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Abstract. In this paper we provide several upper bounds for
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Applications for power of norms and semi-inner products in normed spaces
are also provided. The particular case of inner product space (H; h�; �i) is
considered as well. In this case we showed that
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k(1� t)x+ tykp dt

� p

32

hD
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for any x; y 2 H whenever p � 2; otherwise, for 1 � p < 2, it holds for x;
y 6= 0.

1. Introduction

LetX be a real linear space, x; y 2 X, x 6= y and let [x; y] := f(1� �)x+ �y; � 2 [0; 1]g
be the segment generated by x and y. We consider the function f : [x; y]! R and
the attached function g (x; y) : [0; 1]! R,

g (x; y) (t) := f [(1� t)x+ ty] ; t 2 [0; 1] :
It is well known that f is convex on [x; y] i¤ g (x; y) is convex on [0; 1], and the

following lateral derivatives exist and satisfy
(i) g0� (x; y) (s) = (5�f [(1� s)x+ sy]) (y � x), s 2 [0; 1);
(ii) g0+ (x; y) (0) = (5+f (x)) (y � x) ;
(iii) g0� (x; y) (1) = (5�f (y)) (y � x) ;

where (5�f (x)) (y) are the Gâteaux lateral derivatives, we recall that

(5+f (x)) (y) := lim
h!0+

�
f (x+ hy)� f (x)

h

�
;

(5�f (x)) (y) := lim
k!0�

�
f (x+ ky)� f (x)

k

�
;

for x; y 2 X:
Now, assume that (X; k�k) is a normed linear space. The function f0 (s) = 1

2 kxk
2,

x 2 X is convex and thus the following limits exist
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(iv) hx; yis := (5+f0 (y)) (x) = lim
t!0+

h
ky+txk2�kyk2

2t

i
;

(v) hx; yii := (5�f0 (y)) (x) = lim
s!0�

h
ky+sxk2�kyk2

2s

i
;

for any x; y 2 X. They are called the lower and upper semi-inner products
associated to the norm k�k.
For the sake of completeness we list here some of the main properties of these

mappings that will be used in the sequel (see for example [4]), assuming that p; q 2
fs; ig and p 6= q:

(a) hx; xip = kxk
2 for all x 2 X;

(aa) h�x; �yip = �� hx; yip if �; � � 0 and x; y 2 X;
(aaa)

���hx; yip��� � kxk kyk for all x; y 2 X;
(av) h�x+ y; xip = � hx; xip + hy; xip if x; y 2 X and � 2 R;
(v) h�x; yip = �hx; yiq for all x; y 2 X;
(va) hx+ y; zip � kxk kzk+ hy; zip for all x; y; z 2 X;
(vaa) The mapping h�; �ip is continuous and subadditive (superadditive) in the

�rst variable for p = s (or p = i);
(vaaa) The normed linear space (X; k�k) is smooth at the point x0 2 Xn f0g if and

only if hy; x0is = hy; x0ii for all y 2 X; in general hy; xii � hy; xis for all
x; y 2 X;

(ax) If the norm k�k is induced by an inner product h�; �i ; then hy; xii = hy; xi =
hy; xis for all x; y 2 X.

The function

fp (x) = kxkp ; p � 1

is also convex and the following limits exist

(5�fp (y)) (x) := lim
h!0�

ky + hxkp � kykp

h
= p kykp�2 hx; yis(i)

exist for all x; y 2 X whenever p � 2; otherwise they exist for any x 2 X and
nonzero y 2 X: In particular, if p = 1; then

(5�f1 (y)) (x) := lim
h!0�

ky + hxk � kyk
h

=

�
x;

y

kyk

�
s(i)

exist for x; y 2 X with y 6= 0:
In [6] Kikianty et al. obtained among others the following norm inequalities
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and
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8
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p
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h
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p�2 hy � x; xis
i

that hold for any x; y 2 X whenever p � 2; otherwise, they hold for linearly
independent x; y 2 X. The constant 18 is best in both (1.1) and (1.2).
In this paper we provide several upper bounds for

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt

in the case of convex functions f on [a; b] with x 2 [a; b] and, in particular,

0 � 1

2
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�
f
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2

�
+
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2

�
�
Z b

a

f (t) dt:

Applications for power of norms and semi-inner products in normed spaces are also
provided. The particular case of inner product space is considered as well.

