VECTOR INEQUALITIES IN TERMS OF SPECTRAL RADIUS
OF OPERATORS IN HILBERT SPACES WITH APPLICATIONS
TO NUMERICAL RADIUS AND p-SCHATTEN NORMS

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. Let H be a complex Hilbert space. Assume that f and g are non-
negative functions on [0,00) which are continuous and satisfying the relation
f(t)g(t) =t for all t € [0,00). In this paper we show among others that, if T’
and V are operators in B (H) such that |[T'|V = V*|T|, then for A, B € B(H)

we have
2r 1 2r l 2pr 1 * *|2qT
(Brvasa P < 32 @) (1T AP + 2 oz 5P ) o)

<
-2
+ (g (IT*) B*1?1£ (1T AP 2,2) ")

provided that » > 1, p, ¢ > 1 with % + % =1 and pr, gr > 2, for x € H with
||lz|| = 1. Also, we have the numerical radius inequality

lw (BTV A)|?" < %r% (V) (

1 i 1 * *
;If(ITI)AIQ” +5|g(|T ) B[

+o” (g (TN B*1* 1£ (IT]) A7) )
and the trace inequality
1 1 1 ”
IBTVAIZ,, < 35 ) [or (17 (7D AP + 2 tg (7)) )
+ lgazn B P17 arh AP -
provided that
£ ATD APP™, g (T*) B, |g (1T*1) B*2 | (IT)) AP € By (H)
and [[Allg, = (Cier [(Aes, e)[P) /7 for A€ By (H), p> 1.

1. INTRODUCTION

The numerical radius w (T') of an operator T on H is given by

(1.1) w(T) = sup{[(Tz,z)|, ||=| = 1}.
Obviously, by (1.1), for any € H one has
(1.2) (Tz,a)| < w (T) ||,

It is well known that w (-) is a norm on the Banach algebra B (H) of all bounded
linear operators T : H — H, i.e.,
(i) w(T)>0forany T € B(H) and w (T) =0 if and only if T' = 0;
(ii) w(AT) = |Mw(T) forany A€ Cand T' € B (H);
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(i) w(T+V)<w(T)4+w(V)forany T,V € B(H).

This norm is equivalent with the operator norm. In fact, the following more
precise result holds:
(1.3) w(T) < Tl < 2w (T)

for any T € B (H).
F. Kittaneh, in 2003 [11], showed that for any operator T' € B (H) we have the
following refinement of the first inequality in (1.3):

1 1/2
(1.4) w(T) < 5 (170 + (| 7277) -

Utilizing the Cartesian decomposition for operators, F. Kittaneh in [12] improved
the inequality (1.3) as follows:

1 1
(1.5) LT T+ 7T < w? (T) < S 1T + 777

for any operator T € B (H).

For powers of the absolute value of operators, one can state the following results
obtained by El-Haddad & Kittaneh in 2007, [8]:

If for an operator T € B (H) we denote |T| := (T*T)l/2 , then

1 ar * —a)r
(1.6) W (T) < 5 |+ e PO
and
(17) W (1) < ||a TP+ (1 - a) |,

where o € (0,1) and r > 1.

If we take v = 5 and 7 = 1 we get from (1.6) that

1 *
(1.8) w (1) < 5 IIT|+ 7]
and from (1.7) that

1
(1.9) W (1) < 5 [|ir? + 7P|

For more related results, see the recent books on inequalities for numerical radii
[7] and [4].

Let T'= U |T| be the polar decomposition of the bounded linear operator T'. The
Aluthge transform T of T is defined by T := \T|1/2 U \T|1/2, see [1].

The following properties of T are as follows:

W |7 <171,

(i) w(T) <w (@),

(iii) 7 (T) = w (D),

() w (T) < |72 < 1), 013,

Utilizing this transform T. Yamazaki, [15] obtained in 2007 the following refine-
ment of Kittaneh’s inequality (1.4):

010 wm =g (Iiee (7)) < 5 (- )
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for any operator T' € B (H).

We remark that if T = 0, then obviously w (T) = & ||T||.

Abu-Omar and Kittaneh [2] improved on inequality (1.10) using generalized
Aluthge transform to prove that

o () = 5 (I711+ min (20 ().

For ¢t = 1 this also gives the following result for the Dougal transform
1 R
(1.11) w(T) < 5 (||TH +w (T)) .

In [3] Bunia et al. also proved that

. 1 1 2t 2(1-t)
< — _
w(T) < tem[é,ri] {Qw (A (T)) + 1 (HTH + || ) ,

which for ¢ = 1/2 gives (1.10) as well.
In 1988, F. Kittaneh obtained the following generalization of Schwarz inequality
[10]:

Theorem 1. Assume that f and g are non-negative functions on [0,00) which are
continuous and satisfying the relation f(t)g(t) =t for allt € [0,00). Let T, V be
operators in V (H) such that |T|V = V*|T|, then

(1.12) TV, <r(V)ILFATD [ g (T yl
for all x, y € H, where r(V) denotes the spectral radius of V.

If we take f (t) =t and g (t) = t!7° for a € [0,1] and ¢ > 0,
(1.13) TV, < v (V) IIT) 2] |17y
for all z, y € H.

