
NUMERICAL RADIUS AND p-SCHATTEN NORM
INEQUALITIES FOR ANALYTIC FUNCTIONS OF OPERATORS

IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Let H be a complex Hilbert space, f : G � C ! C an analytic
function on the domain G and A 2 B (H) with Sp (A) � G and  a closed
recti�able path in G and such that Sp (A) � ins () : If we denote

B (f; ;A) :=
1

2�

Z

jf (�)j (j�j � kAk)�1 jd�j ;

then for B; C 2 B (H) we have

jhC�Af (A)Bx; yij � B (f; ;A)
D
jjAj�Bj2 x; x

E1=2 ����jA�j1�� C���2 y; y�1=2
for � 2 [0; 1] and x; y 2 H: Some natural applications for numerical radius
and p-Schatten norm are also provided.

1. Introduction

In 1988, F. Kittaneh obtained the following generalization of Schwarz inequality
[17]:

Theorem 1. Assume that h and g are non-negative functions on [0;1) which
are continuous and satisfying the relation h(t)g(t) = t for all t 2 [0;1): For any
T 2 B (H)
(1.1) jhTx; yij � kh (jT j)xk kg (jT �j) yk
for all x; y 2 H:

If we take h (t) = t�; g (t) = t1�� with � 2 [0; 1], then we obtain Kato�s inequality

(1.2) jhTx; yij � kjT j� xk
jT �j1�� y for all x; y 2 H:

The numerical radius w (T ) of an operator T on H is given by

(1.3) ! (T ) = sup fjhTx; xij ; kxk = 1g :
Obviously, by (1.3), for any x 2 H one has

(1.4) jhTx; xij � w (T ) kxk2 :
It is well known that w (�) is a norm on the Banach algebra B (H) of all bounded

linear operators T : H ! H; i.e.,
(i) ! (T ) � 0 for any T 2 B (H) and ! (T ) = 0 if and only if T = 0;
(ii) ! (�T ) = j�j! (T ) for any � 2 C and T 2 B (H) ;

1991 Mathematics Subject Classi�cation. 47A63, 26D15, 46C05.
Key words and phrases. Schwarz inequality, Vector inequality, Bounded operators, Numerical

radius, Operator trace, p-Schatten norm.

1

RGMIA Res. Rep. Coll. 26 (2023), Art. 50, 29 pp.         Received 14/08/23



2 S. S. DRAGOMIR

(iii) ! (T + V ) � ! (T ) + ! (V ) for any T; V 2 B (H) :
This norm is equivalent with the operator norm. In fact, the following more

precise result holds:

(1.5) ! (T ) � kTk � 2! (T )
for any T 2 B (H).
F. Kittaneh, in 2003 [18], showed that for any operator T 2 B (H) we have the

following re�nement of the �rst inequality in (1.5):

(1.6) ! (T ) � 1

2

�
kTk+

T 21=2� :
Utilizing the Cartesian decomposition for operators, F. Kittaneh in [19] improved

the inequality (1.5) as follows:

(1.7)
1

4
kT �T + TT �k � !2 (T ) � 1

2
kT �T + TT �k

for any operator T 2 B (H) :
For powers of the absolute value of operators, one can state the following results

obtained by El-Haddad & Kittaneh in 2007, [13]:
If for an operator T 2 B (H) we denote jT j := (T �T )1=2 ; then

(1.8) !r (T ) � 1

2

jT j2�r + jT �j2(1��)r
and

(1.9) !2r (T ) �
� jT j2r + (1� �) jT �j2r ;

where � 2 (0; 1) and r � 1:
If we take � = 1

2 and r = 1 we get from (1.8) that

(1.10) ! (T ) � 1

2
kjT j+ jT �jk

and from (1.9) that

(1.11) !2 (T ) � 1

2

jT j2 + jT �j2 :
For more related results, see the recent books on inequalities for numerical radii

[10] and [5].
Let (H; h:; :i) be a complex Hilbert space and B (H) the Banach algebra of all

bounded linear operators on H: If feigi2I an orthonormal basis of H; we say that
A 2 B (H) is of trace class if

(1.12) kAk1 :=
X
i2I

hjAj ei; eii <1:

The de�nition of kAk1 does not depend on the choice of the orthonormal basis
feigi2I : We denote by B1 (H) the set of trace class operators in B (H) :
We de�ne the trace of a trace class operator A 2 B1 (H) to be

(1.13) tr (A) :=
X
i2I

hAei; eii ;

where feigi2I an orthonormal basis of H: Note that this coincides with the usual
de�nition of the trace if H is �nite-dimensional. We observe that the series (1.13)
converges absolutely and it is independent from the choice of basis.
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The following result collects some properties of the trace:

Theorem 2. We have:
(i) If A 2 B1 (H) then A� 2 B1 (H) and

(1.14) tr (A�) = tr (A);

(ii) If A 2 B1 (H) and T 2 B (H) ; then AT; TA 2 B1 (H) and
(1.15) tr (AT ) = tr (TA) and jtr (AT )j � kAk1 kTk ;
(iii) tr (�) is a bounded linear functional on B1 (H) with ktrk = 1;
(iv) If A; B 2 B2 (H) then AB; BA 2 B1 (H) and tr (AB) = tr (BA) ;
(v) Bfin (H) ; the space of operators of �nite rank, is a dense subspace of B1 (H) :

For a large number of results concerning trace inequalities, see the recent survey
paper [11].
An operator A 2 B (H) is said to belong to the von Neumann-Schatten class

Bp (H) ; 1 � p <1 if the p-Schatten norm is �nite [25, p. 60-64]

kAkp := [tr (jAj
p
)]
1=p

=

 X
i2I

hjAjp ei; eii
!1=p

<1:

For 1 < p < q <1 we have that

(1.16) B1 (H) � Bp (H) � Bq (H) � B (H)
and

(1.17) kAk1 � kAkp � kAkq � kAk :

For p � 1 the functional k�kp is a norm on the �-ideal Bp (H) and
�
Bp (H) ; k�kp

�
is a Banach space.
Also, see for instance [25, p. 60-64],

(1.18) kAkp = kA
�kp ; A 2 Bp (H)

(1.19) kABkp � kAkp kBkp ; A;B 2 Bp (H)
and

(1.20) kABkp � kAkp kBk ; kBAkp � kBk kAkp ; A 2 Bp (H) ; B 2 B (H) :
This implies that

(1.21) kCABkp � kCk kAkp kBk ; A 2 Bp (H) ; B; C 2 B (H) :
In terms of p-Schatten norm we have the Hölder inequality for p; q > 1 with

1
p +

1
q = 1

(1.22) (jtr (AB)j �) kABk1 � kAkp kBkq ; A 2 Bp (H) ; B 2 Bq (H) :
For the theory of trace functionals and their applications the reader is referred

to [24] and [25].
For E := feigi2I an orthonormal basis of H we de�ne for A 2 Bp (H) ; p � 1

kAkE ,p :=
 X
i2I

jhAei; eiijp
!1=p

:
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We observe that k�kE ,p is a norm on Bp (H) and
kAkE ,p � kAkp for A 2 Bp (H) :

Further, we can take the supremum over all orthonormal basis in H we can also
de�ne, for A 2 Bp (H) ; that

!p (A) := sup
E
kAkE ,p � kAkp ;

which is a norm on Bp (H) :
It is also known that, if E = feigi2I and F = ffigi2I are orthonormal basis,

then [22]

(1.23) sup
E ,F

X
i2I

jhTei; fiijs = kTkss for s � 1:

Let B be a unital Banach algebra, A 2 B and G be a domain of C with Sp (A) �
G: If f : G! C is analytic on G, we de�ne an element f (A) in B by

(1.24) f (A) :=
1

2�i

Z
�

f (�) (� �A)�1 d�;

where � � G is taken to be closed recti�able curve in G and such that Sp (A) �
ins (�) ; the inside of �:
It is well known (see for instance [7, pp. 201-204]) that f (A) does not depend

on the choice of � and the Spectral Mapping Theorem (SMT)

(1.25) Sp (f (A)) = f (Sp (A))

holds.
Concerning other basic de�nitions and facts in the theory of Banach algebras,

the reader can consult the classical books [9] and [23].