2. Reverse Inequalities for Convex Functions

Our �rst result for scalar functions is as follows:

Theorem 1. Assume that f is convex on [a; b] ; then

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(2.1)

� 1

4

h
(x� a)2

�
f 0� (x)� f 0+ (a)

�
+ (b� x)2

�
f 0� (b)� f 0+ (x)

�i
for all x 2 (a; b) :
In particular,
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2
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�
f

�
a+ b

2

�
+
f (b) + f (a)

2

�
�
Z b

a

f (t) dt(2.2)

� 1

16
(b� a)2

�
f 0� (b)� f 0+ (a)�

�
f 0+

�
a+ b

2

�
� f 0�

�
a+ b

2

���
� 1

16
(b� a)2

�
f 0� (b)� f 0+ (a)

�
:

Proof. Integrating by parts we have the Montgomery identity

(2.3) (b� a) f (x)�
Z b

a

f (t) dt =

Z x

a

(t� a) f 0 (t) dt+
Z b

x

(t� b) f 0 (t) dt

for all x 2 [a; b] :
We recall µCeby�ev�s inequality for two non-decreasing (non-increasing) functions

g, h on [c; d] which states that

(2.4)
1

d� c

Z d

c

g (t)h (t) dt � 1

d� c

Z d

c

g (t) dt
1

d� c

Z d

c

h (t) dt:
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Since f is convex, then f 0� (t) exist for all t 2 (a; b) and f 0 (t) is equal with f 0� (t)
for a.e. t 2 (a; b) : By µCeby�ev�s inequality we have

0 �
Z x

a

(t� a) f 0 (t) dt� 1

x� a

Z x

a

(t� a) dt
Z x

a

f 0 (t) dt(2.5)

=

Z x

a

(t� a) f 0 (t) dt� x� a
2

[f (x)� f (a)]

and

0 �
Z b

x

(t� b) f 0 (t) dt� 1

b� x

Z b

x

(t� b) dt
Z b

x

f 0 (t) dt(2.6)

=

Z b

x

(t� b) f 0 (t) dt+ b� x
2

[f (b)� f (x)]

for x 2 [a; b] :
If we add (2.5) with (2.6), then we get by (2.3)

0 �
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(t� a) f 0 (t) dt� x� a
2

[f (x)� f (a)]

+

Z b

x

(t� b) f 0 (t) dt+ b� x
2

[f (b)� f (x)]

= (b� a) f (x)�
Z b

a

f (t) dt

+
b� x
2

[f (b)� f (x)]� x� a
2

[f (x)� f (a)]

= (b� a) f (x)�
Z b

a

f (t) dt� b� a
2
f (x)

+
b� x
2
f (b) +

x� a
2

f (a)

=
1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt

for x 2 [a; b] ; which proves the �rst part of (2.1).
We also recall Grüss�inequality [8]����� 1

b� a

Z b

a

g (t)h (t) dt� 1

b� a

Z b

a

g (t) dt
1

b� a

Z b

a

h (t) dt

�����(2.7)

� 1

4
(M �m) (N � n) ;

that holds for integrable functions g; h such that m � g � M and n � h � N on
[a; b], where m; M; n; N are constants.
Using (2.7) for g (t) = t� a; h (t) = f 0 (t) on [a; x] we get

0 �
Z x

a

(t� a) f 0 (t) dt� 1

x� a

Z x

a

(t� a) dt
Z x

a

f 0 (t) dt

� 1

4
(x� a)2

�
f 0� (x)� f 0+ (a)
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while for g (t) = t� b; h (t) = f 0 (t) on [x; b]

