, z€R. (1)



We have that

1—g¢
0) = ——.
9q.x (0) 1+gq
We notice also that
- e—)\w _ qekx B %e_kx e)‘x _ (6)\3c %B_Ax
gax (=) = e 4 get %6_)‘9” +err ere g ée—)‘x Ie (@)
(2)
That is
gor (-2) = g1, (), Yz ER 3)
and
912 (2) = =g (=),
hence
dh o (@) = gy (-2). (4)
It is
eQAm —q 1— %
€Tr) = = € — 1’
gq,/\( ) 2w +q 1+ 62% (3—+00)
i.e.
ga (+00) =1, (5)
Furthermore
( ) e?ka; —q —q .
€Tr = —/———— — —_— = — y
da:) T 4 q (1——c0)
i.e.
ggx (—00) = —1. (6)
We find that o
dgle ™"
Q:I,A (z) = a2 0, (7)
(e?* +q)
therefore g4, is striclty increasing.
Next we obtain (z € R)
q- 62>\x
g (z) = 8g\?e* e €C(R). (8)

€M 4 ¢)°

We observe that

In
q—e2’\””20@q262)‘z@1nq22)\x@m§2—;.
So, in case of z < l;—)f’, we have that g, is strictly concave up, with

i (5) =0



And in case of x > 2 L, we have that g, \ is strictly concave down.

Clearly, g4, is a shifted sigmoid function with g4 x (0) = 1+ ;and g\ (—x) =
—gq-1.2 (%), (a semi-odd function), see also [11].

By1l>—-1,z+4+ 1>z —1, we consider the function

D o @+ 1) — gy (x — 1)) > 0, (9)

Mq_)\ (JC) = 1

Vo € R; ¢,A > 0. Notice that My x (+£o0) = 0, so the z-axis is horizontal
asymptote.
We have that

My (~2) = 3 (G2 (24 1) = gy (~2— 1)) =
7003 (0= 1))~ ggr (~ (2 +1)) =
L(oa @D to @) = (10)

<g%,,\ (z—i—l)—g%,/\ (z—l)) = My, (), VzeR.

W =

Thus
MqﬁA(—x):M;’)\(x), Ve eR; g A>0, (11)
a deformed symmetry.

Next, we have that

M\ (z)==(gor(x+1)—goy(z—1)), VaeR (12)

»&M—‘

Let < 2% -1 thenw—1<z+1< 2% and gox(@+1)>g 5 (x—1) (by
gq,x being btnctly concave up for z < 1“q) that is M y (z) > 0. Hence M,y is
Ing

striclty increasing over (—oo, o T ) .

Let now x—1 > 1;/\q,then z+l1>x—1> 1;1/\(17 and g; \ (z+1) < g; \ (z—1),
that is M, , (z) <0.

Therefore M, » is strictly decreasing over (lnq +1 —|—oo>

Let us next consider, ;—/\q —1<z< lg—f + 1. We have that
1 1 1 1
Mg\ (z) = 1 (gar(@+1) =g/ \(x—1)) =

2q)\2 e2A(z+1) ﬂ — e2M@=1) ﬂ . (13)
(62,\(m+1)+q)3 (62’\("”*1)-5-(1)3

By 1;;1 1<z & 1;;1 <z+1lehng< 22 (z+1) & ¢ < 20D o
q—e”‘(“‘l)<0.



By =z < ?—f—i—l@x—lg 1;‘—)?@2)\(36—1) <lng & 0D < g o
g — eaE=1)"> ¢

Clearly by (13) we get that M’ (z) <0, for x € [ln—q —1,ma 4 1}

) 2A
More precisely M, » is concave down over [ln—q -1, 1;‘)? + 1], and strictly
Ing ¢ Ing
concave down over (2/\ L5 +1

Consequently M, » has a bell- type shape over R.
Of course it holds M/, (lnq> <0.

