
REVERSE GENERALIZED TRAPEZOID TYPE WEIGHTED
INEQUALITIES FOR CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Assume that f is convex on [a; b] and x 2 (a; b) : If w is integrable
on [a; b] with

R x
t w (s) ds � 0 for a.e. t 2 (a; x) and
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x w (s) ds � 0 for a.e.

t 2 (x; b) ; then
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The above inequalities hold for nonnegative weights w: Some examples for
particular weights are also provided.

1. Introduction

We start with the following result concerning two inequalities of trapezoid type
for convex functions obtained in [5]:

Theorem 1. Let f : [a; b] � R! R be a convex function on [a; b]. Then for any
x 2 [a; b] one has the inequality

1

2

h
(b� x)2 f 0+ (x)� (x� a)

2
f 0� (x)

i
(1.1)

� (x� a) f (a) + (b� x) f (b)�
Z b
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f (t) dt

� 1
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h
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i
:
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The constant 1
2 is sharp in both inequalities. The second inequality also holds for

x = a or x = b.

We have a simpler �rst inequality in the case of di¤erentiability:

Corollary 1. With the assumptions of Lemma 1 and if x 2 (a; b) is a point of
di¤erentiability for f , then

(1.2)
�
a+ b

2
� x
�
(b� a) f 0 (x) � (x� a) f (a) + (b� x) f (b)�

Z b

a

f (t) dt:

Now, recall that the following inequality, which is well known in the literature
as the Hermite-Hadamard inequality for convex functions, holds

(1.3) f

�
a+ b

2

�
(b� a) �

Z b

a

f (t) dt � f (a) + f (b)

2
(b� a) :

The following corollary provides some sharp bounds for the trapezoid di¤erence

f (a) + f (b)

2
(b� a)�

Z b

a

f (t) dt:

Corollary 2. Let f : [a; b] ! R be a convex function on [a; b]. Then we have the
inequality

0 � 1

8

�
f 0+

�
a+ b

2

�
� f 0�

�
a+ b

2

��
(b� a)2(1.4)

� f (a) + f (b)

2
(b� a)�

Z b

a

f (t) dt

� 1

8

�
f 0� (b)� f 0+ (a)

�
(b� a)2 :

The constant 18 is sharp in both inequalities.

Motivated by the above results, in this paper we provide several upper and lower
bounds for the weighted generalized trapezoid rule Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

with x 2 (a; b) under various assumptions of the weight w integrable on [a; b] and
the convex function f on [a; b] : The particular case Z b

a+b
2

w (s) ds

!
f (b) +

 Z a+b
2

a

w (s) ds

!
f (a)�

Z b

a

w (t) f (t) dt

is also investigated. Some examples for particular weights are also provided.

2. Main Results

Our �rst result is as following:

Theorem 2. Assume that f is convex on [a; b] and x 2 (a; b) : If w is integrable on
[a; b] with

R x
t
w (s) ds � 0 for a.e. t 2 (a; x) and

R t
x
w (s) ds � 0 for a.e. t 2 (x; b) ;
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then

f 0+ (x)

Z b

x

(b� t)w (t) dt� f 0� (x)
Z x

a

(t� a)w (t) dt(2.1)

�
 Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

� f 0� (b)
Z b

x

(b� t)w (t) dt� f 0+ (a)
Z x

a

(t� a)w (t) dt:

In particular, if
R a+b

2

t
w (s) ds � 0 for a.e. t 2

�
a; a+b2

�
and

R t
a+b
2
w (s) ds � 0 for

a.e. t 2
�
a+b
2 ; b

�
; then

f 0+

�
a+ b

2

�Z b

a+b
2

(b� t)w (t) dt� f 0�
�
a+ b

2

�Z a+b
2

a

(t� a)w (t) dt(2.2)

�
 Z b

a+b
2

w (s) ds

!
f (b) +

 Z a+b
2

a

w (s) ds

!
f (a)�

Z b

a

w (t) f (t) dt

� f 0� (b)
Z b

a+b
2

(b� t)w (t) dt� f 0+ (a)
Z a+b

2

a

(t� a)w (t) dt:

If w (t) � 0 for a.e. t 2 (a; b) ; then (2.1) and (2.2) are satis�ed.

Proof. Let x 2 [a; b] : By using integration by parts, we haveZ x

a

�Z x

t

w (s) ds

�
f 0 (t) dt =

�Z x

t

w (s) ds

�
f (t)

����x
a

+

Z x

a

w (t) f (t) dt

=

Z x

a

w (t) f (t) dt�
�Z x

a

w (s) ds

�
f (a)

and Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt =

�Z t

x

w (s) ds

�
f (t)

����b
x

�
Z b

x

w (t) f (t) dt

=

 Z b

x

w (s) ds

!
f (b)�

Z b

x

w (t) f (t) dt:

Then we have the following identity of interestZ b

a

�Z t

x

w (s) ds

�
f 0 (t) dt(2.3)

=

Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt�

Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt

=

 Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

for x 2 [a; b] :
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Since f is convex on [a; b], then for x 2 (a; b) ; f 0+ (x) � f 0 (t) � f 0� (b) for a.e.
t 2 (x; b) ; which implies, by the fact that