0 �
Z b

x

(t� b) f 0 (t) dt� 1

b� x

Z b

x

(t� b) dt
Z b

x

f 0 (t) dt
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(b� x)2

�
f 0� (b)� f 0+ (x)

�
:

If we add these two inequalities and use (2.3) we deduce the second part of (2.1). �

In fact, we can improve the upper bounds in Theorem 1 and give other bounds
as well as follows:

Theorem 2. Assume that f is convex on [a; b] ; then

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�
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In particular,
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:

Also we have
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Proof. In [3] Cheng and Sun obtained the following Gruss type inequality

����� 1
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Z b

a

g (t)h (t) dt� 1

b� a

Z b

a

g (t) dt
1

b� a

Z b

a

h (t) dt

�����(2.12)

� 1

2
(M �m) 1

b� a

Z b

a

�����h (t)� 1

b� a

Z b

a

h (s) ds

����� dt
where m � g �M on [a; b], where m; M are constants and h is integrable on [a; b] :
The constant 1=2 is best in (2.12) as shown by Cerone and Dragomir in [1] where

a general version for Lebesgue integral and measurable spaces was also given.
Using (2.7) for g (t) = t� a; h (t) = f 0 (t) on [a; x] we get

0 �
Z x

a

(t� a) f 0 (t) dt� 1

x� a

Z x

a

(t� a) dt
Z x

a

f 0 (t) dt

� 1

2
(x� a)

Z x

a

����f 0 (t)� 1

x� a

Z x

a

f 0 (s) ds

���� dt
=
1

2
(x� a)

Z x

a

����f 0 (t)� f (x)� f (a)x� a

���� dt
while for g (t) = t� b; h (t) = f 0 (t) on [x; b]

0 �
Z b

x

(t� b) f 0 (t) dt� 1

b� x

Z b

x

(t� b) dt
Z b

x

f 0 (t) dt

� 1

2
(b� x)

Z b

x

�����f 0 (t)� 1

b� x

Z b

x

f 0 (s) ds

����� dt
=
1

2
(b� x)

Z b

x

����f 0 (t)� f (b)� f (x)b� x

���� dt
If we add these two inequalities and use (2.3) we deduce the second part of (2.1).
Using (2.7) for h (t) = t� a; g (t) = f 0 (t) on [a; x] we get

0 �
Z x

a

(t� a) f 0 (t) dt� 1

x� a

Z x

a

(t� a) dt
Z x

a

f 0 (t) dt

� 1

2

�
f 0� (x)� f 0+ (a)

� Z x

a

����t� a� 1

x� a

Z x

a

(t� a) ds
���� dt

=
1

2

�
f 0� (x)� f 0+ (a)

� Z x

a

����t� x+ a2
���� dt

=
1

8

�
f 0� (x)� f 0+ (a)

�
(x� a)2
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while for h (t) = t� b; g (t) = f 0 (t) on [x; b]

0 �
Z b

x

(t� b) f 0 (t) dt� 1

b� x

Z b

x

(t� b) dt
Z b

x

f 0 (t) dt

� 1

2

�
f 0� (b)� f 0+ (x)

� Z b

x

�����t� b� 1

b� x

Z b

x

(s� b) ds
����� dt

=
1

2

�
f 0� (b)� f 0+ (x)

� Z b

x

����t� x+ b2
���� dt

=
1

8

�
f 0� (b)� f 0+ (x)

�
(b� x)2 :

If we add these two inequalities and use (2.3) we deduce the second part of (2.10).
�

Remark 1. The inequalities (2.10) and (2.11) were obtained in a di¤erent way in
[5] where the constants 1

8 and
1
32 have also been established to be best.