Atz = 1;’)? , we have

62)\(:5+1) 82)\(9371)
qA 5 — 5 |- (14)
(62)\(z+1)+q) (€2A(z—1)+q)

Thus

62’\ e—2>\
g <(62/\ +1)2 (et 1)2> N =
\ e2A (e’” + 1)2 —e 22 (62)‘ + 1)2 _o.
(P +1) (e +1)°

That is, ‘2 is the only critical number of M, ) over R. Hence at z = %22, M,

achieves its global maximum, which is

Inq 1 Ingq Ingq B
o (50) =3 (5 ) o (50 1))

1 et —e A e~ — el _
4 [\er e e~ 4 e B



1
4| er e 2 \ed+eA 2

2 (e e)‘)] 1 <e>‘ —e_)‘> _ tanh (A). a7

Conclusion: The maximum value of M,y is

Ing\ tanh())
Mq7)\ (2>\) — T, )\ > 0 (18)

We give
Theorem 1 ([12], ch. 17) We have that

ZMq,x\(ﬂ«"—i)Zl; VrzeR,VA\qg>0. (19)

1=—00

It follows

Theorem 2 ([12], ch. 17) It holds
/ My (2)dz =1, Mg >0, (20)

So that M, » is a density function on R; A, ¢ > 0.
We need the following result

Theorem 3 ([12], ch. 17) Let 0 < a < 1, and n € N with n'=* > 2; ¢, A > 0.
Then

o0

1 Y B
Z Mq’)\ (nm - k) < max {q’ } e4>\6_2,\n(1 ) _ Te_z)‘"<1 )7
q

k= —o0
{ :nx — k| > ntme
(21)
where T := max {q, %} e

Let [-] the ceiling of the number, and |-| the integral part of the number.

Theorem 4 ([12], ch. 17) Let x € [a,b] C R and n € N so that [na] < [nb].
For g >0, A > 0, we consider the number Ay > 2o > 0 with My » (z0) = Mg x (0)
and \g > 1. Then

1 1 1
] < maz{ 7 NSk =:A(q). (22)
S My (na — k) o Oal ()
k=[na]
We make



Remark 5 ([12], ch. 17) (i) We have that

[nb]
nEI-iI-loo Z My (nx —k)#1, for at least some x € [a,b], (23)
k=[na]
where \,q > 0.

(ii) Let [a,b] C R. For large n we always have [na] < |nb]. Also a < % <,
iff [na] <k < |nb]. In general it holds

[nb]

> My (nz—k)<1. (24)
k=[na]

‘We make

Remark 6 We introduce

N
Zgx(x1,..;xn) = Zgx (z) == HMQJ‘ (zi), 2= (21,..,2n) ERY X\ g¢>0, NeN.
i=1

(25)
It has the properties:
(i) Zyx(z) >0, VaeRY,
(ii)
S Zon@—k)= > Y Y Zga(wr—kyewn —ky) =1,
k=—o0 ki1=—00 ko=—00 kn=—o0
(26)
where k = (ky,...,k,) € ZV, V¥V z € RV,
hence
(iii)
Z Zgx (nz — k) =1, (27)
k=—o0
VzeRY: neN,
and
(iv)
/ Zga(x)dx =1, (28)
RN
that is Z, is a multivariate density function.
Here denote ||z := max {|21], ..., |zn]|}, € RV, also set 0o := (00, ..., 00),
—00 := (—00, ..., —00) upon the multivariate context, and
[na] := ([na1], ..., [nan]),
(29)

[nb] := (|nb1], ..., [nbN]),



where a := (a1, ...,an), b:= (b1, ...,by).
We obviously see that

[nb] [nb) N
Z Zgx(nx—k) = Z (H Mg (nx; — kl)> =

k=[na] k=[na] \i=1

[nb1 ] [nbw ] N N Lnb;]
Z Z <H Mq7,\ (nwi — k‘l)> = H Z Mq7)\ (nxl — k)l)

k1:]'na1] k:N:[naN] i=1 =1 k’L:’Vnai-l
(30)
For0< B <1andn €N, afivedx € RN, we have that