2. Vector Inequalities

In 1988, F. Kittaneh [17, Corollary 7] obtained the following Schwarz type in-
equality for natural powers of operators:

Lemma 1. Let A 2 B (H) and � 2 [0; 1] : Then for natural number n � 1 we have

(2.1) jhAnx; yij2 � kAk2n�2
D
jAj2� x; x

ED
jA�j2(1��) y; y

E
for all x; y 2 H:

We can state the following result as well:

Corollary 1. Let A; B; C 2 B (H) and � 2 [0; 1] : Then for n � 1 we have

(2.2) jhC�AnBx; yij2 � kAk2n�2
D
jjAj�Bj2 x; x

E����jA�j1�� C���2 y; y�
for all x; y 2 H:

Proof. If we replace x by Bx and y by Cy in (2.1), then we get

(2.3) jhC�AnBx; yij2 � kAk2n�2
D
B� jAj2�Bx; x

ED
C� jA�j2(1��) Cy; y

E
for all x; y 2 H:
Observe that B� jAj2�B = jjAj�Bj2 and C� jA�j2(1��) C =

���jA�j1�� C���2, then
by (2.3) we get (2.2). �
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We also have:

Lemma 2. Assume that A; B; C 2 B (H) with kAk < 1; then���DC�A (I �A)�1Bx; yE��� � (1� kAk)�1(2.4)

�
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
for � 2 [0; 1] and x; y 2 H: In particular,���DC�A (I �A)�1Bx; yE��� � (1� kAk)�1(2.5)

�
����jAj1=2B���2 x; x�1=2����jA�j1=2 C���2 y; y�1=2

for x; y 2 H:

Proof. If we put n = k + 1; k 2 N in (2.2) and take the square root, then we get��
C�AAkBx; y��� � kAkk DjjAj�Bj2 x; xE1=2����jA�j1�� C���2 y; y�1=2
for all x; y 2 H:
Further, if we sum over k from 0 to m; then we obtain�����

*
C�A

mX
k=0

AkBx; y

+�����(2.6)

=

�����
mX
k=0



C�AAkBx; y

������ �
mX
k=0

��
C�AAkBx; y���
�

mX
k=0

kAkk
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
for all x; y 2 H:
Since kAk < 1; then series

P1
k=0A

k and
P1

k=0 kAk
k are convergent and

1X
k=0

Ak = (I �A)�1 and
1X
k=0

kAkk = (1� kAk)�1 :

By taking now the limit overm!1 in (2.6) we deduce the desired result (2.4). �

Our �rst main result is as follows:

Theorem 3. Let f : G � C ! C be an analytic function on the domain G and
A 2 B (H) with Sp (A) � G and  a closed recti�able path in G and such that
Sp (A) � ins () : If we denote

B (f; ;A) :=
1

2�

Z


jf (�)j (j�j � kAk)�1 jd�j ;

then for B; C 2 B (H) we have

(2.7) jhC�Af (A)Bx; yij � B (f; ;A)
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
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for � 2 [0; 1] and x; y 2 H: In particular,

jhC�Af (A)Bx; yij(2.8)

� B (f; ;A)
����jAj1=2B���2 x; x�1=2����jA�j1=2 C���2 y; y�1=2

for x; y 2 H:

Proof. We have, by the representation

f (A) :=
1

2�i

Z


f (�) (�I �A)�1 d�;

that

hC�Af (A)Bx; yi =
�
C�A

1

2�i

Z


f (�) (�I �A)�1 d�Bx; y
�

=
1

2�i

Z


f (�)
D
C�A (�I �A)�1Bx; y

E
d�

for x; y 2 H:
By taking the modulus and using the complex integral properties, we get

jhC�Af (A)Bx; yij � 1

2�

Z


jf (�)j
���DC�A (�I �A)�1Bx; yE��� jd�j(2.9)

=
1

2�

Z


jf (�)j j�j�1
�����
*
C�A

�
I � A

�

��1
Bx; y

+����� jd�j
for x; y 2 H:
Since

A�  < 1 for � 2 ; then by Lemma 2 for A
� we have

(2.10) j�j�1
�����
*
C�A

�
I � A

�

��1
Bx; y

+����� =
�����
*
C�
A

�

�
I � A

�

��1
Bx; y

+�����

�
�
1�

A�
��1

*��������A�
�����B����2 x; x

+1=2*�����
����A��

����1�� C
�����
2

y; y

+1=2

=

�
j�j � kAk
j�j

��1*��������A�
�����B����2 x; x

+1=2*�����
����A��

����1�� C
�����
2

y; y

+1=2

=
j�j

j�j�
�����1�� (j�j � kAk)�1

D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2

= (j�j � kAk)�1
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
for x; y 2 H:
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By utilizing (2.10) we derive

1

2�

Z


jf (�)j j�j�1
�����
*
C�A

�
I � A

�

��1
Bx; y

+����� jd�j(2.11)

�
�
1

2�

Z


jf (�)j (j�j � kAk)�1 jd�j
�

�
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
for x; y 2 H:
By making use of (2.9) and (2.11) we obtain (2.7). �

Remark 1. For B = C = I in (2.7) we get the one operator inequalities

(2.12) jhAf (A)x; yij � B (f; ;A)
D
jAj2� x; x

E1=2 D
jA�j2(1��) y; y

E1=2
for � 2 [0; 1] and x; y 2 H: In particular,

(2.13) jhAf (A)x; yij � B (f; ;A) hjAjx; xi1=2 hjA�j y; yi1=2

for all x; y 2 H:
If A is invertible and take C = I, B = A�1 in (2.7), then we get

(2.14) jhf (A)x; yij � B (f; ;A)
D
jAj�2(1��) x; x

E1=2 D
jA�j2(1��) y; y

E1=2
for � 2 [0; 1] and x; y 2 H: In particular,

(2.15) jhf (A)x; yij � B (f; ;A)
D
jAj�1 x; x

E1=2
hjA�j y; yi1=2

for x; y 2 H:
If A > 0 and we take B = A�� ; C = A�1+� ; � 2 [0; 1] ; then we derive

(2.16) jhf (A)x; yij � B (f; ;A)
D
A2(���)x; x

E1=2 D
A2(���)y; y

E1=2
for � 2 [0; 1] and x; y 2 H: In particular, for � = � we obtain
(2.17) jhf (A)x; yij � B (f; ;A) kxk kyk
for x; y 2 H:

Corollary 2. With the assumptions of Theorem 3 and if

kfk;1 := sup
�2

jf (�)j <1;

then, by denoting

B1 (f; ;A) :=
1

2�
kfk;1

Z


(j�j � kAk)�1 jd�j ;

we have

jhC�Af (A)Bx; yij(2.18)

� B1 (f; ;A)
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
for � 2 [0; 1] and x; y 2 H: In particular,
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jhC�Af (A)Bx; yij(2.19)

� B1 (f; ;A)
����jAj1=2B���2 x; x�1=2����jA�j1=2 C���2 y; y�1=2

for x; y 2 H:

Remark 2. If we assume that f : G � C ! C is an analytic function on the
domain G and A 2 B (H) with Sp (A) � D (0; R) � D where D (0; R) is an open
disk centered in 0 and of radius R; then by taking  parametrized by � (t) = Re2�it

where t 2 [0; 1] ; then d� (t) = 2�iRe2�itdt; jd� (t)j = 2�Rdt; j�j = R and by (2.18)
we get for A; B 2 B (H) that

jhC�Af (A)Bx; yij � R

R� kAk

Z 1

0

��f �Re2�it��� dt(2.20)

�
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
where � 2 [0; 1] and x; y 2 H: In particular,

jhC�Af (A)Bx; yij � R

R� kAk

Z 1

0

��f �Re2�it��� dt(2.21)

�
����jAj1=2B���2 x; x�1=2����jA�j1=2 C���2 y; y�1=2

for x; y 2 H:
Moreover, if kfkR;1 := supt2[0;1]

��f �Re2�it��� < 1; then we have the simpler
inequalities

(2.22) jhC�Af (A)Bx; yij �
R kfkR;1
R� kAk

D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
for x; y 2 H: In particular,

jhC�Af (A)Bx; yij �
R kfkR;1
R� kAk(2.23)

�
����jAj1=2B���2 x; x�1=2����jA�j1=2 C���2 y; y�1=2

for x; y 2 H:

3. Norm and Numerical Radius Inequalities

The following vector inequality for positive operators A � 0; obtained by C. A.
McCarthy in [21] is well known,

hAx; xip � hApx; xi ; p � 1
for x 2 H; kxk = 1.
Buzano�s inequality [6],

(3.1)
1

2
[kxk kyk+ jhx; yij] � jhx; ei he; yij

that holds for any x; y; e 2 H with kek = 1 will also be used in the sequel.
We also have the following norm and numerical radius inequalities:
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Theorem 4. Let f : G � C ! C be an analytic function on the domain G and
A 2 B (H) with Sp (A) � G and  a closed recti�able path in G and such that
Sp (A) � ins () : If B; C 2 B (H) ; then we have the norm inequality

(3.2) kC�Af (A)Bk � B (f; ;A) kjAj�Bk
jA�j1�� C :

We also have the numerical radius inequalities

(3.3) ! (C�Af (A)B) � 1

2
B (f; ;A)

jjAj�Bj2 + ���jA�j1�� C���2
and

!2 (C�Af (A)B)(3.4)

� 1

2
B2 (f; ;A)

�
kjAj�Bk2

jA�j1�� C2 + !����jA�j1�� C���2 jjAj�Bj2�� :
Proof. We have from (2.7), by taking the supremum over kxk = kyk = 1; that

kC�Af (A)Bk2 = sup
kxk=kyk=1

jhC�Af (A)Bx; yij2

� B2 (f; ;A) sup
kxk=1

D
jjAj�Bj2 x; x

E
sup
kyk=1

����jA�j1�� C���2 y; y�
= B2 (f; ;A)

jjAj�Bj2���jA�j1�� C���2
= B2 (f; ;A) kjAj�Bk2

jA�j1�� C2 ;
which gives (3.2).
From (2.7) we get, by taking y = x, the square root and using the A-G-mean

inequality, that

jhC�Af (A)Bx; xij(3.5)

� B (f; ;A)
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 x; x�1=2
� 1

2
B (f; ;A)

�D
jjAj�Bj2 x; x

E
+

����jA�j1�� C���2 x; x��
=
1

2
B (f; ;A)

��
jjAj�Bj2 +

���jA�j1�� C���2�x; x�
for all x 2 H:
By taking the supremum over kxk = 1 in (3.5) we get that

! (C�Af (A)B) = sup
kxk=1

jhC�Af (A)Bx; xij

� 1

2
B (f; ;A) sup

kxk=1

��
jjAj�Bj2 +

���jA�j1�� C���2�x; x�
=
1

2
B (f; ;A)

jjAj�Bj2 + ���jA�j1�� C���2 ;
which proves (5.2).
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From (2.4) for y = x and Buzano�s inequality we derive that

jhC�Af (A)Bx; xij2(3.6)

� B2 (f; ;A)
D
jjAj�Bj2 x; x

E�
x;
���jA�j1�� C���2 x�

� 1

2
B2 (f; ;A)

�
�jjAj�Bj2 x���jA�j1�� C���2 x+ �����jjAj�Bj2 x; ���jA�j1�� C���2 x������

=
1

2
B2 (f; ;A)

�
�jjAj�Bj2 x���jA�j1�� C���2 x+ ��������jA�j1�� C���2 jjAj�Bj2 x; x������

for all x 2 H:
By taking the supremum over kxk = 1 in (3.6) we get that

!2 (C�Af (A)B)

= sup
kxk=1

jhC�Af (A)Bx; xij2

� 1

2
B2 (f; ;A)

� sup
kxk=1

�jjAj�Bj2 x���jA�j1�� C���2 x+ ��������jA�j1�� C���2 jjAj�Bj2 x; x������
� 1

2
B2 (f; ;A)

�
"
sup
kxk=1

�jjAj�Bj2 x���jA�j1�� C���2 x�

+ sup
kxk=1

��������jA�j1�� C���2 jjAj�Bj2 x; x�����
#

� 1

2
B2 (f; ;A)

�
"
sup
kxk=1

jjAj�Bj2 x sup
kxk=1

���jA�j1�� C���2 x
+ sup
kxk=1

��������jA�j1�� C���2 jjAj�Bj2 x; x�����
#

=
1

2
B2 (f; ;A)

�jjAj�Bj2���jA�j1�� C���2+ !����jA�j1�� C���2 jjAj�Bj2��
=
1

2
B2 (f; ;A)

�
kjAj�Bk2

jA�j1�� C2 + !����jA�j1�� C���2 jjAj�Bj2�� ;
which proves (5.13). �
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Remark 3. If we take � = 1=2 in Theorem 4, then we get the norm inequality

(3.7) kC�Af (A)Bk � B (f; ;A)
jAj1=2BjA�j1=2 C

and the numerical radius inequalities

(3.8) ! (C�Af (A)B) � 1

2
B (f; ;A)

���jAj1=2B���2 + ���jA�j1=2 C���2
and

!2 (C�Af (A)B)(3.9)

� 1

2
B2 (f; ;A)

�jAj1=2B2 jA�j1=2 C2 + !����jA�j1=2 C���2 ���jAj1=2B���2�� :
The second main result is as follows:

Theorem 5. Assume that the conditions of Theorem 4 are satis�ed. If � 2 [0; 1] ;
r > 0; p; q > 1 with 1

p +
1
q = 1 and pr; qr � 1; then

(3.10) !2r (C�Af (A)B) � B2r (f; ;A)
1p jjAj�Bj2rp + 1q ���jA�j1�� C���2rq

 :
If r � 1; then

!2r (C�Af (A)B) � 1

2
B2r (f; ;A)

�
kjAj�Bk2r

jA�j1�� C2r(3.11)

+!r
����jA�j1�� C���2 jjAj�Bj2�� :

If r � 1; p; q > 1 with 1
p +

1
q = 1 and pr; qr � 2; then also

!2r (C�Af (A)B) � 1

2
B2r (f; ;A)

�1p jjAj�Bj2pr + 1q ���jA�j1�� C���2qr
(3.12)

+!r
����jA�j1�� C���2 jjAj�Bj2�� :

Proof. If we take the power r > 0 in (2.4) written for y = x then we get, by Young
and McCarthy inequalities that

jhC�Af (A)Bx; xij2r

� B2r (f; ;A)
D
jjAj�Bj2 x; x

Er ����jA�j1�� C���2 x; x�r
� B2r (f; ;A)

�
1

p

D
jjAj�Bj2 x; x

Erp
+
1

q

����jA�j1�� C���2 x; x�rq�
� B2r (f; ;A)

�
1

p

D
jjAj�Bj2rp x; x

E
+
1

q

����jA�j1�� C���2rq x; x��
= B2r (f; ;A)

��
1

p
jjAj�Bj2rp + 1

q

���jA�j1�� C���2rq x; x��
for x 2 H with kxk = 1:
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By taking the supremum over kxk = 1; then we get that

!2r (C�Af (A)B)

= sup
kxk=1

jhC�Af (A)Bx; xij2r

� B2r (f; ;A) sup
kxk=1

���
1

p
jjAj�Bj2rp + 1

q

���jA�j1�� C���2rq�x; x��
= B2r (f; ;A)

1p jjAj�Bj2rp + 1q ���jA�j1�� C���2rq
 ;

which proves (3.10).
If we take the power r � 1 in (3.6) and by using the convexity of the power

function, we get

jhC�Af (A)Bx; xij2r(3.13)

= B2r (f; ;A)

�

2664
jjAj�Bj2 x���jA�j1�� C���2 x+ ��������jA�j1�� C���2 jjAj�Bj2 x; x�����

2

3775
r

� B2r (f; ;A)

�

jjAj�Bj2 xr ���jA�j1�� C���2 xr + ��������jA�j1�� C���2 jjAj�Bj2 x; x�����r
2

for x 2 H with kxk = 1:
By taking the supremum over kxk = 1; then we get that

!2r (C�Af (A)B)

� B2r (f; ;A)

�

jjAj�Bj2r ���jA�j1�� C���2r + !r ����jA�j1�� C���2 jjAj�Bj2�
2

= B2r (f; ;A)

�
kjAj�Bk2r

jA�j1�� C2r + !r ����jA�j1�� C���2 jjAj�Bj2�
2

;

which proves (3.11).
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Also, observe thatjjAj�Bj2 xr ���jA�j1�� C���2 xr
� 1

p

jjAj�Bj2 xpr + 1
q

���jA�j1�� C���2 xqr
=
1

p

jjAj�Bj2 x2 pr2 + 1
q

���jA�j1�� C���2 x2
qr
2

=
1

p

D
jjAj�Bj4 x; x

E pr
2

+
1

q

����jA�j1�� C���4 x; x� qr
2

� 1

p

D
jjAj�Bj2pr x; x

E
+
1

q

����jA�j1�� C���2qr x; x�
=

��
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr�x; x� ;
for x 2 H with kxk = 1: ThenjjAj�Bj2 xr ���jA�j1�� C���2 xr + ��������jA�j1�� C���2 jjAj�Bj2 x; x�����r

2

� 1

2

���
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr�x; x�
+

��������jA�j1�� C���2 jjAj�Bj2 x; x�����r�
and by (3.13)

jhC�Af (A)Bx; xij2r

� 1

2
B2r (f; ;A)

���
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr�x; x�
+

��������jA�j1�� C���2 jjAj�Bj2 x; x�����r�
for x 2 H with kxk = 1:
By taking the supremum over kxk = 1; we derive (3.12). �

Remark 4. If we take r = 1 and p; q > 1 with 1
p +

1
q = 1 in (3.10), then we obtain

(3.14) !2 (C�Af (A)B) � B2 (f; ;A)
1p jjAj�Bj2p + 1q ���jA�j1�� C���2q

 ;
which for p = q = 2 gives

(3.15) !2 (C�Af (A)B) � 1

2
B2 (f; ;A)

jjAj�Bj4 + ���jA�j1�� C���4 :
If we take r = 1 and p = q = 2 in (3.12), then we get

!2 (C�Af (A)B) � 1

2
B2 (f; ;A)

�
1

2

jjAj�Bj4 + ���jA�j1�� C���4(3.16)

+!

����jA�j1�� C���2 jjAj�Bj2�� :
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If we take r = 2 and p; q > 1 with 1
p +

1
q = 1 in (3.12), then we get

!4 (C�Af (A)B) � 1

2
B4 (f; ;A)

�1p jjAj�Bj4p + 1q ���jA�j1�� C���4q
(3.17)

+!2
����jA�j1�� C���2 jjAj�Bj2�� :

We also have:

Theorem 6. With the assumptions of Theorem 4, we have for r � 1; � 2 [0; 1]
that

!2 (C�Af (A)B) � B2 (f; ;A)
(1� �) jjAj�Bj2r + � ���jA�j1�� C���2r1=r(3.18)

� kjAj�Bk2�
jA�j1�� C2(1��)

for all � 2 [0; 1] :
Also, we have

!2 (C�Af (A)B) � B2 (f; ;A)
(1� �) jjAj�Bj2r + � ���jA�j1�� C���2r1=r(3.19)

�
� jjAj�Bj2r + (1� �) ���jA�j1�� C���2r1=r

for all � 2 [0; 1] and r � 1:

Proof. From the �rst part of (3.6) we have

jhC�Af (A)Bx; xij2

� B2 (f; ;A)
D
jjAj�Bj2 x; x

E�
x;
���jA�j1�� C���2 x�

= B2 (f; ;A)
D
jjAj�Bj2 x; x

E1���
x;
���jA�j1�� C���2 x��

�
D
jjAj�Bj2 x; x

E��
x;
���jA�j1�� C���2 x�1��

� B2 (f; ;A)
�
(1� �)

D
jjAj�Bj2 x; x

E
+ �

�
x;
���jA�j1�� C���2 x��

�
D
jjAj�Bj2 x; x

E��
x;
���jA�j1�� C���2 x�1��

for all x 2 H; kxk = 1:
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If we take the power r � 1; then we get by the convexity of power r that

jhC�Af (A)Bx; xij2r(3.20)

� B2r (f; ;A)
�
(1� �)

D
jjAj�Bj2 x; x

E
+ �

�
x;
���jA�j1�� C���2 x��r

�
D
jjAj�Bj2 x; x

Er��
x;
���jA�j1�� C���2 x�r(1��)

� B2r (f; ;A)
�
(1� �)

D
jjAj�Bj2 x; x

Er
+ �

�
x;
���jA�j1�� C���2 x�r�

�
D
jjAj�Bj2 x; x

Er��
x;
���jA�j1�� C���2 x�r(1��)

for all x 2 H; kxk = 1:
If we use McCarthy inequality for power r � 1; then we get