The following inequality obtained by Ostrowski in 1970, [10] is as follows:����� 1

b� a

Z b

a

g (t)h (t) dt� 1

b� a

Z b

a

g (t) dt
1

b� a

Z b

a

h (t) dt

�����(2.13)

� 1

8
(b� a) (N � n) kg0k1 ;

Now, if we take g (t) = t� a; h (t) = f 0 (t) on [a; x] we get

0 �
Z x

a

(t� a) f 0 (t) dt� 1

x� a

Z x

a

(t� a) dt
Z x

a

f 0 (t) dt

� 1

8
(x� a)2

�
f 0� (x)� f 0+ (a)

�
while for g (t) = t� b; h (t) = f 0 (t) on [x; b] we get

0 �
Z b

x

(t� b) f 0 (t) dt� 1

b� x

Z b

x

(t� b) dt
Z b

x

f 0 (t) dt

� 1

8
(b� x)2

�
f 0� (b)� f 0+ (x)

�
:

If we add these two inequalities and use (2.3) then we also obtain (2.10) having a
third di¤erent proof of this inequality �rstly obtained in [5].
The dual choice h (t) = t� a; g (t) = f 0 (t) on [a; x] gives

0 �
Z x

a

(t� a) f 0 (t) dt� 1

x� a

Z x

a

(t� a) dt
Z x

a

f 0 (t) dt

� 1

8
(x� a)3 kf 00 (t)k1;[a;x] ;

while for h (t) = t� b; g (t) = f 0 (t) on [x; b] we get

0 �
Z b

x

(t� b) f 0 (t) dt� 1

b� x

Z b

x

(t� b) dt
Z b

x

f 0 (t) dt

� 1

8
(b� x)3 kf 00 (t)k1;[x;b] ;
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which by addition and the use of (2.3) gives for x 2 (a; b) that

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(2.14)

� 1

8

h
(x� a)3 kf 00 (t)k1;[a;x] + (b� x)

3 kf 00 (t)k1;[x;b]

i
� 1

8

h
(x� a)3 + (b� x)3

i
kf 00 (t)k1;[a;b] ;

provided that f is convex and twice di¤erentiable on (a; b)
The constant 18 can be improved as follows:

Theorem 3. Assume that f is convex and twice di¤erentiable on (a; b) with L1 [a; b] ;
then

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(2.15)

� 1

12

h
(x� a)3 kf 00 (t)k1;[a;x] + (b� x)

3 kf 00 (t)k1;[x;b]

i
� 1

4
(b� a)

"
1

12
(b� a)2 +

�
x� a+ b

2

�2#
kf 00 (t)k1;[a;b] ;

for all x 2 (a; b) :
In particular,

0 � 1

2
(b� a)

�
f

�
a+ b

2

�
+
f (b) + f (a)

2

�
�
Z b

a

f (t) dt(2.16)

� 1

96

h
kf 00 (t)k1;[a; a+b2 ]

+ kf 00 (t)k1;[ a+b2 ;b]

i
(b� a)3

� 1

48
(b� a)3 kf 00 (t)k1;[a;b] :

Proof. The following result obtained by µCeby�ev in 1882, [2], states that����� 1

b� a

Z b

a

g (t)h (t) dt� 1

b� a

Z b

a

g (t) dt
1

b� a

Z b

a

h (t) dt

�����(2.17)

� 1

12
kh0k1 kg

0k1 (b� a)
2
;

provided that f 0; g0 exist and are continuous on [a; b] and kf 0k1 = supt2[a;b] jf 0 (t)j :
The constant 1

12 cannot be improved in the general case.
If we take h (t) = t� a; g (t) = f 0 (t) on [a; x] and h (t) = t� b; g (t) = f 0 (t) on

[x; b] we get, by a similar argument as above, that

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(2.18)

� 1

12

h
(x� a)3 kf 00 (t)k1;[a;x] + (b� x)

3 kf 00 (t)k1;[x;b]

i
� 1

12

h
(x� a)3 + (b� x)3

i
kf 00 (t)k1;[a;b]

for all x 2 (a; b) :
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Since

(x� a)3 + (b� x)3 = (b� a)
"
1

4
(b� a)2 + 3

�
x� a+ b

2

�2#
;

hence by (2.18) we derive (2.15). �

The case of euclidean norms

kuk2;[a;b] :=
 Z b

a

ju (t)j2 dt
!1=2

of the derivative was considered by A. Lupaş in [9] in which he proved that����� 1

b� a

Z b

a

g (t)h (t) dt� 1

b� a

Z b

a

g (t) dt
1

b� a

Z b

a

h (t) dt

�����(2.19)