[nb]
Z Zgx(nz—k)=
k=[na]
[nb] [nb]
Z Zgx (nx —k)+ Z Zgx(nz—k). (31)
{ k = [na] { k = [na]
1% ==l <55 1% ==l > 7
In the last two sums the counting is over disjoint vector sets of k’s, because the
condition ||% - a:||Oo > ni,; implies that there exists at least one % - a:,.} > ni,;,
where r € {1,...,N}.
(v) By Theorem 8 and as in [9], pp. 379-380, we derive that

[nb]
Z Zgx(nz—k) < T672)‘"(17ﬁ), 0<p<1l, (32)
k= [na)
I =2l > 5
withn e N:nl=# >2 z ¢ vazl [ai, b;] .
(vi) By Theorem 4 we get that
1 N
0< <(A@)", (33)
nb
ZIE:Hna] Zq’)\ (TME - k)
Ve (Hivzl [ai,bi]), n € N.
1t is also clear that
(vii)
Z Zgx(nz—k) < T672/\n(176>, (34)
{ k=—o0
1% =l > 75



0<B<1l,neN:n'""#>2 2eRVN.
Furthermore it holds
[nd]

lim Z Zgx(nx —k) #1, (35)
k=[na]

for at least some = € (Hfil [a;, bl]>

Here (C,||) is the complex Banach space.

Let f € C(H/ﬁil [ai,bi],(C), z = (x1,...,TN) € Hfil [a;,b;i], n € N such
that [na;| < |nb;], i=1,...,N.

We introduce and define the following complex valuedmultivariate linear nor-
malized neural network operator (v := (x1,..,TN) € (Hi\;l [a;, bl]>)

S £ (5) Za (nz — k)
An (f7$17.“71‘N) = An (f,x') = k [Lnl;lj q =
> ra] 2 A (nx — k)

by | b b
ZIET 1]’na1'| ZIE::IJTLG.Q“ ZII;Z N|'JnaN'| (]:11 ’ ety TN) (Hz 1 M‘I A (n‘xi - kl))
N nb; :
Hi:l ( l\;l—[Jna 1A (nxi - kl))

(36)
For large enough n € N we always obtain [na;] < |nb;], i = 1,..,N. Also
a; < ki <b, iff [na;] <k; <|nbj],i=1,...,N.

When geC (Hl 1 lag, b1]> we define the companion operator

nb
A, (g,x) = Z’E anﬂ () Zgx (na — k)
ZlEnb[Jna} x(nz — k)

Clearly gn 18 a positive linear operator. We have that

N
&AL@I,VIG(IU%MO.
i=1
. N ~
Notice that A, (f) € C (Hi:l [ai, bi] 7(C) and A, (g) € C (HZ 1 [az,bz}) .
Furthermore it holds
Skt [ ()] Zax (na — k)

ST =4, (fl,2),  (38)

[An (f,2)] <
> k—na] Zax (N — k)

Ve [IY, [ai,bi].
N
C’learly |f| eC (Hi:l [ai7 bl]) .



So, we have that

[An (f,2)| < A (1], 2),
Vo eIV, faibi]. ¥neN, erC(l'L 1[a“bz],(C).

Letce CandgeC (Hizl [@;, b,-]) then cg € C (Hz 1 lai, bi] ,C) .
Furthermore it holds

An(cg,)—cA m,VmEHal,l

Since A, (1) =1, we get that
Ap(c)=¢, YceC.