(1� �)
D
jjAj�Bj2 x; x

Er
+ �

�
x;
���jA�j1�� C���2 x�r

� (1� �)
D
jjAj�Bj2r x; x

E
+ �

�
x;
���jA�j1�� C���2r x�

=

��
(1� �) jjAj�Bj2r + �

���jA�j1�� C���2r�x; x�
and by (3.20)

jhC�Af (A)Bx; xij2r(3.21)

� B2r (f; ;A)
���

(1� �) jjAj�Bj2r + �
���jA�j1�� C���2r�x; x��

�
D
jjAj�Bj2 x; x

Er��
x;
���jA�j1�� C���2 x�r(1��)

for all x 2 H; kxk = 1:
If we take the supremum over kxk = 1; then we get

!2r (C�Af (A)B)

= sup
kxk=1

jhC�Af (A)Bx; xij2r

� B2r (f; ;A) sup
kxk=1

���
(1� �) jjAj�Bj2r + �

���jA�j1�� C���2r�x; x��

� sup
kxk=1

D
jjAj�Bj2 x; x

Er�
sup
kxk=1

�
x;
���jA�j1�� C���2 x�r(1��)

= B2r (f; ;A)

(1� �) jjAj�Bj2r + � ���jA�j1�� C���2r
� kjAj�Bk2r�

jA�j1�� C2r(1��) ;
which gives (3.18).
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We also have

jhC�Af (A)Bx; xij2r

� B2r (f; ;A)
���

(1� �) jjAj�Bj2r + �
���jA�j1�� C���2r�x; x��

�
���

� jjAj�Bj2r + (1� �)
���jA�j1�� C���2r�x; x��

for all x 2 H; kxk = 1; which proves (3.19). �

Remark 5. If we take r = 1 in Theorem 6, then we get

!2 (C�Af (A)B) � B2 (f; ;A)
(1� �) jjAj�Bj2 + � ���jA�j1�� C���2r(3.22)

� kjAj�Bk2�
jA�j1�� C2(1��)

and

!2 (C�Af (A)B) � B2 (f; ;A)
(1� �) jjAj�Bj2 + � ���jA�j1�� C���2(3.23)

�
� jjAj�Bj2 + (1� �) ���jA�j1�� C���2

for all �; � 2 [0; 1] :
If we take � = 1=2 in (3.22), then we obtain

!2 (C�Af (A)B)(3.24)

� 1

2
B2 (f; ;A)

jjAj�Bj2 + ���jA�j1�� C���2r kjAj�BkjA�j1�� C :
If we take r = 2 in Theorem 6, then we get

!2 (C�Af (A)B) � B2 (f; ;A)
(1� �) jjAj�Bj4 + � ���jA�j1�� C���41=2(3.25)

� kjAj�Bk2�
jA�j1�� C2(1��)

and

!2 (C�Af (A)B) � B2 (f; ;A)
(1� �) jjAj�Bj4 + � ���jA�j1�� C���41=2(3.26)

�
� jjAj�Bj4 + (1� �) ���jA�j1�� C���41=2

for all �; � 2 [0; 1] :
If we take � = 1=2 in (3.25), then we obtain

!2 (C�Af (A)B)(3.27)

�
p
2

2
B2 (f; ;A)

jjAj�Bj4 + ���jA�j1�� C���41=2 kjAj�BkjA�j1�� C :
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4. Inequalities for Trace of Operators

We have the following result for trace of operators:

Theorem 7. Let r � 1=2; p; q > 1 with 1
p+

1
q = 1 and pr; qr � 1: Let f : G � C!

C be an analytic function on the domain G and A 2 B (H) with Sp (A) � G and 
a closed recti�able path in G and such that Sp (A) � ins () : If B; C 2 B (H) with
jAj�B 2 B2pr (H) and jA�j1�� C 2 B2qr (H) for � 2 [0; 1] ; then C�Af (A)B 2
B2r (H) and

(4.1) kC�Af (A)Bk2r � B (f; ;A) kjAj
�
Bk2pr

jA�j1�� C
2qr
:

In particular,

(4.2) kC�Af (A)Bk2r � B (f; ;A)
jAj1=2B

2pr

jA�j1=2 C
2qr

for jAj1=2B 2 B2pr (H) and jA�j1=2 C 2 B2qr (H) :

Proof. If we take in (2.7) the power r > 0 and x = ei; y = fi where E = feigi2I
and F = ffigi2I are orthonormal basis and sum, then we getX

i2I
jhC�Af (A)Bei; fiij2r(4.3)

� B2r (f; ;A)
X
i2I

D
jjAj�Bj2 ei; ei

Er ����jA�j1�� C���2 fi; fi�r :
If we use the Hölder�s inequality for p; q > 1 with 1

p +
1
q = 1; then we getX

i2I

D
jjAj�Bj2 ei; ei

Er ����jA�j1�� C���2 fi; fi�r(4.4)

�
 X
i2I

D
jjAj�Bj2 ei; ei

Epr!1=p X
i2I

����jA�j1�� C���2 fi; fi�qr!1=q :
By the McCarthy inequality for pr; qr � 1; we haveX

i2I

D
jjAj�Bj2 ei; ei

Epr
�
X
i2I

D
jjAj�Bj2pr ei; ei

E
and X

i2I

����jA�j1�� C���2 fi; fi�qr �X
i2I

����jA�j1�� C���2qr fi; fi� ;
therefore X

i2I

D
jjAj�Bj2 ei; ei

Epr!1=p X
i2I

����jA�j1�� C���2 fi; fi�qr!1=q

�
 X
i2I

D
jjAj�Bj2pr ei; ei

E!1=p X
i2I

����jA�j1�� C���2 fi; fi�qr!1=q

=
�
kjAj�Bk2pr2pr

�1=p�jA�j1�� C2qr
2qr

�1=q
= kjAj�Bk2r2pr

jA�j1�� C2r
2qr
:
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By (4.3) and (4.4) we derive

(4.5)
X
i2I

jhC�Af (A)Bei; fiij2r � B2r (f; ;A) kjAj�Bk
2r
2pr

jA�j1�� C2r
2qr
:

Now, if we take the supremum over E and F in (2.6), then by (1.23) we get

kC�Af (A)Bk2r2r � B
2r (f; ;A) kjAj�Bk2r2pr

jA�j1�� C2r
2qr

and the inequality (4.1) is obtained. �

Remark 6. If we take r = 1=2 and p = q = 2; then by (4.1) we get

(4.6) kC�Af (A)Bk1 � B (f; ;A) kjAj
�
Bk2

jA�j1�� C
2

provided that jAj�B 2 B2 (H) and jA�j1�� C 2 B2 (H) for � 2 [0; 1] :
Also, if r = 1 and p; q > 1 with 1

p +
1
q = 1; then by (4.1) we get

(4.7) kC�Af (A)Bk2 � B (f; ;A) kjAj
�
Bk2p

jA�j1�� C
2q

provided that jAj�B 2 B2p (H) and jA�j1�� C 2 B2q (H) for � 2 [0; 1] :

We also have:

Theorem 8. Let r � 1=2; p; q � 1 with 1
p +

1
q =

1
r : Let f : G � C ! C be

an analytic function on the domain G and A 2 B (H) with Sp (A) � G and  a
closed recti�able path in G and such that Sp (A) � ins () : If jAj�B 2 B2p (H) and
jA�j1�� C 2 B2q (H) for � 2 [0; 1] ; then C�Af (A)B 2 B2r (H) and

(4.8) kC�Af (A)Bk2r � B (f; ;A) kjAj
�
Bk2p

jA�j1�� C
2q
:

In particular,

(4.9) kC�Af (A)Bk2r � B (f; ;A)
jAj1=2B

2p

jA�j1=2 C
2q

for jAj1=2B 2 B2p (H) and jA�j1=2 C 2 B2q (H) :

Proof. Assume that E = feigi2I and F = ffigi2I are orthonormal basis in H: Ob-
serve that we have 1

p
r
+ 1

q
r
= 1 and by Hölder�s inequality for p

r and
q
r we haveX

i2I

D
jjAj�Bj2 ei; ei

Er ����jA�j1�� C���2 fi; fi�r(4.10)

=
X
i2I

hD
jjAj�Bj2 ei; ei

Epi rp �����jA�j1�� C���2 fi; fi�q� rq

�
 X
i2I

D
jjAj�Bj2 ei; ei

Ep!r=p X
i2I

����jA�j1�� C���2 fi; fi�q!r=q :
By McCarthy inequality for p; q > 1 we getX

i2I

D
jjAj�Bj2 ei; ei

Ep
�
X
i2I

D
jjAj�Bj2p ei; ei

E
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and X
i2I

����jA�j1�� C���2 fi; fi�q �X
i2I

����jA�j1�� C���2q fi; fi�
and by (4.10)X

i2I

D
jjAj�Bj2 ei; ei

Er ����jA�j1�� C���2 fi; fi�r(4.11)

�
 X
i2I

D
jjAj�Bj2p ei; ei

E!r=p X
i2I

����jA�j1�� C���2q fi; fi�!r=q
= kjAj�Bk2r2p

jA�j1�� C2r
2q
:

By (4.3) and (4.11) we get

(4.12)
X
i2I

jhC�Af (A)Bei; fiij2r � B2r (f; ;A) kjAj�Bk
2r
2p

jA�j1�� C2r
2q
:

Now, if we take the supremum over E and F in (4.12) we get

kC�Af (A)Bk2r2r � B
2r (f; ;A) kjAj�Bk2r2p

jA�j1�� C2r
2q

and the inequality (4.8) is thus proved. �

Remark 7. If we take p = q = 2r = s � 1, then by (4.8) we get

(4.13) kC�Af (A)Bks � B (f; ;A) kjAj
�
Bk2s

jA�j1�� C
2s

provided that jAj�B 2 B2s (H) and jA�j1�� C 2 B2s (H) for � 2 [0; 1] :
For � = 1=2 we have

(4.14) kC�Af (A)Bks � B (f; ;A)
jAj1=2B

2s

jA�j1=2 C
2s

provided that jAj1=2B 2 B2s (H) and jA�j1=2 C 2 B2s (H) :
If r = 2 and p; q > 1 with 1

p +
1
q =

1
2 ; then

(4.15) kC�Af (A)Bk4 � B (f; ;A) kjAj
�
Bk2p

jA�j1�� C
2q

provided that jAj�B 2 B2p (H) and jA�j1�� C 2 B2q (H) for � 2 [0; 1] :
In particular,

(4.16) kC�Af (A)Bk4 � B (f; ;A)
jAj1=2B

2p

jA�j1=2 C
2q

for jAj1=2B 2 B2p (H) and jA�j1=2 C 2 B2q (H) :

Theorem 9. Let f : G � C ! C be an analytic function on the domain G and
A 2 B (H) with Sp (A) � G and  a closed recti�able path in G and such that
Sp (A) � ins () :
If r � 1=2; p; q > 1 with 1

p +
1
q = 1, pr; qr � 1 and jjAj

�
Bj2pr ;

���jA�j1�� C���2qr 2
B1 (H) ; then C�Af (A)B 2 B2r (H) and

(4.17) !2r2r (C
�Af (A)B) � B2r (f; ;A) tr

�
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr� :
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If r � 1 and jAj�B; jA�j1�� C 2 B4r (H) ; then C�Af (A)B 2 B2r (H) and

!2r2r (C
�Af (A)B)

(4.18)

� 1

2
B2r (f; ;A)

�
kjAj�Bk2r4r

jA�j1�� C2r
4r
+ !rr

����jA�j1�� C���2 jjAj�Bj2��
� 1

2
B2r (f; ;A)

�
kjAj�Bk2r4r

jA�j1�� C2r
4r
+

���jA�j1�� C���2 jjAj�Bj2r
r

�
:

If r � 1; p; q > 1 with 1
p +

1
q = 1, pr; qr � 2; then

!2r2r (C
�Af (A)B) � 1

2
B2r (f; ;A)

�
tr

�
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr�(4.19)

+!rr

����jA�j1�� C���2 jjAj�Bj2��
� 1

2
B2r (f; ;A)

�
tr

�
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr�
+

���jA�j1�� C���2 jjAj�Bj2r
r

�
:

Proof. From (2.7) for y = x we have that

(4.20) jhC�Af (A)Bx; xij2 � B2 (f; ;A)
D
jjAj�Bj2 x; x

E����jA�j1�� C���2 x; x�

for x 2 H with kxk = 1:
If we take the power r > 0; we get, by Young and McCarthy inequalities, that

jhC�Af (A)Bx; xij2r

� B2r (f; ;A)
D
jjAj�Bj2 x; x

Er ����jA�j1�� C���2 x; x�r
� B2r (f; ;A)

�
1

p

D
jjAj�Bj2 x; x

Epr
+
1

q

����jA�j1�� C���2 x; x�qr�
� B2r (f; ;A)

�
1

p

D
jjAj�Bj2pr x; x

E
+
1

q

����jA�j1�� C���2qr x; x��
= B2r (f; ;A)

��
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr�x; x�

for x 2 H with kxk = 1:
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If E = feigi2I is an orthonormal basis, then by taking x = ei and summing over
i 2 I we get

kC�Af (A)Bk2rE ,2r
=
X
i2I

jhC�Af (A)Bei; eiij2r

� B2r (f; ;A)
X
i2I

��
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr� ei; ei�
= B2r (f; ;A) tr

�
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr� ;
which, by taking the supremum over E , proves (4.17).
By Buzano�s inequality we have

D
jjAj�Bj2 x; x

E�
x;
���jA�j1�� C���2 x�

� 1

2

�jjAj�Bj2 x���jA�j1�� C���2 x+ �����jjAj�Bj2 x; ���jA�j1�� C���2 x������
=
1

2

�jjAj�Bj2 x���jA�j1�� C���2 x+ ��������jA�j1�� C���2 jjAj�Bj2 x; x������

for x 2 H with kxk = 1:
If we take the power r � 1 and use the convexity of power function, then we get

D
jjAj�Bj2 x; x

Er �
x;
���jA�j1�� C���2 x�r

�

2664
jjAj�Bj2 x���jA�j1�� C���2 x+ ��������jA�j1�� C���2 jjAj�Bj2 x; x�����

2

3775
r

�

jjAj�Bj2 xr ���jA�j1�� C���2 xr + ��������jA�j1�� C���2 jjAj�Bj2 x; x�����r
2

=

jjAj�Bj2 x2 r2 ���jA�j1�� C���2 x2 r2 + ��������jA�j1�� C���2 jjAj�Bj2 x; x�����r
2