� 1

�2
kh0k2;[a;b] kg

0k2;[a;b] (b� a) ;

provided that h; g are absolutely continuous and h0; g0 2 L2 [a; b] : The constant 1
�2

is the best possible.
Finally, we have:

Theorem 4. Assume that f is convex and twice di¤erentiable on (a; b) with f 00 2
L2 [a; b] ; then

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(2.20)

� 1

�2

h
kf 00k2;[a;x] (x� a)

3=2
+ kf 00k2;[x;b] (b� x)

3=2
i

� 1

�2
kf 00k2;[a;b]

"
1

4
(b� a)2 + 3

�
x� a+ b

2

�2#1=2
(b� a)1=2

for all x 2 (a; b) :
In particular,

0 � 1

2
(b� a)

�
f

�
a+ b

2

�
+
f (b) + f (a)

2

�
�
Z b

a

f (t) dt(2.21)

�
p
2

4�2

h
kf 00k2;[a; a+b2 ] + kf

00k2;[ a+b2 ;b]

i
(b� a)3=2

� 1

2�2
kf 00k2;[a;b] (b� a)

3=2
:

Proof. If we use (2.19) we have

0 �
Z x

a

(t� a) f 0 (t) dt� 1

x� a

Z x

a

(t� a) dt
Z x

a

f 0 (t) dt

� 1

�2

�Z x

a

dt

�1=2
kf 00k2;[a;x] (x� a)

2
=
1

�2
kf 00k2;[a;x] (x� a)

3=2
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and

0 �
Z b

x

(t� b) f 0 (t) dt� 1

b� x

Z b

x

(t� b) dt
Z b

x

f 0 (t) dt

� 1

�2

 Z b

x

dt

!1=2
kf 00k2;[x;b] (b� x)

2
=
1

�2
kf 00k2;[x;b] (b� x)

3=2

for all x 2 (a; b) :
If we add these inequalities, then we get by (2.3) that

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt

� 1

�2

h
kf 00k2;[a;x] (x� a)

3=2
+ kf 00k2;[x;b] (b� x)

3=2
i

� 1

�2

�
kf 00k22;[a;x] + kf

00k22;[x;b]
�1=2 ��

(x� a)3=2
�2
+
�
(b� x)3=2

�2�1=2
=
1

�2
kf 00k2;[a;b]

h
(x� a)3 + (b� x)3

i1=2
=
1

�2
kf 00k2;[a;b]

"
1

4
(b� a)2 + 3

�
x� a+ b

2

�2#1=2
(b� a)1=2 ;

which proves (2.20). �

3. Applications for Semi-Inner Products

If ' : [0; 1] ! R is convex, then by taking a = 0 and b = 1 in the previous
section, then we get for x = s 2 [0; 1] that

0 � 1

2
[' (s) + (1� s)' (1) + s' (0)]�

Z 1

0

' (t) dt(3.1)

� 1

8

h�
'0� (s)� '0+ (0)

�
s2 +

�
'0� (1)� '0+ (s)

�
(1� s)2

i
for all s 2 (0; 1) : In particular,

0 � 1

2

�
'

�
1

2

�
+
' (1) + ' (0)

2

�
�
Z 1

0

' (t) dt(3.2)

� 1

32

�
'0� (1)� '0+ (0)�

�
'0+

�
1

2

�
� '0�

�
1

2

���
� 1

32

�
'0� (1)� '0+ (0)

�
:

Also, if we ' is twice di¤erentiable with '00 2 L1 [0; 1] ; we have

0 � 1

2
[' (s) + (1� s)' (1) + s' (0)]�

Z 1

0

' (t) dt(3.3)