R t
x
w (s) ds � 0 for a.e. t 2 (x; b) ; that

f 0+ (x)

Z b

x

�Z t

x

w (s) ds

�
dt �

Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt(2.4)

� f 0� (b)

Z b

x

�Z t

x

w (s) ds

�
dt:

SinceZ b

x

�Z t

x

w (s) ds

�
dt =

�Z t

x

w (s) ds

�
t

����b
x

�
Z b

x

w (t) tdt

=

 Z b

x

w (s) ds

!
b�

Z b

x

w (t) tdt =

Z b

x

(b� t)w (t) dt

hence by (2.4) we get

f 0+ (x)

Z b

x

(b� t)w (t) dt �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt(2.5)

� f 0� (b)

Z b

x

(b� t)w (t) dtt:

By the convexity of f on [a; b] ; we also have f 0+ (a) � f 0 (t) � f 0� (x) for a.e.
t 2 (a; x) ; which implies, by the fact that

R x
t
w (s) ds � 0 for a.e. t 2 (a; x) ; that

f 0+ (a)

Z x

a

�Z x

t

w (s) ds

�
dt �

Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt(2.6)

� f 0� (x)
Z x

a

�Z x

t

w (s) ds

�
dt:

SinceZ x

a

�Z x

t

w (s) ds

�
dt =

�Z x

t

w (s) ds

�
t

����x
a

+

Z x

a

w (t) tdt

=

Z x

a

w (t) tdt� a
Z x

a

w (s) ds =

Z x

a

(t� a)w (t) dt

and by (2.6) we get

f 0+ (a)

Z x

a

(t� a)w (t) dt �
Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt

� f 0� (x)
Z x

a

(t� a)w (t) dt;

namely

�f 0� (x)
Z x

a

(t� a)w (t) dt � �
Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt(2.7)

� �f 0+ (a)
Z x

a

(t� a)w (t) dt:



GENERALIZED TRAPEZOID TYPE WEIGHTED INEQUALITIES 5

Now, if we add (2.5) to (2.7) we get

f 0+ (x)

Z b

x

(b� t)w (t) dt� f 0� (x)
Z x

a

(t� a)w (t) dt

�
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt�

Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt

� f 0� (b)
Z b

x

(b� t)w (t) dt� f 0+ (a)
Z x

a

(t� a)w (t) dt

and by (2.3) we obtain the desired inequality (2.1). �
Remark 1. Observe that for x 2 (a; b) ;Z b

x

(b� t) dt = 1

2
(b� x)2 ;

Z x

a

(t� a) dt = 1

2
(x� a)2

and by (2.1) and (2.2) for w � 1 we obtain the results (1.1) and (1.4) from [5]
mentioned in the introduction.

Corollary 3. With the assumptions of Theorem 2 and if x 2 (a; b) is a point of
di¤erentiability for f; then

f 0 (x)

"Z b

x

(b� t)w (t) dt�
Z x

a

(t� a)w (t) dt
#

(2.8)

�
 Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

� f 0� (b)
Z b

x

(b� t)w (t) dt� f 0+ (a)
Z x

a

(t� a)w (t) dt:

If f is di¤erentiable in a+b
2 , then

f 0
�
a+ b

2

�"Z b

a+b
2

(b� t)w (t) dt�
Z a+b

2

a

(t� a)w (t) dt
#

(2.9)

�
 Z b

a+b
2

w (s) ds

!
f (b) +

 Z a+b
2

a

w (s) ds

!
f (a)�

Z b

a

w (t) f (t) dt

� f 0� (b)
Z b

a+b
2

(b� t)w (t) dt� f 0+ (a)
Z a+b

2

a

(t� a)w (t) dt:

Remark 2. We observe that if f 0
�
a+b
2

�
� (�) 0 andZ b

a+b
2

(b� t)w (t) dt � (�)
Z a+b

2

a

(t� a)w (t) dt;

then we haveZ b

a

w (t) f (t) dt �
 Z b

a+b
2

w (s) ds

!
f (b) +

 Z a+b
2

a

w (s) ds

!
f (a) :

Moreover, if w is symmetrical, i.e. w (a+ b� t) = w (t) for all t 2 [a; b] ; thenZ b

a+b
2

(b� t)w (t) dt =
Z b

a+b
2

(b� t)w (a+ b� t) dt:
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If we make the change of variable s = a+ b� t; then dt = �ds and

Z b

a+b
2

(b� t)w (a+ b� t) dt = �
Z a

a+b
2

(s� a)w (s) ds =
Z a+b

2

a

(s� a)w (s) ds

and Z b

a+b
2

(b� t)w (t) dt�
Z a+b

2

a

(t� a)w (t) dt = 0:

Since, in this situation,

Z b

a+b
2

w (s) ds =

Z a+b
2

a

w (s) ds =
1

2

Z b

a

w (s) ds;

then by (2.9) we get

0 � f (b) + f (a)

2
�
R b
a
w (t) f (t) dtR b
a
w (s) ds

(2.10)

�
�
f 0� (b)� f 0+ (a)

� 1R b
a
w (s) ds

Z a+b
2

a

(t� a)w (t) dt:

The �rst inequality in (2.10) is the second Féjer�s inequality [4] for convex functions
and symmetrical weights. The second inequality in (2.10) provides a reverse.