2. MAIN RESULTS

We recall the following vector inequality for positive operators A > 0, obtained
by C. A. McCarthy in [13]

(2.1) (Az,2)" < {A',2), p =1
for x € H, ||z|| = 1 and Buzano’s inequality [5],
1
(2:2) [z, e) e, )l < 5 Mzl llyll + Iz, y)1]

that holds for any z, y, e € H, |le|| = 1.
Our first main result is as follows:

Theorem 2. Assume that f and g are non-negative functions on [0,00) which are
continuous and satisfying the relation f(t)g(t) =t for all t € [0,00). Let T, V be
operators in B (H) such that |T|V =V*|T|, then for A, B € B(H) we have that

(2.3) (BTV Az, z)|*"
< (V) < [; FTD AP + Lo (7] B*Fﬂ m>

for x € H with ||z|| = 1, provided that r > 0, p, ¢ > 1 with ]%Jr% =1 and pr,
qr > 1.
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Ifr > 1,

(2.4) |(BTV Az, z)|*"
1

< - 2r (V)

2
() AP || [l (7D B2 + (o () B7P 17 (7)) AP 2,2))

“

for x € H with ||z|| = 1.
Ifr>1,p,¢>1 with%—l—%:l and pr, qr > 2, then also

(2.5) (BTV Az, z)|*"
1 r 1 2pr 1 * *12qT
<3 ) (((GIrarna + Lgrn 5P o)
+(lo (T B I (T AP ) )
for x € H with ||z|| = 1.

Proof. Observe that by (1.12) we have

(TVa,y)I* <r® (V)1 (T) ) llg (1T7)) y]I”
P2 (V) (FUTD @, f (T ) (g (IT* )y, 9 (IT7]) )
r? (V) (2 (T) 2, 2) (g* (1T ) )

for all z, y € H.
If we take Az instead of x and B*y instead of y, then we get

TV Az, B*y) > < r2 (V) (f2 (IT|) Az, Az) (g* (|IT*|) B*y, B*y)
(V) (A f2(IT)) Az, ) (Bg® (IT*|) B*y,y)
(V){

r? (WY {(f (IT)) Az)" f (IT|) A=z, x>
x ((g(IT*)) B*)" g (IT*]) B*y, y)

=2 () (17 (T AP @) (|9 (IT*) B* P 9.,
namely
(26)  [BTVAzy) <2 (V) (1 (T AP @,2) (lg (7)) B 3, y)
for all 2, y € H and, in particular
@7 (BIVAw2)f < (V) (|f (1) AP z.x) (lg (1T°) B o)

forall z € H.
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If we take the power r > 0 in (2.7), then we get, by Young and McCarthy
inequalities, that

|<BTVA3:, o)
() (1 () AP w,2) (g (T°) B )

[ < (T Al 2 m>pr+;<|g(|T*)B*|2x,x>qT}
[ (I () APz, >+fl<|g<|T*|>B*|2qrm,x>}

=2 ) [T ATD AP + 2 1g (2 B | )

for x € H with ||z|| = 1, which proves (2.3).
Let z € H, ||z|| = 1, then by Buzano’s inequality we derive

(If () AP 2,2 ) (.19 (1) B )
< & s at ] oy ¢ Ayt
= Lilrarp ap | g aren Bep | + (o Ty B 1£ (T AP 2. 2)]
2

By making use of (2.7) we get

(2.8)  |(BTV Az, z)|?
< sr? (V)

< [l arn AP a| |lg (7 B 2| + (g (771 BP 17 (T1) AP 2, 2)]

l\JM—*

forx € H, ||z|| = 1.
By taking the power r > 1 in (2.8) and using the convexity of the power function,
we get

(2.9) |(BTV Az, z)*"

< r2r (V)
i arpafs] Hg(T*|>B*|2xH;<|g<|T*|>B*|2|f<T|>A|2x,x>
<17 (V)

1y AP |lg (=) B2 | + (g (7 B 1 (T AP 2, 2)

2

for x € H with ||z|| = 1, which proves (2.4).
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Also, observe that
1 () AP | 19 47 B 2|
< i ara]” + < flaqzn e

qar
22

17y Al +

/\’6\»—*’6\»—*’6\»—!

gt e
(10 ata.a)™ + 2 1o (77 512z
<|f(|T|)A|2;DT >+ é <|g(|T*|)B*|2qT m,x>
(; |f (IT]) AP + % |g(|T*)B*|2qr) xx>

then

lirarn ape| (o (=) B 2|+ (lg (=) B+ 1£ (1) AP 2,
2

<5 ((G1rarnaP + Lg(rn P ) o)
3 (g (T B*F I (7)) AP 2

and by (2.9) we get

[\)

]. ]- T 1 * * T
BTV s ) < 3o ) (S1F (T AP 4 Ll () B )
1 * * T
+ 572 V) (lg (T B 1£ (IT) AP 2, )
or x € H with ||z|| = 1. This proves (2.5).
Remark 1. If we take r =1/2 and p = q =2 in (2.8), then we get
1 * *