� 1

12

h
s3 k'00 (t)k1;[0;s] + (1� s)

3 k'00 (t)k1;[s;1]

i
� 1

4

"
1

12
+

�
s� 1

2

�2#
k'00 (t)k1;[0;1] ;
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for all s 2 (0; 1) : In particular,

0 � 1

2

�
'

�
1

2

�
+
' (1) + ' (0)

2

�
�
Z 1

0

' (t) dt(3.4)

� 1

96

h
k'00 (t)k1;[0; 12 ]

+ k'00 (t)k1;[ 12 ;1]

i
� 1

48
k'00 (t)k1;[0;1] :

Moreover, if '00 2 L2 [0; 1] ; then

0 � 1

2
[' (s) + (1� s)' (1) + s' (0)]�

Z 1

0

' (t) dt(3.5)

� 1

�2

h
s3=2 k'00k2;[0;s] + (1� s)

3=2 k'00k2;[s;1]
i

� 1

�2
k'00k2;[0;1]

"
1

4
+ 3

�
s� 1

2

�2#1=2
for all s 2 (0; 1) : In particular,

0 � 1

2

�
'

�
1

2

�
+
' (1) + ' (0)

2

�
�
Z 1

0

' (t) dt(3.6)

�
p
2

4�2

h
k'00k2;[0; 12 ] + k'

00k2;[ 12 ;1]
i
� 1

2�2
k'00k2;[0;1] :

Now, let f be a convex function on the convex set C in the linear space X. If
we write the inequalities (3.1) and (3.2) for

' (t) = g (x; y) (t) := f [(1� t)x+ ty] ; t 2 [0; 1]

where x; y 2 C x 6= y, then we get

0 � 1

2
[f [(1� s)x+ sy] + (1� s) f (y) + sf (x)]�

Z 1

0

f [(1� t)x+ ty] dt(3.7)

� 1

8

�
((5�f [(1� s)x+ sy]) (y � x)� (5+f (x)) (y � x)) s2

+ ((5�f (y)) (y � x)� (5+f [(1� s)x+ sy]) (y � x)) (1� s)2
i

for all s 2 (0; 1) : In particular,

0 � 1

2

�
f

�
x+ y

2

�
+
f (y) + f (x)

2

�
�
Z 1

0

f [(1� t)x+ ty] dt(3.8)

� 1

32
[(5�f (y)) (y � x)� (5+f (x)) (y � x)]

� 1

32

��
5+f

�
x+ y

2

��
(y � x)�

�
5�f

�
x+ y

2

���
� 1

32
[(5�f (y)) (y � x)� (5+f (x)) (y � x)] :

The following result for norms and semi-inner products holds:
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Proposition 1. Let (X; k�k) is a normed linear space, x; y 2 X; s 2 (0; 1) and
p � 1: Then

(3.9) 0 � 1

2
[k(1� s)x+ sykp + (1� s) kykp + s kxkp]�

Z 1

0

k(1� t)x+ tykp dt

� p

8

�
k(1� s)x+ sykp�2 hy � x; (1� s)x+ syii � kxk

p�2 hy � x; xis
�
s2

+
p

8

�
kykp�2 hy � x; yii � k(1� s)x+ syk

p�2 hy � x; (1� s)x+ syis
�
(1� s)2

holds for any x; y 2 X whenever p � 2; otherwise, it holds for linearly independent
x; y 2 X.

For p = 2 we get from (3.9) that

0 � 1

2

h
k(1� s)x+ syk2 + (1� s) kyk2 + s kxk2

i
(3.10)

�
Z 1

0

k(1� t)x+ tyk2 dt

� 1

4
(hy � x; (1� s)x+ syii � hy � x; xis) s

2

+
1

4
(hy � x; yii � hy � x; (1� s)x+ syis) (1� s)

2

For p = 1 we have

0 � 1

2
[k(1� s)x+ syk+ (1� s) kyk+ s kxk](3.11)

�
Z 1

0

k(1� t)x+ tyk dt

� 1

8

��
y � x; (1� s)x+ syk(1� s)x+ syk

�
i

�
�
y � x; xkxk

�
s

�
s2

+
1

8

��
y � x; ykyk

�
i

�
�
y � x; (1� s)x+ syk(1� s)x+ syk

�
s

�
(1� s)2

for linearly independent x; y 2 X.
The proof follows by the inequality (3.7) applied for the convex function fp (x) =

kxkp ; p � 1:

Corollary 1. With the assumptions of Proposition 1,

0 � 1

2

�x+ y2
p + kykp + kxkp2

�
�
Z 1

0

k(1� t)x+ tykp dt(3.12)

� p

32

h
kykp�2 hy � x; yii � kxk

p�2 hy � x; xis
i

� p

32

x+ y2
p�2 ��y � x; x+ y2

�
s

�
�
y � x; x+ y

2

�
i

�
� p

32

h
kykp�2 hy � x; yii � kxk

p�2 hy � x; xis
i

holds for any x; y 2 X whenever p � 2; otherwise, it holds for linearly independent
x; y 2 X.
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For p = 2 we derive

0 � 1

2

"x+ y2
2 + kyk2 + kxk22

#
�
Z 1

0

k(1� t)x+ tyk2 dt(3.13)

� 1

16
[hy � x; yii � hy � x; xis]

� 1

16

��
y � x; x+ y

2

�
s

�
�
y � x; x+ y

2

�
i

�
� 1

16
[hy � x; yii � hy � x; xis] :

For p = 1 we have

0 � 1

2

�x+ y2
+ kyk+ kxk2

�
�
Z 1

0

k(1� t)x+ tyk dt(3.14)

� 1

32

��
y � x; ykyk

�
i

�
�
y � x; xkxk

�
s

�
� 1

32

��
y � x; x+ ykx+ yk

�
s

�
�
y � x; x+ ykx+ yk

�
i

�
� 1

32

��
y � x; ykyk

�
i

�
�
y � x; xkxk

�
s

�
for linearly independent x; y 2 X.
If (H; h�; �i) is an inner product space, then

hx; yis = hx; yii = Re hx; yi for all x; y 2 H:
From (3.12) we then get

0 � 1

2

�x+ y2
p + kykp + kxkp2

�
�
Z 1

0

k(1� t)x+ tykp dt(3.15)

� p

32

hD
y � x; kykp�2 y � kxkp�2 x

Ei
for any x; y 2 H whenever p � 2; otherwise, it holds for x; y 6= 0.
For p = 1 we get

0 � 1

2

�x+ y2
+ kyk+ kxk2

�
�
Z 1

0

k(1� t)x+ tyk dt(3.16)

� 1

32

��
y � x; ykyk �

x

kxk

��
for any x; y 2 X; x; y 6= 0:
Consider the twice di¤erentiable and nonnegative function f and for q � 1; we

put ' (t) := [f (t)]q : Then

'0 (t) := q [f (t)]
q�1

f 0 (t)

and

(3.17) '00 (t) := q [f (t)]
q�2

h
(q � 1) [f 0 (t)]2 + f (t) f 00 (t)

i
:

Let (H; h�; �i) be an inner product space, x; y 2 H and de�ne

fx;y;2 (t) := k(1� t)x+ tyk2 ; t 2 [0; 1] :
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Then
f 0x;y;2 (t) := 2Re hy � x; (1� t)x+ tyi ;

and
f 00x;y;2 (t) := 2 ky � xk

2
; t 2 (0; 1) :

Consider p � 1 and put

'x;y;p (t) := k(1� t)x+ tyk
p
= [fx;y;2 (t)]

p=2
:

By using (3.17) we derive for q = p=2 that

'00x;y;p (t) = p=2
h
k(1� t)x+ tyk2

ip=2�2
�
h
4 (p=2� 1) [Re hy � x; (1� t)x+ tyi]2

+2 k(1� t)x+ tyk2 ky � xk2
i

= p k(1� t)x+ tykp�4
h
(p� 2) [Re hy � x; (1� t)x+ tyi]2

+ k(1� t)x+ tyk2 ky � xk2
i

which holds for any x; y 2 H if p � 4 and x; y linearly independent if p 2 [1; 4) :
We observe that, by using Schwarz inequality, we get