3. Related Results

We recall µCeby�ev�s inequality for two non-decreasing (non-increasing) functions
g, h on [c; d] ; which states that

(3.1)
1

d� c

Z d

c

g (t)h (t) dt � 1

d� c

Z d

c

g (t) dt
1

d� c

Z d

c

h (t) dt:

If the functions have opposite monotonicities, the inequality reverses in (3.1).
We also recall Grüss�inequality [6]����� 1

b� a

Z b

a

g (t)h (t) dt� 1

b� a

Z b

a

g (t) dt
1

b� a

Z b

a

h (t) dt

�����(3.2)

� 1

4
(M �m) (N � n) ;

that holds for integrable functions g; h such that m � g � M and n � h � N on
[a; b], where m; M; n; N are constants.
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Theorem 3. Let f be a convex function on [a; b] ; w integrable and nonnegative on
[a; b] and x 2 (a; b) : Then

f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt(3.3)

�
 Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

� 1

4
(b� x)

�
f 0� (b)� f 0+ (x)

� Z b

x

w (s) ds

+
1

4
(x� a)

�
f 0� (x)� f 0+ (a)

� Z x

a

w (s) ds

+
f (b)� f (x)

b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt:

In particular,

2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt(3.4)

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#

�
 Z b

a+b
2

w (s) ds

!
f (b) +

 Z a+b
2

a

w (s) ds

!
f (a)�

Z b

a

w (t) f (t) dt

� 1

8
(b� a)

�
f 0� (b)� f 0+

�
a+ b

2

��Z b

a+b
2

w (s) ds

+
1

8
(b� a)

�
f 0�

�
a+ b

2

�
� f 0+ (a)

� Z a+b
2

a

w (s) ds

+ 2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#
:

Proof. Since f is convex and w is nonnegative, then f 0 and
R t
x
w (s) ds are nonde-

creasing on [x; b], f 0+ (x) � f 0 (t) � f 0� (b) ; 0 �
R t
x
w (s) ds �

R b
x
w (s) ds and by

µCeby�ev and Gruss�inequalities we have

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt�

R b
x
f 0 (t) dt

b� x

Z b

x

�Z t

x

w (s) ds

�
dt

� 1

4
(b� x)

�
f 0� (b)� f 0+ (x)

� Z b

x

w (s) ds;
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namely

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt� f (b)� f (x)

b� x

Z b

x

(b� t)w (t) dt(3.5)

� 1

4
(b� x)

�
f 0� (b)� f 0+ (x)

� Z b

x

w (s) ds:

Since �
R x
t
w (s) ds and f 0 (t) are monotonic nondecreasing on [a; x] ; f 0+ (a) �

f 0 (t) � f 0� (x) ; �
R x
a
w (s) ds � �

R x
t
w (s) ds � 0; then by µCeby�ev and Gruss�

inequalities we have

0 � �
Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt+

R x
a
f 0 (t) dt

x� a

Z x

a

�Z x

t

w (s) ds

�
dt

� 1

4
(x� a)

�
f 0� (x)� f 0+ (a)

� Z x

a

w (s) ds;

namely

0 � �
Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt+

f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt(3.6)

� 1

4
(x� a)

�
f 0� (x)� f 0+ (a)

� Z x

a

w (s) ds:

If we add the inequalities (3.5) and (3.6) we get

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt�

Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt

� f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt+ f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt

� 1

4
(b� x)

�
f 0� (b)� f 0+ (x)

� Z b

x

w (s) ds

+
1

4
(x� a)

�
f 0� (x)� f 0+ (a)

� Z x

a

w (s) ds

and by (2.3) we get

0 �
 Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

� f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt+ f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt

� 1

4
(b� x)

�
f 0� (b)� f 0+ (x)

� Z b

x

w (s) ds

+
1

4
(x� a)

�
f 0� (x)� f 0+ (a)

� Z x

a

w (s) ds;

which is equivalent to (3.3). �
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Remark 3. If w is symmetrical on [a; b], then from (3.4) we derive

0 � 4
"
f(b)+f(a)

2 � f
�
a+b
2

�
b� a

#Z a+b
2

a

(t� a)w (t) dt(3.7)

� f (b) + f (a)

2

 Z b

a

w (s) ds

!
�
Z b

a

w (t) f (t) dt

� 1

16
(b� a)

�
f 0� (b)� f 0+

�
a+ b

2

�
+ f 0�

�
a+ b

2

�
� f 0+ (a)

� Z b

a

w (s) ds

+ 4

"
f(b)+f(a)

2 � f
�
a+b
2

�
b� a

#Z a+b
2

a

(t� a)w (t) dt:

Remark 4. For w � 1 we obtain
1

2
[f (b)� f (x)] (b� x)� 1

2
(x� a) [f (x)� f (a)](3.8)

� (b� x) f (b) + (x� a) f (a)�
Z b

a

w (t) f (t) dt

� 1

4
(b� x)2

�
f 0� (b)� f 0+ (x)

�
+
1

4
(x� a)2

�
f 0� (x)� f 0+ (a)