(2.10) (BTV Az, )| < 5r (V) (|If (T AP + g (1T]) B[] @)

for x € H with ||z| = 1.
The choice r =1 in the same inequality produces

@11)  |(BIVAz,2)f < (V) < [; £TD AP + 219 (7] B*Fﬂ . >

for x € H with ||z|| = 1, provided that p, ¢ > 1 with % + % =1.
Forr =1 1in (2.4) we obtain

1
(2.12) BTV Az, @) < 52 (V) (|17 () AP |19 (771 B2
+ (lg(T*) B 11 (T) AP 2,2))

for x € H with ||z|| = 1.
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If we take r = 1 in (2.5), then we get
(BTV Az, z)|

2 (V) (<(; FATh AP+ |g<|T*|>B*|2q) m>
+(lg (1) B £ (7)) AP @) )

for x € H with ||z|| = 1, provided that p, ¢ > 1 with % + % =1.

(2.13)

Corollary 1. Assume that f and g are non-negative functions on [0,00) that are
continuous and satisfying the relation f(t)g(t) = t for all t € [0,00). Let X, A,
B e B(H), then for all a, 8 > 0 with o+ § > 1, we have

2r

(2.14) ‘<BX X |20 Ag, x>

r 1 a 2pr 1 * | *12qT
< Ix|* <[p|f<|X| AP+ L g (X7 B }x>

for x € H with ||z|| = 1, provided that r > 0, p, ¢ > 1 with %—I—% =1 and pr,
qr > 1.

Ifr > 1,
2r

(2.15) (<BX X2 Ag, m>
< S IX 0 (i aximy A a]| [l 0x17) B2
+(lg (X1 B 1 (X" AP 2,2) )

for x € H with ||z|| = 1.
Ifr>1,p,q¢>1 with%—l—%:l and pr, qr > 2, then also

2r

(2.16) ‘ BX|X\“+ﬁ*1Ax,z>
1 26T 1 oY 2pr 1 x| *12qr
< 5 IX1] ;|f(|X| ) Al +6|g(|X| )BT ) v,

+(lg (X1 B 1 (X AP 2,2) )

for x € H with ||z| = 1.

Proof. Let X = U | X| be the polar decomposition of the bounded linear operator
X, with U a partial isometry. If we take T' = U |X|* and V = |X|”, then we have

TV = U |X|*™P = X |X|*TP7Y ) |T| = |X|* and |T*] = | X*|"
and since
|V = |X|** = v T
and

rv) =7 (IX1°) = |1x1°]| = 1%,

hence by Theorem 2 we derive the desired inequalities. O
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Remark 2. Let « € [0,1]. If we take B8 =1 — « in Corollary 1, then we get

(2.17) |(BX Az, z)|*"

—a)r 1 « 2pr 1 e *12qT
< x]20- <[p|f<|X| AP+ Llg (X7 B }x>

for x € H with ||z|| = 1, provided that r > 0, p, ¢ > 1 with %—I—% =1 and pr,
qr > 1.
Ifr>1,
(2.18) (BX Az, z)[*"
1 _ 2 |7 « «2 "
< s IXPr (17 ax1my AP a| 19 0x71%) B s
* )2 2 "
+(lg (X1 B P (1X|%) AP w,2) )

for x € H with ||z|| = 1.
Ifr>1,p,¢g>1 with%—l—%:l and pr, qr > 2, then also

(219)  [(BX Az, z)|*"
< I (((S1F0XI AP + 2o (X717 B ) )
+(lg (XY B 15 (X% AP 2,2))
for x € H with ||z| = 1.
We also have:

Theorem 3. With the assumptions of Theorem 2, we have forr > 1 and 6 € [0, 1]
that

(2:20) [(BTV Az, 2)/* <o (V) (|(L=0)|f (T A" + 29 (177 B[ | 2.)
ré r(1-46)
< (If (T AP 2,2) (lg (7)) B .x)

forallx € H, ||z|| = 1.
Also, we have

(221) BTV Aw,2)* <2 (V) ([(1=0) £ (T AP +8lg (T B[] ) "

< ([515 47D AP + 1= ) lg (1) B ] )

forallxz € H, ||z|| = 1.
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Proof. From (2.7) we have for all § € [0, 1] that
(BTV Az, @) <2 (V) (If () AP 2,2 ) {lg (1T*)) B[ 2, 2)
=) (IF (T APe.)  (lg(T*) B P r.)
(I (T AP w.2) (g (T7) B P r.2)
<r2 (V) [0 =0) (IF (7D AP wx) +6 (g (1)) B ) |

8 <‘f(|T|)A|2%“7>5 <|g(|T*DB*|Q$,EE>1_6

for all x € H, ||z|| = 1.
If we take the power r > 1, then we get by the convexity of power r that

(2.22) (BTV Az, z)|*"
<y [ <| (7)) AP « $>+5<|g(|T*|)B ’, wﬂ

(it oo™

< (V) [1-8) (I (T AP w.2) +0{lg(T°]) B .)]