[Re hy � x; (1� t)x+ tyi]2 � ky � xk2 k(1� t)x+ tyk2

and then��'00x;y;p (t)�� � p k(1� t)x+ tykp�4 hjp� 2j [Re hy � x; (1� t)x+ tyi]2
+ k(1� t)x+ tyk2 ky � xk2

i
� p k(1� t)x+ tykp�4

h
jp� 2j ky � xk2 k(1� t)x+ tyk2

+ k(1� t)x+ tyk2 ky � xk2
i

= p (jp� 2j+ 1) ky � xk2 k(1� t)x+ tykp�2 :

For p � 2 we obtain��'00x;y;p (t)�� � p (p� 1) ky � xk2 k(1� t)x+ tykp�2
for any x; y 2 H.
For p 2 [1; 2) we have ��'00x;y;p (t)�� � p (3� p) ky � xk2

k(1� t)x+ tyk2�p

for any x; y 2 H linearly independent. For p = 1 we get��'00x;y;p (t)�� � 2 ky � xk2

k(1� t)x+ tyk :

If p � 2 and since

k(1� t)x+ tyk � (1� t) kxk+ t kyk � max fkxk ; kykg
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for t 2 [0; 1] ; then��'00x;y;p (t)�� � p (p� 1) ky � xk2 ((1� t) kxk+ t kyk)p�2(3.18)

� p (p� 1) ky � xk2max
n
kxkp�2 ; kykp�2

o
for t 2 [0; 1] :
We then can state:

Proposition 2. Let (H; h�; �i) be an inner product space, x; y 2 H; s 2 (0; 1) and
p � 2: Then

0 � 1

2
[k(1� s)x+ sykp + (1� s) kykp + s kxkp]�

Z 1

0

k(1� t)x+ tykp dt(3.19)

� 1

4

"
1

12
+

�
s� 1

2

�2#
p (p� 1) ky � xk2max

n
kxkp�2 ; kykp�2

o
:

In particular,

0 � 1

2

�x+ y2
p + kykp + kxkp2

�
�
Z 1

0

k(1� t)x+ tykp dt

� 1

48
p (p� 1) ky � xk2max

n
kxkp�2 ; kykp�2

o
:

The proof follows by (3.3) applied for the function 'x;y;p and by the inequality
(3.18).

Proposition 3. Let (H; h�; �i) be an inner product space, x; y 2 H; s 2 (0; 1) and
p � 2: Then

0 � 1

2
[k(1� s)x+ sykp + (1� s) kykp + s kxkp]�

Z 1

0

k(1� t)x+ tykp dt(3.20)

� 1

�2
p (p� 1) ky � xk2

"
1

4
+ 3

�
s� 1

2

�2#1=2
	(x; y; p)

where

	(x; y; p) :=

8><>:
kxkp�2 if kxk = kyk ;

�
kxk2p�3�kyk2p�3
(2p�3)(kxk�kyk)

�1=2
if kxk 6= kyk :

In particular,

0 � 1

2

�x+ y2
p + kykp + kxkp2

�
�
Z 1

0

k(1� t)x+ tykp dt(3.21)

� 1

2�2
p (p� 1) ky � xk2	(x; y; p) :
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Proof. From (3.18) we get�Z 1

0

��'00x;y;p (t)��2 dt�1=2
� p (p� 1) ky � xk2

�Z 1

0

((1� t) kxk+ t kyk)2(p�2) dt
�1=2

= p (p� 1) ky � xk2 �

8><>:
kxkp�2 if kxk = kyk

�
kxk2p�3�kyk2p�3
(2p�3)(kxk�kyk)

�1=2
if kxk 6= kyk

and by inequality (3.5) we obtain (3.20). �
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