=

D
jjAj�Bj4 x; x

E r
2

����jA�j1�� C���4 x; x� r
2

+

��������jA�j1�� C���2 jjAj�Bj2 x; x�����r
2

for x 2 H with kxk = 1:
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Therefore

kC�Af (A)Bk2rE ,2r(4.21)

=
X
i2I

jhC�Af (A)Bei; eiij2r

� B2r (f; ;A)
X
i2I

D
jjAj�Bj2 ei; ei

Er �
ei;
���jA�j1�� C���2 ei�r

� 1

2
B2r (f; ;A)

"X
i2I

D
jjAj�Bj4 ei; ei

E r
2

����jA�j1�� C���4 ei; ei� r
2

+
X
i2I

��������jA�j1�� C���2 jjAj�Bj2 ei; ei�����r
#
:

Using Cauchy-Schwarz inequality we haveX
i2I

D
jjAj�Bj4 ei; ei

E r
2

����jA�j1�� C���4 ei; ei� r
2

�
 X
i2I

D
jjAj�Bj4 ei; ei

Er!1=2 X
i2I

����jA�j1�� C���4 ei; ei�r!1=2

�
 X
i2I

D
jjAj�Bj4r ei; ei

E!1=2 X
i2I

����jA�j1�� C���4r ei; ei�!1=2
= kjAj�Bk2r4r

jA�j1�� C2r
4r
;

where for the last inequality we used McCarthy�s result for r � 1: This proves
(4.18).
Further, if we use Young�s inequality for p; q > 1 with 1

p +
1
q = 1;

ab � 1

p
ap +

1

q
bq; a; b � 0;

then we getjjAj�Bj2 xr ���jA�j1�� C���2 xr � 1

p

jjAj�Bj2 xpr + 1
q

���jA�j1�� C���2 xqr
=
1

p

jjAj�Bj2 x2 pr2 + 1
q

���jA�j1�� C���2 x2
qr
2

=
1

p

D
jjAj�Bj4 x; x

E pr
2

+
1

q

����jA�j1�� C���4 x; x� qr
2

� 1

p

D
jjAj�Bj2pr x; x

E
+
1

q

����jA�j1�� C���2qr x; x�
=

��
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr�x; x�
for x 2 H with kxk = 1:
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Therefore

kC�Af (A)Bk2rE ,2r =
X
i2I

jhC�Af (A)Bei; eiij2r

� B2r (f; ;A)
X
i2I

D
jjAj�Bj2 ei; ei

Er �
ei;
���jA�j1�� C���2 ei�r

� 1

2
B2r (f; ;A)

"X
i2I

��
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr� ei; ei�

+
X
i2I

��������jA�j1�� C���2 jjAj�Bj2 ei; ei�����r
#

=
1

2
B2r (f; ;A)

�
tr

�
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr�
+

���jA�j1�� C���2 jjAj�Bj2r
E ,r

#
;

which proves, by taking the supremum over E , the desired inequality (4.19). �

Remark 8. Let � 2 [0; 1] : If r = 1=2; p; q = 2 and jjAj�Bj2 ;
���jA�j1�� C���2 2

B1 (H) ; then C�Af (A)B 2 B1 (H) and by (4.17) we get

(4.22) !1 (C
�Af (A)B) � 1

2
B (f; ;A) tr

�
jjAj�Bj2 +

���jA�j1�� C���2� :
If r = 1 and p; q > 1 with 1

p +
1
q = 1; then by (4.17) we obtain

(4.23) !22 (C
�Af (A)B) � B2 (f; ;A) tr

�
1

p
jjAj�Bj2p + 1

q

���jA�j1�� C���2q� ;
provided that jjAj�Bj2p ;

���jA�j1�� C���2q 2 B1 (H) :
If we take r = 1 in (4.18), then we get

!22 (C
�Af (A)B)(4.24)

� 1

2
B2 (f; ;A)

�
kjAj�Bk24

jA�j1�� C2
4
+ !1

����jA�j1�� C���2 jjAj�Bj2��
� 1

2
B2 (f; ;A)

�
kjAj�Bk24

jA�j1�� C2
4
+

���jA�j1�� C���2 jjAj�Bj2
1

�
;

provided that jAj�B; jA�j1�� C 2 B4 (H) :
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If r = 1 and p = q = 2 in (4.19), then we get for jjAj�Bj2p ;
���jA�j1�� C���2q 2

B1 (H) that

!22 (C
�Af (A)B) � 1

4
B2 (f; ;A)

�
tr

�
jjAj�Bj2p +

���jA�j1�� C���2q�(4.25)

+
1

2
B2 (f; ;A)!1

����jA�j1�� C���2 jjAj�Bj2�
� 1

4
B2 (f; ;A) tr

�
jjAj�Bj2p +

���jA�j1�� C���2q�
+
1

2
B2 (f; ;A)

���jA�j1�� C���2 jjAj�Bj2
1

:

We also have:

Theorem 10. With the assumptions of Theorem 9, we have for r � 1; � 2 [0; 1]
that

!2r2r (C
�Af (A)B) � B2r (f; ;A)

(1� �) jjAj�Bj2r + � ���jA�j1�� C���2r(4.26)

� kjAj�Bk2r�2r

jA�j1�� C2r(1��)
2r

;

provided that jAj�B; jA�j1�� C 2 B2r (H) :
In particular,

!2r2r (C
�Af (A)B) � 1

2
B2r (f; ;A)

jjAj�Bj2r + ���jA�j1�� C���2r(4.27)

� kjAj�Bkr2r
jA�j1�� Cr

2r
:

Proof. If E = feigi2I is an orthonormal basis, then by taking x = ei in (3.21) and
summing over i 2 I we get

X
i2I

jhC�Af (A)Bei; eiij2r(4.28)

� B2r (f; ;A)
X
i2I

���
(1� �) jjAj�Bj2r + �

���jA�j1�� C���2r� ei; ei��

�
D
jjAj�Bj2 ei; ei

Er�����jA�j1�� C���2 ei; ei�r(1��)
� B2r (f; ;A)

(1� �) jjAj�Bj2r + � ���jA�j1�� C���2r
�
X
i2I

D
jjAj�Bj2 ei; ei

Er�����jA�j1�� C���2 ei; ei�r(1��) :
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If we use Hölder�s inequality for p = 1
� ; q =

1
1�� ; then we haveX

i2I

D
jjAj�Bj2 ei; ei

Er�����jA�j1�� C���2 ei; ei�r(1��)

�
 X
i2I

D
jjAj�Bj2 ei; ei

Er!� X
i2I

����jA�j1�� C���2 ei; ei�r!1��

�
 X
i2I

D
jjAj�Bj2r ei; ei

E!� X
i2I

����jA�j1�� C���2r ei; ei�!1��

= kjAj�Bk2r�2r

jA�j1�� C2r(1��)
2r

;

which proves (4.26). �
Remark 9. If we take r = 1 in Theorem 10, then we get for � 2 [0; 1] that

!22 (C
�Af (A)B) � B2 (f; ;A)

(1� �) jjAj�Bj2 + � ���jA�j1�� C���2(4.29)