< (IF Q2D AP z,2) " (g B P ae)

for all x € H, ||z|| = 1.
If we use McCarthy inequality for power r > 1, then we get

(= 0){If (T AP w,z) +5 (g (1T") B> w,)
< (=) (IF (T AP 2.2 +5 (|g (1T7]) B[ 2, )

= <[(1 —&I|F (T AP + 6|9 (IT*)) B*|2T} z$>

and by (2.22) we get (2.20).
We also have

|(BTV Az, z)|*

<) (IF()APaz)  (lg(T*) B Pr.x)
() AP (g () B P ez

< (V) (1= (IF (T) AP 2.2) +6 (]9 (T°) B 2,2)]

< [o(If (T AP @,2) + (1= 8) (g (IT°) B[P o,

for all x € H, ||z|| = 1.
This implies in the same way that

BTV Az, @)™ <2 (V) ([(L=8)|f (T AP" + 519 (T*)) B*"| @,

< ([s1r4TD AP+ @ =) lg (77 B | 2,)



10 S.S. DRAGOMIR

for all x € H, ||z|| = 1, which proves (2.21). O

Corollary 2. With the assumptions of Corollary 1, we have that

(2.23) ’<BX X Ag I> 2r
< I ([ )17 (X1 AP + 619 (X717 B ] 2.2
(I 1% A|2”“"’”">Ns <|9(|X*|“)B*|2x,x>r(175)

forallx € H, ||z|| = 1.
Also, we have

(2.24) ‘<BX X0+ Ag, :c>)2
<X (=0 1 (X1 A + 8o (1) B )"

< ([o1F (X1 AP + (1= 8) g (X1 B ] ae)
forallx € H, ||z|| = 1.
For r > 1 and « € [0, 1] we derive
(2.25) (BX Az, z)|*"

< X[ =9 1 (X1 AP+l (1X*) B | @)

- <|f(‘X|a)A|2m’gc>ms <|9(|X*|‘*)B*|2x,x>r(175)

for all x € H, ||z|| = 1.
Also, we have

(2.26) (BX Az, z)|?
2(1—a) o 2 .l 127 1/r
<X P ([ = 0) 1F (X1 AP + 619 (171 B[ | 2, )

< ([51£0X17) AP+ (0= 8) o (1) B )

for all z € H, ||z| = 1.
Consider f (u) = u* and g (u) = u'~* with A € [0,1]. Let T, V be operators in
B (H) such that |T|V = V*|T|, then for A, B € B(H) we have from Theorem 2

that
2qr
} x’ x>

for x € H with ||z|| = 1, provided that r > 0, p, ¢ > 1 with %—&—% =1 and pr,
qr > 1.
Ifr>1,

) 1 2pr 1 _
(2.27)  {BTV Az, z)[*" < ¥ (V)<[p ’|T|AA‘ "y . ’|T*|1 Ap*

s

(2.28) (BTV Az, z)|*"

X

[
<‘|T*1 A B ‘m A‘ xm>)

2
B [Ealieey
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for x € H with ||z| = 1.
If’er,p,q>1With%+é:1andpr, qr > 2, then also

2 _ 1 1 L)
(2.29) [(BTV Az, z)| 22T(V)<<<’|T|*A‘ +5]|T "B

’|T| A‘ x x> )
for x € H with ||z|| = 1.

From Corollary 1 we get for X, A, B € B(H) and «, § > 0 with «+ 8 > 1, that

2qr
xT,T

for x € H with ||z|| = 1, provided that r > 0, p, ¢ > 1 with %—&—% =1 and pr,
qr > 1.

o)

<’|T* 1— )\B*

2r

(2.30) KBX 1X[*H°! Ag, z>

1 2pr 1 -
S Y e
p q

If r > 1, then
atB—1 2r
(2.31) ‘< X |X]| Aa:,x>‘
1 28T Aa s (1=N)a px 2 "
< g1 (|| e s o
<|X* (=N p ‘|X|A°‘A’ . x>)

for x € H with ||z|| = 1.
If?“Z1,p,q>1with%+%:1andpr, qr > 2, then also

2r

(2.32) ‘<BX 1X[*H0! Ag, x>

1 28T 1 Ao Zpr 1 #(1=XN)a x
< 1P ({5 |l af™ 4 209
p q
2 2 r
+<‘|X*|(1>‘)QB* ’|X|MA’ :c,x> >
for x € H with ||z|| = 1.

Let a € [0,1]. From Remark 2 we obtain

2qr
T,T

(2.33) (BX Az, z)[*"

_ 1 2pr 1 _
S ”XHQ(I a)r<|:)|X|)\aA) +*‘|X*|(1 /\)aB*
p q

2qr
xTr,T

for x € H with ||z|| = 1, provided that » > 0, p, ¢ > 1 with %+% =1 and pr,
qr > 1.
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If r > 1, then

(2.34) (BX Az, z)|*"

2 ||"

1 _ 2
< g 1x10= (Jxre af's :

2 2 "
‘|X|)‘O‘A‘ m7m> >
for x € H with ||z|| = 1.