We call A, the companion operator of A,.
For convenience we call

[nb]

A (f,x) Z f< ) A (nx —k) =

=[na]

[nby | |nb2 | |nbn | k N
Z Z Z f ( Lo N) (H My (na; — k‘z)> ,
i=1

ki=[nai] ka=[na2] kn=[nan]

Ve (Hﬁil [ai,bz']) :
That is

A5 (f,2)
fL (f7 ) : ?
Z}E?Lana_l (TLJE _ k)

Ve (H,L,N:1 [ai,bi]), neN,

Hence

A (f) = 1 @) (S32 ) Zar (02— F)
An (fv aj) - f (33) = ZL”bJ ( : ((n:]E — k) ) .
k |’na-\

Consequently we derive

(33) Lnb)
[An (f.2) = f (@) < (A@)Y |45 (f2) = f(2) D Zga(na— k)|,
k=[na]

Vae (Hl 1 [a“bl]) .
We will estimate the right hand side of (45).

For the last we need

10

(40)

(41)



Definition 7 ([10/, p. 274) Let M be a convex and compact subset of (RN, ||~Hp),

p € [1,00], and (C,|-|) be a Banach space. Let f € C(M,C). We define the
first modulus of continuity of f as

wi (f,0) := sup [f(x)— f(y)|, 0<d<diam(M). (46)
z,y € M:
lz—yl,<é

If 6 > diam (M), then
w1 (f7 5) = w1 (f,dmm (M)) (47)
Notice wy (f,d) is increasing in § > 0.

Lemma 8 ([10], p. 274) We have wy (f,d) — 0 as d | 0, iff f € C(M,C),

where M is a convex compact subset of (RY, H'Hp), p € [l,].

N
Let now f € C? (H [ai, bi] ,(C)7 N € N. Here f, denotes a partial derivative
i=1
N
of f, @ = (a1,...,an), a; € Zy, i = 1,..,N, and |a| := > «; = [, where

=1
1=0,1,2. We write also f, := % and we say it is of order .
We denote

W' (far ) = Jnax Wy (fash). (48)
Call also
[ fallog™ = ﬁllélg{llfalloo}y (49)

where ||-||, is the supremum norm.
In this article (see (46)) we work with p = co.
(IT) Multivariate New Taylor formulae
We will use

Theorem 9 ([13]) Let f € C?([c,d],C), where a,x € [c,d]. Then

Fo) - 1@ = @sinte o)+ 2" @i (T30 4 60

/z (S @)+ f(8) = (f" (a) + [ (a))] sin (z — 1) dt.

‘We make

11



Remark 10 Let now Q be an open convex subset of R¥, k > 2; 2 = (21, ..., 21,),

zo = (To1,..-, Tor) € Q. We consider f € C*(Q,C) each second order partial

derivative is denoted by fo := gwf, where o = (a1, ..., ), o €ZT, i =1,...,k

k
and |a] := > a; = 2. We consider g, (t) := f(zo+t(z—20)), 0 <t < 1.
i=1

Clearly xg —|—:t (z—x0) € Q. Then

gz (0) =f (330)7 9z (1) =f (Z) )

k
9.0)= (o~ o)

(a:m +t(2’1 75001),...,1:%+t(zkf:z:0k.)), (51)

=1 H
k of
g, (0) = ; (21 — wo;) oz, (@015 -+, Tok) 5
and
k 9 2
gz (t) = [(; (zi — zos) 8%) f| (o1 +t(z1 —2o1) ..., ok +t (26 — Tok))

(52)

=1

k P 2
g2 (0) = {(Z (2 — zoi) ag@) f] (o1, - Tok) -

Notice above the second order partials commute.
Clearly g. € C?([0,1],C), and by Theorem 9 we obtain

f (1, 26) — f (o1, - xok) = g2 (1) — 9. (0) =
ot O)sin (14202 s (5 )+ [ a2 () +. () = 62 ©)+ 92 O)]sin(1 - )

(53)

We also mention

Theorem 11 ([13]) Let f € C*([c,d],C), where a,z € [c,d]. Then

f(x) — f(a) = f'(a)sinh (z — a) + 2f" (a) sinh® (9” 5 “) + (54

[ 16" 0 -7 0) - ¢ @~ f @)sinh (a0 .