� kjAj�Bk2�2
jA�j1�� C2(1��)

2
;

provided that jAj�B; jA�j1�� C 2 B2 (H) :
In particular,

!22 (C
�Af (A)B) � 1

2
B2 (f; ;A)

jjAj�Bj2 + ���jA�j1�� C���2(4.30)

� kjAj�Bk2
jA�j1�� C

2
:

5. Some Examples

Consider the exponential function f (A) = expA; A 2 B (H). Assume that A
2 B (H) and kAk < R for some R > 0: Observe that for t 2 [0; 1] ;��exp �Re2�it��� = jexp [R (cos (2�t) + i sin (2�t))]j = exp [R cos (2�t)]
and then by (2.20) we get for B; C 2 B (H) that

jhC�A exp (A)Bx; yij � R

R� kAk

Z 1

0

exp [R cos (2�t)] dt(5.1)

�
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
for x; y 2 H
The modi�ed Bessel function of the �rst kind I�(z) for real number � can be

de�ned by the power series as [2, p. 376]

I�(z) =

�
1

2
z

�� 1X
k=0

�
1
4z
2
�k

k!� (� + k + 1)
;

where � is the gamma function. For n = 0 we have I0(z) given by

I0(z) =
1X
k=0

�
1
4z
2
�k

(k!)
2 :
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An integral formula for real number � is

I�(z) =
1

�

Z �

0

ez cos � cos (��) d� � sin (��)
�

Z 1

0

e�z cosh t��tdt;

which simpli�es for � an integer n to

In(z) =
1

�

Z �

0

ez cos � cos (n�) d�:

For n = 0 we have

I0(z) =
1

�

Z �

0

ez cos �d�:

If we change the variable � = 2�t; then dt = 1
2�d� andZ 1

0

exp [R cos (2�t)] dt =
1

2�

Z 2�

0

exp [R cos �] d�

=
1

2

�
1

�

Z �

0

exp [R cos �] d� +
1

�

Z 2�

�

exp [R cos �] d�

�
=
1

2
(I0(R) + I0(�R)) = I0(R):

From (5.1) we then get

jhC�A exp (A)Bx; yij � RI0(R)

R� kAk(5.2)

�
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
for � 2 [0; 1] ; x; y 2 H; A; B; C 2 B (H) with kAk < R:
By taking B = C = I in (5.2) we get for kAk < R that

(5.3) jhA exp (A)x; yij � RI0(R)

R� kAk

D
jAj2� x; x

E1=2 D
jA�j2(1��) y; y

E1=2
for x; y 2 H: In particular,

(5.4) jhA exp (A)x; yij � RI0(R)

R� kAk hjAjx; xi
1=2 hjA�j y; yi1=2

for x; y 2 H:
If A is invertible and take C = I, B = A�1 in (5.2), then we get for kAk < R

that

(5.5) jhexp (A)x; yij � RI0(R)

R� kAk

D
jAj�2(1��) x; x

E1=2 D
jA�j2(1��) y; y

E1=2
for x; y 2 H: In particular,

(5.6) jhexp (A)x; yij � RI0(R)

R� kAk

D
jAj�1 x; x

E1=2
hjA�j y; yi1=2

for x; y 2 H:
If 0 < A < R and we take B = A�� ; C = A�1+� ; �; � 2 [0; 1] ; then by (5.2) we

derive

(5.7) jhexp (A)x; yij � RI0(R)

R� kAk

D
A2(���)x; x

E1=2 D
A2(���)y; y

E1=2
for x; y 2 H:
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By Theorem 4 we get the norm inequality

(5.8) kC�A exp (A)Bk � RI0(R)

R� kAk kjAj
�
Bk
jA�j1�� C :

We also have the numerical radius inequalities

(5.9) ! (C�A exp (A)B) � 1

2

RI0(R)

R� kAk

jjAj�Bj2 + ���jA�j1�� C���2
and

!2 (C�A exp (A)B)(5.10)

� 1

2

�
RI0(R)

R� kAk

�2
�
�
kjAj�Bk2

jA�j1�� C2 + !����jA�j1�� C���2 jjAj�Bj2�� :
Let r � 1=2; p; q > 1 with 1

p +
1
q = 1 and pr; qr � 1: If B; C 2 B (H) with

jAj�B 2 B2pr (H) and jA�j1�� C 2 B2qr (H) for � 2 [0; 1] ; then C�A exp (A)B 2
B2r (H) and by (4.1)

(5.11) kC�A exp (A)Bk2r �
RI0(R)

R� kAk kjAj
�
Bk2pr

jA�j1�� C
2qr
:

If r � 1=2; p; q > 1 with 1
p +

1
q = 1, pr; qr � 1 and jjAj

�
Bj2pr ;

���jA�j1�� C���2qr 2
B1 (H) ; then C�A exp (A)B 2 B2r (H) and by (4.17)

!2r2r (C
�A exp (A)B)(5.12)

�
�
RI0(R)

R� kAk

�2r
tr

�
1

p
jjAj�Bj2pr + 1

q

���jA�j1�� C���2qr� :
By using the power series

f (z) := ln (1� z)�1 =
1X
n=1

1

n
zn

that is convergent on open disk D (0; 1) ; we can de�ne for all elements A in B (H)
with kAk < 1;

ln (I �A)�1 :=
1X
n=1

1

n
An:

We observe that for jzj < 1���ln (1� z)�1��� � 1X
n=1

1

n
jzjn = ln (1� jzj)�1 :

Now if we assume that A; B; C 2 B (H) and kAk < R < 1; then by (2.22) we
get ���DC�A ln (1�A)�1Bx; yE��� � R ln (1�R)�1

R� kAk(5.13)

�
D
jjAj�Bj2 x; x

E1=2����jA�j1�� C���2 y; y�1=2
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for � 2 [0; 1] ; x; y 2 H:
By taking B = C = I in (5.13) we get for kAk < R < 1 that���DA ln (1�A)�1 x; yE���(5.14)

� R ln (1�R)�1

R� kAk

D
jAj2� x; x

E1=2 D
jA�j2(1��) y; y

E1=2
for x; y 2 H: In particular,

(5.15)
���DA ln (1�A)�1 x; yE��� � R ln (1�R)�1

R� kAk hjAjx; xi1=2 hjA�j y; yi1=2

for x; y 2 H:
If A is invertible and take C = I, B = A�1 in (5.13), then we get for kAk < R < 1

that ���Dln (1�A)�1 x; yE���(5.16)

� R ln (1�R)�1

R� kAk

D
jAj�2(1��) x; x

E1=2 D
jA�j2(1��) y; y

E1=2
for x; y 2 H: In particular,

(5.17)
���Dln (1�A)�1 x; yE��� � R ln (1�R)�1

R� kAk

D
jAj�1 x; x

E1=2
hjA�j y; yi1=2 :

If 0 < A < R < 1 and we take B = A�� ; C = A�1+� ; � 2 [0; 1] in (5.13), then
we derive ���Dln (1�A)�1 x; yE���(5.18)

� R ln (1�R)�1

R� kAk

D
A2(���)x; x

E1=2 D
A2(���)y; y

E1=2
for � 2 [0; 1] ; x; y 2 H:
One can state some norm, numerical radius and p-Schatten norm inequalities for

A ln (1�A)�1 ; however the details are omitted.
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