Ifer,p,q>1With%—f—%:landpr,qer,thenalso

r
H"X*l(l_)\)a B*

+ <‘X*|(1)\)a B*

(2.35)  |(BX Az, z)[*"

1 Colr 1
< 5 Ix|P0 (<(\|X|““A
p

2 2 r
+<‘|X*|<“>“B* ]|X\MA( xx>>

2p

ro 1 —

2qr
xTr,T

for x € H with ||z|| = 1.

3. NUMERICAL RADIUS INEQUALITIES

We can state the following result:

Proposition 1. Assume that f and g are non-negative functions on [0,00) that
are continuous and satisfying the relation f(t)g(t) =t for allt € [0,00). Let T, V
be operators in B (H) such that |T|V = V*|T|, then for A, B € B(H) we have the
norm inequality

(31) | (BIVA® < (V) H LIQTD AP+ Llg () B

)

provided that r > 0, p, ¢ > 1 with % + % =1 and pr, qr > 1.

32 wBIVAPE < o @) (I7(T) AP g (7)) B
(3.3) +w (lg (T B 1 (1T)) AF) ) -

Ifr21,p,q>1with%+%=1andpr,qr22, then also

(3.4) lw (BTV A))*"
1

2r 1 2pr 1 * ®|2qT
<50 (| a4 gy e

o (lg (T°1) B 1 (1T)) AF) ) -
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Proof. If we take the supremum over ||z|| =1 in (2.3), then we get

lw (BTV A)|*"

= sup |(BTV Az, z)|*"
llzll=1

< (V) sup <[; FTD AP + Lo 7] B*F‘"} :c>

llzll=1

1

1 T % * T
e (V)lef(lT)A|2p g () B

which proves (3.1).
By taking the supremum over ||z|| =1 in (2.4) we obtain

lw (BTVA)*" = sup [(BTV Az, z)|*"
llzfl=1

<3 W) sw (Jlrqmpapa] floqrp s g
+(lg (") B2 1 (T) AP a,2))

7 @) | w17 Gz AR ] s g (e 57|

1
2 Jl]|=

+ sw (o (T P f(|T|)A2x,x>T]
= Lo ) 1 () AP N (o) B + o (19 (2 B2 15 (1T AF)).

which proves (3.2).
The inequality (3.4) follows in a similar way from (2.5). O

We also have:
Corollary 3. Assume that f and g are non-negative functions on [0,00) that are
continuous and satisfying the relation f(t)g(t) = t for all t € [0,00). Let X, A,
B e B(H), then for all a, 8 > 0 with o+ § > 1, we have
(3.5) W (BX x| +A1 A)

2
< |l x|

1 a 2pr 1 *|Q *12qT
];If(lX\ ) A +alg(|X ) B[

provided that v > 0, p, ¢ > 1 with % + % =1 and pr, qgr > 1.
Ifr =1,

(3.6) W (BX x| te! A)
1 T T *|Q * T
< 51X (1 (117 AP g (X1 B

W (19 (1X71%) B P 1 (1X1%) AF)).
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Ifr>1,p,g>1 with%—l—%zl and pr, qr > 2, then also
(3.7) W (BX x| tot A)
1 26T
< - ||X
< g1
r *|Q %2 «a 2
+w (19 (X1 B 17 (1X1%) A1) ) -

Remark 3. Let o € [0,1]. Then we get
(3.8) w¥ (BXA)

1 a 2pr 1 x| *12qT
‘plf(le AP+ L g () B

)

2(1—a)r
< x|

1 o 2 1 * | O *2
X1 A pr+5|9(\X ) B

provided that r > 0, p, ¢ > 1 with % + % =1 and pr, qr > 1.
Ifr =1,

(3.9) w? (BX A)
—a)r «@ 2r * o %1121
< SIXIPC (1 (X1 AP lg (1X71%) B
r | %12 « 2
+o (19 (X1 B 17 (1XI1%) A1) ).
Ifr>1,p,¢g>1 with%—i—%:l and pr, qr > 2, then also
(3.10) w? (BXA)

< gnxnw“*” ((
+or (I (X1 B 1£ (X1 A1) )

We also have:

1 201 1 * *12qT
];If(IXIO‘)A\p +5\9(|X ") B[

)

Proposition 2. With the assumptions of Theorem 2, we have for r > 1 and
d €[0,1] that

(311) | (BTVAP" <o (V)| (1= )1 (T) AP" + 619 (7)) B

| (IT]) AP (g (|T*)) B2

Also, we have

1/r
(312) W (BTVAP <2 (V)| = 8)If (T) A +5 g (7)) B
2r * * 2r 1/T
x|a1rarn AP+ - eylgarn B
The proof follows by Theorem 3 on taking the supremum over ||z| = 1.