‘We make

12



Remark 12 Consequently, we get that

(21,0 26) = f (w01, -, Tox) = g2 (1) — g2 (0) =

1
ot O)sini (14207 s (5 )+ [ 1062 () = . () = 62 (0) ~ . (O)]sinh (1~ 1) .
(55)
We make
Remark 13 Let f € C? <H[ ]C> NeN.

Clearly the mized partials commute.
N
Her k = (%,..., ’%V), and x := (x1,...,TN), with %,x € <H [ai,bi]), then
i=1
(by (58), wher € g t)i=f(z+t(E—-2)),0<t<1) we have




(s (ese(E-a)) - s@) fama-ar

Therefore it holds

R|§/01 > 2

N
ar=(ar,..,an),a€Zs \ ] ay!

N i=1
’i:l,...,N,‘(X|::Z ;=2 -
1=1

a) I (az—&-t(z—x)) — fu ()
+‘f<m+t<fb—x>> ()

IR (I

N
a::(al,...,aN)};l,;GZ_'_ H o;!

ks

(.

— —x;

} jsin (1 — ¢)| dt < (58)

Yot o)
n oo

Oo)}sin(l—t)|dt< (+).

ks
5 _

i=1

i=1,...,N,|a[:=> a;=2 i=1
i=1

o
n

Notice here that (0 < < 1)
k

- —x
n

<1<:>

— x| <

3|

1
—, 1=1,...,N. 59
77/37 ? PR ( )

o0

We further see that

N
a:=(a1,...,an),0; €L 4 H ;!

(+) < wT%X(fmnlﬁ) 2 2 <ﬂ 1 )

. X Ni=1
i=1,...,N,|a|:=3" a;=2
i=1

o (f, T;)}/gl Isin (1 — t)| dt =

) 1 2 1
A5 (o >
=) 0i €0

& i
i=1,...,N,|a[:=3 a;=2
i=1

—=

(Xi!

1

14



or (.55 )10 = s (1)) = (60)

(umax founi N2 1
(1—Cos(1)){ = (nwﬁ) +w <fvna>}.

We have proved that

|R| < (1 —cos(1)) {wrlngx (1;‘2’5”5) +wy (ﬂ n15> } : (61)

given that H% — :vHOO < n%.

We notice also that

! 2
IR| g/o >
!

N
a:=(a1,...,aN),0; €Ly H %
X i=1
1=1,..., N,\oz|::2 a; =2 -
i=1

=

:

(bi — >> 2| fallo +2 f||oo} jsin (1 —¢)] dt < (62)

Il
-

2
C X v |
oc:=(oz1,...,ozN) ;€L H «;!
=1,...,N|a|:= 2 a=2 =1

2 a2, Ifall25 + 2151 (/ (1~ o)) =

(2110 = 0l 1255 N2+ 271 ) (1 = cos (1),

where a := (a1, ...,an), b= (b1,...,bn).
We have proved that

Bl < (20— alZ Ifal25 N2 4 20fl) (1 = cos(D) = . (63)

3 Main Results

Here we discuss the trigonometric approximation by using the smoothness of f.

15



Theorem 14 Let f € C? (]_L 1 lai, by ,(C) ,0<B<1,nNeN, n'=F>2

T,To € (Hiv:l [azabz]) y @ i= (ala ey N)? b:= (bh 7bN) Then
()

N
n (fa (Z 821‘ fEJ,JZ)) sin (1)7

N 2
a:=(a1,...,an),0; EZy H ai! i=1
i:l,...,N,|a\:=‘§ ;=2 =1
max fO“ ni N2 1
A <q>>N{ (1- cos<1>>{ e ) Ve (fnﬁ)} T

max _oan(1—8)
(2116 = all% 1 fall25 N2 + 2 £l | (1 = cos (1) Te 7},

(i) assume that (IO) =0,i=1,..,N, and fo(z0) =0, a : o] = 2, we
have that

[An (f,2) = f(2)] <

(A (g)Y { [(1 —cos (1)) {wllrjgx (cf;’ﬁmf) N +o <f7 nlﬁ) }

(2116 = all% 1 fall 25 N2 + 2 £l | (1 = cos (1)) Te 7},
(iii)