�
+
1

2
[f (b)� f (x)] (b� x)� 1

2
(x� a) [f (x)� f (a)] :

for x 2 (a; b) : In particular,

0 � 1

2
(b� a)

�
f (b) + f (a)

2
� f

�
a+ b

2

��
(3.9)

� (b� a) f (b) + f (a)
2

�
Z b

a

f (t) dt

� 1

16
(b� a)2

�
f 0� (b)� f 0+

�
a+ b

2

�
+ f 0�

�
a+ b

2

�
� f 0+ (a)

�
+
1

2
(b� a)

�
f (b) + f (a)

2
� f

�
a+ b

2

��
:

From (3.8) we obtain

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(3.10)

� 1

4
(b� x)2

�
f 0� (b)� f 0+ (x)

�
+
1

4
(x� a)2

�
f 0� (x)� f 0+ (a)

�
;

while from (3.9) we also get that

0 � 1

2
(b� a)

�
f (b) + f (a)

2
+ f

�
a+ b

2

��
�
Z b

a

f (t) dt(3.11)

� 1

16
(b� a)2

�
f 0� (b)� f 0+

�
a+ b

2

�
+ f 0�

�
a+ b

2

�
� f 0+ (a)

�
� 1

16
(b� a)2

�
f 0� (b)� f 0+ (a)

�
:
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We also have:

Theorem 4. Let f be a convex function on [a; b] ; w integrable and nonnegative on
[a; b] and x 2 (a; b) : Then

f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt(3.12)

�
 Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

� 1

2

Z b

x

w (s) ds

Z b

x

����f 0 (t)� f (b)� f (x)b� x

���� dt
+
1

2

Z x

a

w (s) ds

Z x

a

����f 0 (t)� f (x)� f (a)x� a

���� dt
+
f (b)� f (x)

b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt:

In particular,

2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt(3.13)

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#

�
 Z b

a+b
2

w (s) ds

!
f (b) +

 Z a+b
2

a

w (s) ds

!
f (a)�

Z b

a

w (t) f (t) dt

� 1

2

Z b

a+b
2

w (s) ds

Z b

a+b
2

�����f 0 (t)� 2f (b)� f
�
a+b
2

�
b� a

����� dt
+
1

2

Z a+b
2

a

w (s) ds

Z a+b
2

a

�����f 0 (t)� 2f
�
a+b
2

�
� f (a)

b� a

����� dt
+ 2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#
:

Proof. In [3] Cheng and Sun obtained the following Gruss type inequality����� 1

b� a

Z b

a

g (t)h (t) dt� 1

b� a

Z b

a

g (t) dt
1

b� a

Z b

a

h (t) dt

�����(3.14)

� 1

2
(M �m) 1

b� a

Z b

a

�����h (t)� 1

b� a

Z b

a

h (s) ds

����� dt
where m � g �M on [a; b], where m; M are constants and h is integrable on [a; b] :
The constant 1=2 is best in (3.14) as shown by Cerone and Dragomir in [1] where

a general version for Lebesgue integral and measurable spaces was also given.
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If we use (3.14) for g (t) =
R t
x
w (s) ds and h (t) = f 0 (t) on the interval [x; b] ;

then we get

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt� f (b)� f (x)

b� x

Z b

x

�Z t

x

w (s) ds

�
dt

� 1

2

Z b

x

w (s) ds

Z b

x

�����f 0 (t)� 1

b� x

Z b

x

f 0 (s) ds

����� dt
=
1

2

Z b

x

w (s) ds

Z b

x

����f 0 (t)� f (b)� f (x)b� x

���� dt:
Also, by (3.14) for g (t) = �

R x
t
w (s) ds and h (t) = f 0 (t) on the interval [a; x] ; we

get

0 � �
Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt+

f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt

� 1

2

Z x

a

w (s) ds

Z x

a

����f 0 (t)� 1

x� a

Z x

a

f 0 (s) ds

���� dt
=
1

2

Z x

a

w (s) ds

Z x

a

����f 0 (t)� f (x)� f (a)x� a

���� dt:
If we add these inequalities, then we get

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt�

Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt

� f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt+ f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt

� 1

2

Z b

x

w (s) ds

Z b

x

����f 0 (t)� f (b)� f (x)b� x

���� dt
+
1

2

Z x

a

w (s) ds

Z x

a

����f 0 (t)� f (x)� f (a)x� a

���� dt
and by (2.3) we get (3.12). �

Remark 5. If w is symmetrical on [a; b] ; then by (3.13) we get

0 � 4
"
f(b)+f(a)

2 � f
�
a+b
2

�
b� a

#Z a+b
2

a

(t� a)w (t) dt(3.15)

� f (b) + f (a)

2

 Z b

a

w (s) ds

!
�
Z b

a

w (t) f (t) dt

� 1

4

Z b

a

w (s) ds

"Z b

a+b
2

�����f 0 (t)� 2f (b)� f
�
a+b
2

�
b� a

����� dt
+

Z a+b
2

a

�����f 0 (t)� 2f
�
a+b
2

�
� f (a)

b� a

����� dt
#

+ 4

"
f(b)+f(a)

2 � f
�
a+b
2

�
b� a

#Z a+b
2

a

(t� a)w (t) dt:
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Remark 6. For w � 1 we obtain by (3.12) that