Corollary 4. With the assumptions of Corollary 1, we have for § € [0,1], that
(3.13) W <BX | x| t81 A)

<IXIP = 0) 1 (1X|) AP + 619 (|X*%) B

a 2rd *|Q «T(1=4
L (X AP g (171 B
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Also, we have

(3.14) w? (BX x| te1 A)

o 2r K| « 21T 1r
<X |[(1=0) 1 (1X1%) AP + 619 (1X7[*) B
1/r

< o1r4x1) AP+ (1= 8) g (X1 B

Now, if we take § =1 — «, a € [0,1] in Corollary 4, then we get
(3.15) W (BX A)

<X PP = 8) 1F (X[ AT+ 619 (1X*|%) BX)*

« 2rd x| w1 7(1=90
L (X AP g (171 B

and
(3.16) w? (BXA)
—Q &% T *|QC x| 27 1/T
< IXPP = o) 17 (X1 AP+ 619 (1X71) B
« 2r x| %27 r
< a1s (1) AP+ (=9 lg (1X71) B
for 6 € [0,1].

If the operator T has the polar decomposition 7' = U |T| with U a partial
isometry, we define the transform

Ap g (T) = |T|p U |T|q )

for p, ¢ > 0. Here we assume that |T|0 =1
The p-generalized Dougal transform is defined by

T, =|TI"U,
the usual Dougal transform is then
T :=|T|U,
and the p-generalized Aluthge transform
T, = TP UTP,
which for p = 1/2 gives the usual Aluthge transform
To=T]"?UT""?,

Also
T,=U|T|?,

which gives for ¢ = 1 the usual polar decomposition T'= U |T| .
Forp=t,qg=1—1, where t € [0, 1] we have

AL (T) = Apq (T) = |T|' V|T|"".

The transform A, (T') was introduced and studied in [6].



16 S.S. DRAGOMIR

Now, if we use Remark 3 for X = A, ,(T) and A = |T|"™ and B = |T|" for
p,q,m,n > 0, then for « € [0,1] we get
(3.17) w?" (Aptn,g+m (1))
2(1—a)r
< A (@

X

)

}j 1f (1Bpq (D)) T + 3 19 (| (g (T)[*) 171"

provided that r > 0, p, ¢ > 1 with & + & =1 and pr, gr > 1.
Ifr>1,

(318) ¥ (Bppngim (1))
5 1 (D)0
% (I (A DIV g (B ()77 117
7 (|9 (g @)Y TP 17 (A DIITI)) -

Ifer,p,q>1with%—i—%:landpr,quQ,thenalso

(3.19) W (Aptn,g+m (1))
1Ap,q (T)|]P )"

)

1

3
1 [e] m|2pr 1 N
(s aana@ierme o sy m)
+ (19 (| (Apg () VI 1F (A0 (D) 1))

From (3.15) and (3.16) we also get for «, 6 € [0,1] that

)

(3.20) WQT (Ap+n,q+m (T))
< Apq (T) 27

x| (0= 0) 17 (g I TP 46 g (|2 (1)) 1T

X7 (18 (DI T g (1B (1)) 12177
and
(321) W (Aprngem (7))
< |y q (1) PO
<= 017 (g @I T g (A0 @[ |
1/r

% (615 1200 DI T 4+ (= 8) g (|(Apq () 717

By taking some particular values for p, g, m,n > 0 we can obtain certain inequal-
ities for the Aluthge and Dougal transforms. The details are omitted.
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4. INEQUALITIES FOR p-SCHATTEN NORMS

In order to extend these results for p-Schatten norms we need the following
preparations.

Let (H;({.,.)) be a complex Hilbert space and B (H) the Banach algebra of all
bounded linear operators on H. If {e;},.; an orthonormal basis of H, we say that
A € B(H) is of trace class if

(4.1) 1AL =" (Al esse) < oo
iel
The definition of [|Al|; does not depend on the choice of the orthonormal basis
{ei};cr - We denote by By (H) the set of trace class operators in B (H) .
We define the trace of a trace class operator A € By (H) to be

(4.2) tr(A) = (Aej,e;),
il
where {e;};c; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (4.2)
converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 4. We have:
(i) If A€ By (H) then A* € By (H) and

(4.3) tr (A*) = tr (A);
(1)) If Ae By (H) and T € B(H), then AT, TA € By (H) and
(4.4) tr (AT) = tr (T'A) and |tr (AT)| < ||A|l, ||T]|;

(#3) tr (+) is a bounded linear functional on By (H) with |tr|| = 1;
(i) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA);
(v) Brin (H), the space of operators of finite rank, is a dense subspace of By (H) .

An operator A € B(H) is said to belong to the von Neumann-Schatten class
B, (H), 1< p< oo if the p-Schatten norm is finite [16, p. 60-64]

1/p
a1l )
Al = [t (|4 = (ZMI" eu@-)) < o0.
icl
For 1 < p < ¢ < oo we have that

(4.5) Bi(H)CB,(H)CBy(H)CB(H)
and
(4.6) 1Al = [IAll, = [|All, = [IA]l-

For p > 1 the functional |||, is a norm on the *-ideal B, (H) and (Bp (H), H||p)

is a Banach space.
Also, see for instance [16, p. 60-64],

(4.7) IAll, = [[A%]l, . A € By (H)

(4.8) IABl, <[lAll, 1B, A, B € B, (H)
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and
(4.9)  [[ABIl, < [l All, IIBIl, [IBAl, <|BIAll,, A€B,(H), BeB(H).
This implies that
(4.10) ICAB|, < ICI|All, [|BIl, A€ By(H), B, CeB(H).
In terms of p-Schatten norm we have the Holder inequality for p, ¢ > 1 with
1,1 _
g =
(4.11) (Itr (AB)| ) [|AB||, < || All, [|1Bll,, A€ By(H), BeB;(H).
For the theory of trace functionals and their applications the reader is referred

to [14] and [16].
For € := {e;};c; an orthonormal basis of H we define for A € B, (H),p>1

1/p
Allg , == (Z |<Aei76i>|p> ~
iel

We observe that |-, is a norm on B, (H) and [|Allg , < [|A]], for A € B, (H).