+ (65)

{[(1 —cos(1)) {waﬂ%x (ﬁ;ﬁ)m o (f, ;ﬁ)H

+ (216 = alZ Ifal25 N2 + 201l ] (1= cos () T L (66)

and

16



(iv)
140 (f) = flloo < (A ()™

1 -
{nﬁ + (b; — a;) Te=2An =" }} sin (1) +
(N -8 1
+ H (b; — ai)ai> Te 2 ] sin? ()
a:|a|=2 H ;! =1 2
i=1
+{

WIS (for 77
(l—cos(l)){ (];25 )N +wi <fn1ﬁ>H (67)

200 = allZ I fall 25 N2 4 20 L] (1= cos () Te 2 h =g ().

We observe that A, — I (unit operator), as n — oo, pointwise and uni-
formly.

of
8:@ 00

i

I SR TAN

Proof. Here R is as in (57). We see that

Lnb]

> Zya(nz—k)R= (68)
k=[na]
[nb] Lnb]
> Zgx(nz —k)R+ > Zgx (nz — k) R.
k = [na] k = [na]
{:||f;—x||oo<73s {:Hi’—wllw%}s
Therefore
[nb]
U,| < > Zgx (nz — k)
{ k= fncﬂ
15 -2l < 75

[(1 — cos (1)) {w?gx (J,c;}f) T e (f ’ nlﬂ>}

[(1 — cos (1) {”Iln%x (f;}alﬂ) e <f ’ nlﬁ>}

We have established that

(1 - cos (1)) {wﬁnix (]:;’ﬂnlﬁ) e <f’ "15) H

|Unl| <




+ |20 =l 1all23 N2+ 211 f | (1 = cos (1) Tem 7 (70)
By (56) we observe that

Lnb] i Lnb)

> Bzt -n-r@| ¥z -
k=[nal k=[na]

N |nb] ) 6f‘
(Z Z Zgx (nz — k) <nL - xz) B (z) |)sin (1) +
i=1 k=[na] 4

) Lnb)
2{ > fa@) | === (S Zyn (e — k)
a:=(a1,...,aN),0; €Ly H a;! k=[na]
i=1,..., N,|a| 7.127\,: ;=2 i=1

The last says

N
a:=(aq,..., aN),A?1€Z+ H ai! i=1
i=1,..,N,|a|:=> a;=2 i=1
1=1
(72)
‘We notice that
[nb] k.
A5 (=) o) S A (| — il ,2) = ) — x| Zg (nx — k) =
k=[na]
[nb] k.
Z L — x| Zga (nw — k) +
{ k= [na]
15 ==l <=

18



Z %—xi Zgx(nz—k) <
{ k= [na)
I =l > 75
[nb]
5+ (b —a) > Zgx (nz —k) <
k = [na]
{ 1% =2l > 7

We have proved that
1 L
|AL (- — xi),2)| < — + (b — @) Te- 27

1=1,...,N.
Next we see that

A:L (H ( - xi)ai ,.’L‘)

k=[na] \i=1

Lnb] N @i
Z (H ﬁ—xi >Zq,,\(nx—k)—|—
{ k = [na] =t
15 -2l < 75
Lnb) L @i
Z (H ﬁ—xi )Zq,,\(nx—k)<
i=1

We have proved that

N
A (H (=)™ x)

i=1

At last we observe that

N
An(Fra) — (@) - (Z 08 @) 5 (- m,x)) sin (1)

(73)



1 o .o f1
4 Z fa (@) | A, (H (- — =) ,:r) sin <2) <
a:=(ay,...,aN),; €L H ai! i=1
N h
i=1,...N,|a|:=> a;=2 i=1
=1
(A (@)™ |Un] =
[nb]
A" |AL (fo) = @) | D] Zaa(na—k) |~
k=[na]
N
aof (x) |, )
(Z 33(3 )An (( =) 7"17)) sin (1) —
=1 g
1 al 1
* e 77 2
4 S @ || (H . x> sin (2) |
ar=(a1,...,aN),0; €Ly H ai! i=1
N s
i=1,...,N,|a[:=> a;=2 i=1
i=1
(77)
Putting all of the above together we prove the theorem. m
We make
N
Remark 15 Let f € C? <H [ai, bi] ,(C), N € N. By the mean value theorem
i=1

we have that sinhxz = sinhxz — sinh0 = (cosh &) (x — 0), for some & between
{0,z}, for any z € R.
Hence
sinhz| < [cosh||, _q 4 l2|, V2e[-1,1].
But
l[cosh|| (1,1 = cosh (1).

Thus, we have
|sinhz| < cosh (1) |z], V€ [-1,1].

N
Let % = (k—nl,..., %\’), and x := (1,...,TN), with %,x € (H [ai,bi]), then
i=1
(by (55), where gi (t) = f (z+t (£ —2)), 0 <t < 1) we have

(’Z - x) ggi (w)) sinh (1) +

20
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[ s | ([

N P
a:=(ai,...,an),q; €L4 ay! i=1
=1

Ve (]
n

)

X i
i=1,...,N,|a[:=> a;=2
i=1

k
—|—w1(f,tH—x >}cosh(1)(1—t)dt<(*).
n (o]
Notice here that (0 < < 1)
1 k; 1
E—x <n—ﬁ(:) E_xi Sn—ﬁ, i=1,...,N. (81)

We further see that

() < cosh (1) { wi'y* (fa, nlﬁ) > - (ﬂ nﬁl>

N
a:=(a1,...,aN),0; EZy H «;!
e}

i=1

)i

cosh (1) [ w5 (fa: 5) N2 1
9 { L2 nQBB +W1(f7nﬁ) .

We have proved that
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We notice also that

1
2
|R| < cosh (1)/ Z ~
0 a=(a1,...,an),0; €EZ4 H ;!

& i=1
i=1,...,N,|la|:=3 a;=2 =
i=1

N
(H b — a;) >2||fa|oo+2||foo}(1—t)dt< (84)
i=1

cosh (1) Z N2

20—l hralfs 4210} ([ =) =

cosh (1) {2116 — all%, | fall 25 N2 + 21 1.}

[N

cosh (1) (I — al% 1£all2%5 N2 + 1)

where a := (a1, ...,an), b= (b1,...,bn).
We have proved that

[B] < cosh (1) (IIp— all, | 7al25 N2 + 7)) = (85)
We continue with the hyperbolic approximation.

Theorem 16 Let f € C? (HZ 1 lag, by ,(C) ,0<fB<1,nNeN, nF>2
T, € (vazl [ai,bi]) ,a:=(ay,...,an), b:=(b1,...,by). Then

N
a::(al,...,aN)}?iGZ+ H a!
i=1,...,N,|al:=> a;=2 ?
i=1




+ o (86)

(A (q))" cosh (1) { [2 {W‘f‘a‘x ({;vﬁnﬁ) o <f’ nlﬁ)}

max —_oxn(1—8)
(16— allZ 7alims N2 + 11| Te 7,

(i) assume that 8f(m0) =0,i=1,...,N, and fo(x0) =0, a : o] = 2, we
have that

[An (F.2) = f (@) <
WIS (fa, z) N?
(A(Q))N(Cosh(l)){[;{ 12 (J;mn RS (fnlB)}
(16— all2, 1fall25 N2 4 L) e )

+ (87)

(iii) .
[An (f,2) = f(2)] < (A(q))

(1o = all2, 1 £l N2+ £l | Tem2 7 (88)

i

1
483 falls ~
aslal=2 ] o!
1=1

+cosh (1) { [2 {wflngx (];12’[3”/3) + w1 (f, nlB) }

(1= al, 72 N2 + £l | Tem2 4 =, ().

We observe that A, — I (unit operator), as n — oo, pointwise and uni-

and
(iv) N
HAn (f) - f”oo < (A (q))

1 _
{ 5+ (bi — )Te_Q’\"(1 ? }} sinh (1) 4+
- ln

1 il -8 1
||bi—f“T—2A"’ inh? =
+ (i_l( a;) ) e ] sin <2>

of
8.1‘1;

+ (89)

formly.
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Proof. Here R is as in (79). We see that
Lnb]

> Zya(nz—k)R= (90)
k=[na]
[nb] [nb]
Z Zgx(nx —k)R+ Z Zgx (nx — k) R.
{ k= [na] { k= [na)
His = || < s i =l > 55
Therefore
[nb]
|U,| < Z Zgx (nx — k)
{ k= [na]
15 -2l < 75

cosh (1) [2 {“Ilngx Ut i (1) }

max 1 2
ol )

We have established that

max 1
|U<cosh()l2{w12 (J;;;,ﬁ E) +w1(fanl,3>}]

max — (1-8)
Feosh (1) b~ all% [ fol25 N2 4 1] Te 0 (92

By (78) we observe that

[nb]

> f( ) mk)f(:r)( LZbJ Zq,A(m:k))

k=[na] k=[na]

N [nb] .
(Z Z Zgx (nx — k) (IZ - LEi) gfo (x) |)sinh (1) +

=1 k=[na]

[nb]
2 E fo (@) | = E Zgx (nx — k)
ar=(ai,....,an),0; EZ4 H az| k=[na]
N F__
i=1,..,N,|al:= 3 a;=2 =1
i=1

25



The last says

}Vi
i=1,...,N,|a| —Z: ;=2 i=1
(93)
As earlier it holds
N 1 —oan(-8)
|An (( - xz) ,LE)| < niﬁ + (bT az) Te 2 3 (94)

i=1,...,N.
Also, as earlier we have

A (H( — ;)™ ’CC)

i=1

At last we observe that

N
A, (foz) = f(x)— <Z of (x) Ay ((- = z3) ,x)) sinh (1) —

( )i €7 ljy[ ! 1
a:=(ag;..., an ), €Ly o 1=
=L Nifali= 5 ai=2 i=1
(A (@)Y [Un] =
[nb]
(A @)Y |45 (f,2) — f (@) ( Z Zg x (nx — k)) -
k=[na]
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4 > fa (2) ! AF (]i(x)ax> sinh? (;)

N
ar=(o1,...,aN),0 €L I ai!
N -
i=1,....N,|a|:=>" a;=2 i=1
i=1

Putting all of the above together we prove theorem. m
We make

Remark 17 By (36) we get that || A, (f)|l < |[fllo < o0, and A, (f) €

C (Hivzl [a;, b; ,(C), given that f € C (Hi\il [ai, b;] ,(C).
Clearly then

147 (Nl = 1140 (An (e < 1140 (Hlloo < 11l »

etc.
Therefore we get

4% (Al <Iflle, YEEN,

the contraction property.
Also we see that

1A% (Dl < 1A Dl < - < 1A (Dl < 1l -

Also A, (1) =1, A¥ (1) =1,V keN.
Following 18.14, pp. 401-402, of [9], similarly we obtain that

1AL = flloo S 7140 (f) = flloo, T €N
We give

Theorem 18 All as in Theorems 14, 16. Then
i
. [ALf = flloo <76, (f),
where &, (f) as in (67).
(ii)
[ALS = flloe ST, ()
where ¥, (f) as in (89).

(99)

(100)

(101)

(102)

So that the speed of convergence to the unit operator of Aj, is not worse than

of Ay, see also [8].
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