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(3.16)

� 1

2

Z b

x

jf 0 (t) (b� x)� f (b) + f (x)j dt

+
1

2

Z x

a

j(x� a) f 0 (t)� f (x) + f (a)j dt

for x 2 (a; b) : In particular,

0 � 1

2
(b� a)

�
f (b) + f (a)

2
+ f

�
a+ b

2

��
�
Z b

a

f (t) dt(3.17)

� 1

2

Z b

a+b
2

����12f 0 (t) (b� a)� f (b) + f
�
a+ b

2

����� dt
+
1

2

Z a+b
2

a

����12 (b� a) f 0 (t)� f
�
a+ b

2

�
+ f (a)

���� dt:
Observe that

f 0 (t) (b� x)� f (b) + f (x) =
Z b

x

(f 0 (t)� f 0 (s)) ds

and

(x� a) f 0 (t)� f (x) + f (a) =
Z x

a

(f 0 (t)� f 0 (s)) ds;

which implies thatZ b

x

jf 0 (t) (b� x)� f (b) + f (x)j dt �
Z b

x

�����
Z b

x

(f 0 (t)� f 0 (s)) ds
����� dt

�
Z b

x

Z b

x

jf 0 (t)� f 0 (s)j dsdt

and Z x

a

j(x� a) f 0 (t)� f (x) + f (a)j dt �
Z x

a

����Z x

a

(f 0 (t)� f 0 (s)) ds
���� dt

�
Z x

a

Z x

a

jf 0 (t)� f 0 (s)j dsdt:

By (3.16) we then get

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(3.18)

� 1

2

"Z b

x

Z b

x

jf 0 (t)� f 0 (s)j dsdt+
Z x

a

Z x

a

jf 0 (t)� f 0 (s)j dsdt
#
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for x 2 (a; b) : In particular,

0 � 1

2
(b� a)

�
f (b) + f (a)

2
+ f

�
a+ b

2

��
�
Z b

a

f (t) dt(3.19)

� 1

2

"Z b

a+b
2

Z b

a+b
2

jf 0 (t)� f 0 (s)j dsdt+
Z a+b

2

a

Z a+b
2

a

jf 0 (t)� f 0 (s)j dsdt
#
:

Also we have:

Theorem 5. Let f be a convex function on [a; b] ; w integrable and nonnegative on
[a; b] and x 2 (a; b) : Then

f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt(3.20)

�
 Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

� 1

2

f 0� (b)� f 0+ (x)
b� x

Z b

x

Z b

x

����Z t

s

w (u) du

���� dsdt
+
1

2

f 0� (x)� f 0+ (a)
x� a

Z x

a

Z x

a

����Z s

t

w (u) du

���� dsdt
+
f (b)� f (x)

b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt:

In particular,

2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt(3.21)

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#

�
 Z b

a+b
2

w (s) ds

!
f (b) +

 Z a+b
2

a

w (s) ds

!
f (a)�

Z b

a

w (t) f (t) dt

�
f 0� (b)� f 0+

�
a+b
2

�
b� a

Z b

a+b
2

Z b

a+b
2

����Z t

s

w (u) du

���� dsdt
+
f 0�
�
a+b
2

�
� f 0+ (a)

b� a

Z a+b
2

a

Z a+b
2

a

����Z s

t

w (u) du

���� dsdt
+ 2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#
:
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Proof. If we use (3.14) for h (t) =
R t
x
w (s) ds and g (t) = f 0 (t) on the interval [x; b] ;

then we get

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt� f (b)� f (x)

b� x

Z b

x

�Z t

x

w (s) ds

�
dt

� 1

2

�
f 0� (b)

�
� f 0+ (x)

Z b

x

�����
Z t

x

w (s) ds� 1

b� x

Z b

x

�Z s

x

w (u) du

�
w (s) ds

����� dt
=
1

2

f 0� (b)� f 0+ (x)
b� x

Z b

x

�����
Z b

x

�Z t

x

w (u) du�
Z s

x

w (u) du

�
ds

����� dt
� 1

2

f 0� (b)� f 0+ (x)
b� x

Z b

x

Z b

x

����Z t

x

w (u) du�
Z s

x

w (u) du

���� dsdt:
Also, by (3.14) for h (t) = �

R x
t
w (s) ds and g (t) = f 0 (t) on the interval [a; x] ; we

obtain

0 � �
Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt+

f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt

� 1

2

�
f 0� (x)� f 0+ (a)

� Z x

a

����Z x

t

w (u) du� 1

x� a

Z x

a

Z x

s

w (u) duds

���� dt
=
1

2

f 0� (x)� f 0+ (a)
x� a

Z x

a

����Z x

a

�Z x

t

w (u) du�
Z x

s

w (u) du

�
ds

���� dt:
� 1

2

f 0� (x)� f 0+ (a)
x� a

Z x

a

Z x

a

����Z x

t

w (u) du�
Z x

s

w (u) du

���� dsdt:
If we add these inequalities, then we get

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt�

Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt

� f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt+ f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt

� 1

2

f 0� (b)� f 0+ (x)
b� x

Z b

x

Z b

x

����Z t

s

w (u) du

���� dsdt
+
1

2

f 0� (x)� f 0+ (a)
x� a

Z x

a

Z x

a

����Z s

t

w (u) du

���� dsdt
and by (2.3) we obtain (3.20). �

Remark 7. Recall that for c < d we haveZ d

c

Z d

c

js� tj dtds = 1

3
(d� c)3 :

ThereforeZ b

x

Z b

x

jt� sj dsdt = 1

3
(b� x)3 and

Z x

a

Z x

a

js� tj dsdt = 1

3
(x� a)3 :
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By utilizing (3.20) for w � 1 we get

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(3.22)

� 1

6

n�
f 0� (b)� f 0+ (x)

�
(b� x)2 +

�
f 0� (x)� f 0+ (a)

�
(x� a)2

o
for all x 2 (a; b) :
In particular,

0 � 1

2
(b� a)

�
f (b) + f (a)

2
+ f

�
a+ b

2

��
�
Z b

a

f (t) dt(3.23)

� 1

24
(b� a)2

�
f 0� (b)� f 0+ (a)�

�
f 0+ (x)� f 0� (x)

�	
� 1

24
(b� a)2

�
f 0� (b)� f 0+ (a)

�
:

4. More Reverse Inequalities

The following inequality obtained by Ostrowski in 1970, [7] is as follows:����� 1

b� a

Z b

a

g (t)h (t) dt� 1

b� a

Z b

a

g (t) dt
1

b� a

Z b

a

h (t) dt

�����(4.1)

� 1

8
(b� a) (N � n) kg0k1 :

By utilizing this inequality we can state:

Theorem 6. Let f be a convex function on [a; b] ; w bounded and nonnegative on
[a; b] and x 2 (a; b) : Then

f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt(4.2)

�
 Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

� 1

8

h
(b� x)2

�
f 0� (b)� f 0+ (x)

�
+ (x� a)2

�
f 0� (x)� f 0+ (a)

�i
kwk1;[a;b]

+
f (b)� f (x)

b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt:

In particular,

2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt(4.3)

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#
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�
 Z b

a+b
2

w (s) ds

!
f (b) +

 Z a+b
2

a

w (s) ds

!
f (a)�

Z b

a

w (t) f (t) dt

� 1

32
(b� a)

�
f 0� (b)� f 0+ (a)�

�
f 0+

�
a+ b

2

�
� f 0�

�
a+ b

2

���
kwk1;[a;b]

+ 2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#
:

Proof. If we use (4.1) for g (t) =
R t
x
w (s) ds and h (t) = f 0 (t) on the interval [x; b] ;

then we get

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt� f (b)� f (x)

b� x

Z b

x

�Z t

x

w (s) ds

�
dt

� 1

8
(b� x)2

�
f 0� (b)� f 0+ (x)

�
kwk1;[x;b] :

Also, by (4.1) for g (t) = �
R x
t
w (s) ds and h (t) = f 0 (t) on the interval [a; x] ; we

get

0 � �
Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt+

f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt

� 1

8
(x� a)2

�
f 0� (x)� f 0+ (a)

�
kwk1;[a;x] :

If we add these inequalities, then we get

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt�

Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt

� f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt+ f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt

� 1

8
(b� x)2

�
f 0� (b)� f 0+ (x)

�
kwk1;[x;b]

+
1

8
(x� a)2

�
f 0� (x)� f 0+ (a)

�
kwk1;[a;x]

� 1

8

h
(b� x)2

�
f 0� (b)� f 0+ (x)

�
+ (x� a)2

�
f 0� (x)� f 0+ (a)

�i
kwk1;[a;b]

and by (2.3) we obtain (4.2). �

Remark 8. By utilizing (4.2) for w � 1 we get

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(4.4)

� 1

8

n�
f 0� (b)� f 0+ (x)

�
(b� x)2 +

�
f 0� (x)� f 0+ (a)

�
(x� a)2

o
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for all x 2 (a; b) : In particular,

0 � 1

2
(b� a)

�
f (b) + f (a)

2
+ f

�
a+ b

2

��
�
Z b

a

f (t) dt(4.5)

� 1

32
(b� a)2

�
f 0� (b)� f 0+ (a)�

�
f 0+ (x)� f 0� (x)

�	
� 1

32
(b� a)2

�
f 0� (b)� f 0+ (a)

�
:

These inequalities are better than the ones in Remark 7.

As a dual result we also have:

Theorem 7. Let f be a twice di¤erentiable convex function on [a; b] ; w integrable
and nonnegative on [a; b] and x 2 (a; b) : Then

f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt(4.6)

�
 Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

� 1

8

"
(b� x)2

 Z b

x

w (s) ds

!
+ (x� a)2

�Z x

a

w (s) ds

�#
kf 00k1;[a;b]

+
f (b)� f (x)

b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt:

In particular,

2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt(4.7)

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#

�
 Z b

a+b
2

w (s) ds

!
f (b) +

 Z a+b
2

a

w (s) ds

!
f (a)�

Z b

a

w (t) f (t) dt

� 1

32
(b� a)2

 Z b

a

w (s) ds

!
kf 00k1;[a;b]

+ 2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#
:
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Proof. If we use (4.1) for h (t) =
R t
x
w (s) ds and g (t) = f 0 (t) on the interval [x; b] ;

then we get

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt� f (b)� f (x)

b� x

Z b

x

�Z t

x

w (s) ds

�
dt

� 1

8
(b� x)2

 Z b

x

w (s) ds

!
kf 00k1;[x;b] :

Also, by (4.1) for h (t) = �
R x
t
w (s) ds and g (t) = f 0 (t) on the interval [a; x] ; we

get

0 � �
Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt+

f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt

� 1

8
(x� a)2

�Z x

a

w (s) ds

�
kf 00k1;[a;x] :

If we add these inequalities, then we get

0 �
Z b

x

�Z t

x

w (s) ds

�
f 0 (t) dt�

Z x

a

�Z x

t

w (s) ds

�
f 0 (t) dt

� f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt+ f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt

� 1

8
(b� x)2

 Z b

x

w (s) ds

!
kf 00k1;[x;b] +

1

8
(x� a)2

�Z x

a

w (s) ds

�
kf 00k1;[a;x]

� 1

8

"
(b� x)2

 Z b

x

w (s) ds

!
+ (x� a)2

�Z x

a

w (s) ds

�#
kf 00k1;[a;b]

and by (2.3) we obtain (4.6). �

Remark 9. If w is symmetrical on [a; b] ; then by (4.7) we get

0 � 4
"
f(b)+f(a)

2 � f
�
a+b
2

�
b� a

#Z a+b
2

a

(t� a)w (t) dt(4.8)

� f (b) + f (a)

2

 Z b

a

w (s) ds

!
�
Z b

a

w (t) f (t) dt

� 1

32
(b� a)2

 Z b

a

w (s) ds

!
kf 00k1;[a;b]

+ 4

"
f(b)+f(a)

2 � f
�
a+b
2

�
b� a

#Z a+b
2

a

(t� a)w (t) dt:

Remark 10. By utilizing (4.6) for w � 1 we get

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(4.9)

� 1

8

h
(b� x)3 + (x� a)3

i
kf 00k1;[a;b]

for all x 2 (a; b) :
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Since

(x� a)3 + (b� x)3 = (b� a)
"
1

4
(b� a)2 + 3

�
x� a+ b

2

�2#
;

then (4.9) can be written as

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(4.10)

� 1

8
(b� a)

"
1

4
(b� a)2 + 3

�
x� a+ b

2

�2#
kf 00k1;[a;b] :

In particular,

0 � 1

2
(b� a)

�
f (b) + f (a)

2
+ f

�
a+ b

2

��
�
Z b

a

f (t) dt(4.11)

� 1

32
(b� a)3 kf 00k1;[a;b] :

The following result obtained by µCeby�ev in 1882, [2], states that

����� 1

b� a

Z b

a

g (t)h (t) dt� 1

b� a

Z b

a

g (t) dt
1

b� a

Z b

a

h (t) dt

�����
� 1

12
kh0k1 kg

0k1 (b� a)
2
;

provided that f 0; g0 exist and are continuous on [a; b] and kf 0k1 = supt2[a;b] jf 0 (t)j :
The constant 1

12 cannot be improved in the general case.
Finally, we have:

Theorem 8. Let f be a twice di¤erentiable convex function on [a; b] ; w bounded
and nonnegative on [a; b] and x 2 (a; b) : Then

f (b)� f (x)
b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt(4.12)

�
 Z b

x

w (s) ds

!
f (b) +

�Z x

a

w (s) ds

�
f (a)�

Z b

a

w (t) f (t) dt

� 1

12

h
(b� x)3 kwk1;[x;b] + (x� a)

3 kwk1;[a;x]

i
kf 00k1;[a;b]

+
f (b)� f (x)

b� x

Z b

x

(b� t)w (t) dt� f (x)� f (a)
x� a

Z x

a

(t� a)w (t) dt:
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In particular,

2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt(4.13)

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#

�
 Z b

a+b
2

w (s) ds

!
f (b) +

 Z a+b
2

a

w (s) ds

!
f (a)�

Z b

a

w (t) f (t) dt

� 1

96
(b� a)3

h
kwk1;[ a+b2 ;b] + kwk1;[a; a+b2 ]

i
kf 00k1;[a;b]

+ 2

"
f (b)� f

�
a+b
2

�
b� a

Z b

a+b
2

(b� t)w (t) dt

�
f
�
a+b
2

�
� f (a)

b� a

Z a+b
2

a

(t� a)w (t) dt
#
:

Remark 11. By utilizing (4.6) for w � 1 we get

0 � 1

2
[(b� a) f (x) + (b� x) f (b) + (x� a) f (a)]�

Z b

a

f (t) dt(4.14)

� 1

12
(b� a)

"
1

4
(b� a)2 + 3

�
x� a+ b

2

�2#
kf 00k1;[a;b]

for all x 2 (a; b) :
In particular, we have

0 � 1

2
(b� a)

�
f (b) + f (a)

2
+ f

�
a+ b

2

��
�
Z b

a

f (t) dt(4.15)

� 1

48
(b� a)3 kf 00k1;[a;b]

These inequalities are better than the ones in Remark 10.

5. Some Examples for Other Weights

We consider the weight w (t) =
��t� a+b

2

�� ; t 2 [a; b] : Observe thatZ b

a+b
2

(b� t)
�
t� a+ b

2

�
dt =

1

48
(b� a)3 ;

Z a+b
2

a

(t� a)
�
a+ b

2
� t
�
dt =

1

48
(b� a)3

and Z b

a+b
2

�
t� a+ b

2

�
dt =

Z a+b
2

a

�
a+ b

2
� t
�
dt =

1

8
(b� a)2 :
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Then by (2.2) we obtain

0 � 1

48
(b� a)3

�
f 0+

�
a+ b

2

�
� f 0�

�
a+ b

2

��
(5.1)

� 1

8
(b� a)2 [f (b) + f (a)]�

Z b

a

����t� a+ b2
���� f (t) dt

� 1

48
(b� a)3

�
f 0� (b)� f 0+ (a)

�
:

From (3.4) we get

0 � 1

12
(b� a)2

�
f (b) + f (a) + f

�
a+ b

2

��
�
Z b

a

����t� a+ b2
���� f (t) dt(5.2)

� 1

384
(b� a)3

�
f 0� (b)� f 0+

�
a+ b

2

�
+ f 0�

�
a+ b

2

�
� f 0+ (a)

�
� 1

384
(b� a)3

�
f 0� (b)� f 0+ (a)

�
:

From (4.7) we obtain

0 � 1

12
(b� a)2

�
f (b) + f (a) + f

�
a+ b

2

��
�
Z b

a

����t� a+ b2
���� f (t) dt(5.3)

� 1

128
(b� a)4 kf 00k1;[a;b] :

Now, consider the weight w (t) = (t� a) (b� t) ; t 2 [a; b] : Observe thatZ b

a+b
2

(b� t)2 (t� a) dt = 5

192
(b� a)4 ;

Z a+b
2

a

(t� a)2 (b� t) dt = 5

192
(b� a)4

and Z b

a+b
2

(t� a) (b� t) dt =
Z a+b

2

a

(t� a) (b� t) dt = 1

12
(b� a)3 :

Then by (2.2) we obtain

0 � 5

192
(b� a)4

�
f 0+

�
a+ b

2

�
� f 0�

�
a+ b

2

��
(5.4)

� 1

12
(b� a)3 [f (b) + f (a)]�

Z b

a

(t� a) (b� t) f (t) dt

� 5

192
(b� a)4

�
f 0� (b)� f 0+ (a)

�
:
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From (3.4) we derive

0 � 1

12
(b� a)3

�
3 [f (b) + f (a)] + 10f

�
a+ b

2

��
(5.5)

�
Z b

a

(t� a) (b� t) f (t) dt

� 1

96
(b� a)4

�
f 0� (b)� f 0+

�
a+ b

2

�
+ f 0�

�
a+ b

2

�
� f 0+ (a)

�
� 1

96
(b� a)4

�
f 0� (b)� f 0+ (a)

�
:

From (4.7) we get

0 � 1

12
(b� a)3

�
3 [f (b) + f (a)] + 10f

�
a+ b

2

��
(5.6)

�
Z b

a

(t� a) (b� t) f (t) dt

� 1

196
(b� a)5 kf 00k1;[a;b] :

References

[1] P. Cerone and S. S. Dragomir, A re�nement of the Grüss inequality and applications. Tamkang
J. Math., 38 (2007) 37�49; Preprint in RGMIA Res. Rep. Coll., 5 (2002) Art. 14.

[2] P. L. Chebyshev, Sur les expressions approximatives des intègrals dè�nis par les outres prises
entre les même limites, Proc. Math. Soc. Charkov, 2 (1882), 93-98.

[3] X.-L Cheng and J. Sun, Note on the perturbed trapezoid inequality. J. Inequal. Pure Appl.
Math. , 3 (2002), Art. 29.

[4] L. Féjer, Über die Fourierreihen, II, Math. Naturwiss, Anz. Ungar. Akad. Wiss., 24 (1906),
369-390.

[5] S. S. Dragomir, An inequality improving the second Hermite-Hadamard inequality for con-
vex functions de�ned on linear spaces and applications for semi-inner products. Journal of
Inequalities in Pure Applied Mathematics, Volume: 3 (2002), Issue: 3, Paper No. 35, 8 pp.
[Online https://www.emis.de/journals/JIPAM/images/080_01_JIPAM/080_01.pdf].

[6] G. Grüss, Über das Maximum des absoluten Betrages von 1
y�s

R y
s '(s)g(s)ds �

1
(y�s)2

R y
s '(s)ds

R y
s g(s)ds, Math. Z. , 39(1935), 215-226.

[7] A. M. Ostrowski, On an integral inequality, Aequat. Math., 4 (1970), 358-373.

1Mathematics, College of Engineering & Science, Victoria University, PO Box 14428,
Melbourne City, MC 8001, Australia.

E-mail address : sever.dragomir@vu.edu.au
URL: http://rgmia.org/dragomir

2DST-NRF Centre of Excellence in the Mathematical, and Statistical Sciences,
School of Computer Science, & Applied Mathematics, University of the Witwater-
srand,, Private Bag 3, Johannesburg 2050, South Africa