Proposition 3. Assume that f and g are non-negative functions on [0,00) that
are continuous and satisfying the relation f(t)g(t) = t for all t € [0,00). Let T,
V' be operators in B(H) such that |T|V = V*|T|, then for A, B € B(H) with
FUTD AP, lg(T*) B* P € By (H) for pyg > 1, 1+ 1 = 1,7 > 0 and pr,
qr > 1, we have

s T 1 s 1 * * s
(412)  [BIVA|Z, < (V)ux [p|f<|T|>A|2P g }

Ifr>1,p q>1witht+1=1pr gr>2 and |f(T) A", |g(T*) B**" €
By (H) while |g (IT*) B*|* |f (IT|) AI* € By (H), then

(413)  IBTVAIZ, < 5% 0 [er (S 1£ QT AP+ 2l () 5
+[lg (1) B2 If(ITI)AIQH;J
<3 W[ (G1ramy AP+ g )

+ [lgazn B arn ap| ]

Proof. 1f {e;},.; an orthonormal basis of H, then by (2.3) for y = 2 = ¢;, i € I, we
get

[(BTV Ae;, e:)|*"
]' T ]‘ * * T
< <V><[p|f<T|>A|2” g B } >

forie .
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If we sum over ¢ € I, then we get

> UBTV Aei, ei)[*"

el

<)Y < [; £AT) AP + 21 (7] B*Fﬂ > 7

icl

which proves (4.12).
Ifr>1,p,q¢>1with %—i— % =1 and pr, gr > 2, then by (2.5) we get

(BTV Ae;, ;)|
< %7‘27‘ (V) <<<; F(IT]) AP + % |g(|T*|)B*|2q7") ei,€i>
+ (g (T B2 17 (T]) AP ese) )

foriel.
If we sum over ¢ € I, then we get the first part of (4.13). The second part is
obvious. (]

Corollary 5. Assume that f and g are non-negative functions on [0,00) that are
continuous and satisfying the relation f(t)g(t) =t for allt € [0,00). Let X, A, B €

B(H) and a, f> 0 with o+ > 1, if | (X[°) AP, |g (X*[°) B*P"" € By ()
with p,q > 1, %—&—% =1,r >0 and pr, gr > 1, then we have BX|X\“+'8_1A €
By (H) and
2r
(4.14) HBX|X|°“+5‘1AH
E,2r
T 1 o 2pr 1 w1 *12qr
< IXIP 0 [P OXI) AP + 219 () B |
Ifr>1,p,q¢>1 with%—l—%:l and pr, qr > 2, then also
2r

(4.15) HBX |X|°‘+ﬁ*1,4HS2

1 2087 1 « 2pr 1 * Q0 *12qT
< S IXIP (e |~ 1F (X AP+ — g (1 X7[7) B

p q
* | Q *|2 «a 2"
sty srisaxm a],)
< 1 287 1 « A 2pr 1 *|Q *12qT
< S XN { o = LA (XY AT+ = g (1X77) B
p q
* | O 12 [e% 2"

+[lg (x4 B 1rax1m AP|)).-

We notice that, if we take 8 = 1 — « in Corollary 5, then we get

r —a)r 1 « 2pr 1 *|Q *12qT
(416)  [BXA|Z,, < [X[2 & [p £OXI7) AP+ 2 g () B }
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and

(4.17) IBX A,
1 —a)r 1 @ s 1 * | * r
< SIXJPCTOT (b | 1 (X AP+ = g (1X*|*) B
2 p q
*|Q %12 a 2"
oty s axm )
1 2(1—a)r 1 « 2pr 1 e *12qT
< Z|Ix]| tr | = £ (1X]%) A"+ = |g (1X*|*) B|
2 P q
* | O %2 «@ 2"
+[llg (1) B 1r (X1 4P| ).

Corollary 6. Let T, V be operators in B(H) such that |T|V = V*|T| and X €
2pr 2gqr
[0,1], then for A, B € B(H) wz’th“T\’\A‘ , ‘|T*|1_)‘B* € By (H) forp,q>1,
%+%:1,r>0 and pr, qr > 1, we have
2qr}

T B

- 1 2rr 1 -
(4.18) IBTVA|Z,, <™ (V) L? i)™ + . i)' B

. 1 1 \ 2pr 2qr
Ifer,p,q>1wzth;—i—azl,pr,quQ,and‘|T| A) , €

2

2
By (H) wmze“T*H**B* \T|*A’ € By (H), then

1 1 2 1 _
(419)  [BTVA|Z,, < 51 (V) [tr ( i al™ | B
’ b q

2qr>
2qr>

2 2
4]

%_“‘|jﬂ*1—_A B*

E,r
1 1 2pr 1 _

< Zr (V) {tr ( ‘|T|AA’ += ‘|T*|1 A B*
2 P q

Finally, by Corollary 5 we get for X, A, B€ B(H) and A € [0,1], o, 8 > 0 with

2pr 2qr
a+ B> 1, and if |X|MA‘ ,‘|X*|<1**>QB*‘ € Bi(H)forpg>1,L+1=1,
r >0 and pr, gr > 1, then we have BX |X|a+671 Ae By (H)and

“ 17 (7)) AP

+ H‘]ﬂ*|1A B*

2r
(4.20) HBX x|+ AHE
,2r

1 2pr 1 -
S R e
p q

2qr}
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Ifrz1,p,q>1with%+%:1andpr, qr > 2, then also
atp-1 4>
(4.21) HBX X| AH
E,2r

1 . 1 o 2T L)
< < |lx|* (m« “|X|A AT 2 ix B
2 p q

2q7':|
2qr}

T

2 2
x4

+ “|X*(1/\)a B*

Er

IN

1 - 1 2pr 1 B
— ||X||257 (tr |: ‘|X|)\a A‘ + = )|X*‘(1 Ao B*
2 p p

)

Moreover, if we take in (4.20) and (4.21) 8 =1 — «, then we get

2 2
n “|X*(1,\)aB* ‘|X|MA‘

—a)r 1 2pr 1 _
(422)  [BXAI,, <[ X0 [p\xﬁaA] 1| e

2qr]

and
2
(4.23) IBXAg s,
1 B M1 2pr 1 B 2qr
S - ||XH2(1 Ot)T' (tr - ‘|X|>\OL A‘ + - ‘|X*|(1 A) B* :|
2 ¥z q
2 20"
_’_H’X*|(1)\)a B* |X|)\oc A‘
Er
1 —a)r M1 o 2pr 1 (1N s 2qr
< 1P (oo [P 2 fiegt e e
2 ¥z q
2 2"
+ H’X*|(1—)\)o¢ B* |X|)\a A‘ > )
REFERENCES

[1] A. Aluthge, Some generalized theorems on p-hyponormal operators, Integral Equations Op-
erator Theory 24 (1996), 497-501.

[2] A. Abu-Omar and F. Kittaneh, A numerical radius inequality involving the generalized
Aluthge transform, Studia Math. 216 (1) (2013) 69-75.

[3] P. Bhunia, S. Bag, and K. Paul, Numerical radius inequalities and its applications in es-
timation of zeros of polynomials, Linear Algebra and its Applications, vol. 573 (2019) pp.
166-177.

[4] P. Bhunia , S. S. Dragomir , M. S. Moslehian , K. Paul, Lectures on Numerical Radius
Inequalities, Springer Cham, 2022. https://doi.org/10.1007/978-3-031-13670-2.

[5] M. L. Buzano, Generalizzazione della diseguaglianza di Cauchy-Schwarz. (Italian), Rend.
Sem. Mat. Univ. e Politech. Torino, 31 (1971/73), 405-409 (1974).

[6] M. Cho and K. Tanahashi, Spectral relations for Aluthge transform, Scientiae Mathematicae
Japonicae, 55 (1) (2002), 77-83.

[7] S. S. Dragomir, Inequalities for the Numerical Radius of Linear Operators in Hilbert Spaces,
SpringerBriefs in Mathematics, 2013. https://doi.org/10.1007/978-3-319-01448-7.

[8] M. El-Haddad and F. Kittaneh, Numerical radius inequalities for Hilbert space operators. II,
Studia Math. 182 (2007), No. 2, 133-140.

[9] T. Kato, Notes on some inequalities for linear operators, Math. Ann., 125 (1952), 208-212.

[10] F. Kittaneh, Notes on some inequalities for Hilbert space operators, Publ. Res. Inst. Math.
Sci. 24 (1988), no. 2, 283-293.



22 S.S. DRAGOMIR

[11] F. Kittaneh, A numerical radius inequality and an estimate for the numerical radius of the
Frobenius companion matrix, Studia Math. 158 (2003), No. 1, 11-17.

[12] F. Kittaneh, Numerical radius inequalities for Hilbert space operators, Studia Math., 168
(2005), No. 1, 73-80.

[13] C. A. McCarthy, Cp, Israel J. Math. 5 (1967), 249-271.

(14] B. Simon, Trace Ideals and Their Applications, Cambridge University Press, Cambridge,
1979.

[15] T. Yamazaki, On upper and lower bounds of the numerical radius and an equality condition,
Studia Math. 178 (2007), No. 1, 83-89.

[16] V. A. Zagrebnov, Gibbs Semigroups, Operator Theory: Advances and Applications, Volume
273, Birkh#user, 2019

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE CiTY, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2DST-NRF CENTRE OF EXCELLENCE IN THE MATHEMATICAL, AND STATISTICAL SCIENCES,
ScHOOL OF COMPUTER SCIENCE, & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND,, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA



