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Abstract

In this article we continue the research on the smooth Picard singular
integral operators that started in [2], see there chapters 10-14. This time
the foundation of our research is a parametrized trigonometric Taylor’s
formula. We establish the convergence of our operators to the unit oper-
ator with rates via Jackson type inequalities engaging the first modulus
of continuity. Of interest here is a parametrized residual appearing term.
Note that our operators are not positive. Our results are pointwise and
uniform.
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1 Introduction

We are motivated by [1], [2] chapters 10-14, and [3], [4]. We use a parame-
trized trigonometric new Taylor formula from [3], see also [4]. Here we consider
some very general operators, the smooth Picard singular integral operators over
the real line and we study further their parametrized convergence properties
quantitatively. We establish related inequalities involving the first modulus of
continuity with respect to uniform norm and the estimates are pointwise and
uniform. We provide a detailed proof.
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2 Results

By [3], [4], for a, 8 € R with af (on —ﬁ2) #0, and f € C*(R), a,x € R, we
have the following general trigonometric Taylor formula:

B2 sin (o (z — a)) — o sin (B (z — a))) n

f(w)—f(a)=f’(a)<

af (,6’2 — a2)
o) < (oo - 023 —es e a))) .
@) (ﬁsin (a2 aﬂ)()ﬁ 252?)(6 (x - a))) . O

D rar (2522) rar (2:2)-

et MUGICRR GRS FAURE )
= (/" (a) + (a® + B) f" (a) + &*Bf (a))]
[Bsin (a(z —t)) — asin (8 (x — t))] dt.

For r € N and n € Z*, we set

that is
Z Oéj =1. (3)
j=0

Cy (R) denotes the space of uniformly continuous functions on R, and Cp (R)
denotes the space of bounded continuous functions on R.

Here we consider all f, ', f", f""', f® € Cy (R) U Cp (R).

For x € R, ¢ > 0 we consider the Lebesgue integrals, so called smooth Picard
operators

Pr,f (fvx) = 215/00 (Zajf(z+jt)) 6_%dt7 (4)
—oo \ 20

see (1], P.¢ are not in general positive operators, see [2].

‘We notice by
1 [ _u
— 3 =1
3 [ Cefa-, (5)



that
P, ¢ (c,z) = ¢, where ¢ is a constant,

and
1 [ o0 , el
Pre(fiz) = f(z) = % (Zaj/ (f (x+jt) — f(z))e ¢ dt). (6)
j=0 /7o
Denote by
w1 (f,6) := sup, |f (@)= fy)l], 6§>0,
Iriy\éts

the first modulus of continuity of f.
We set

o o millx roé'.2 1 2
B (x) = Poc (fy2)—f (2)~f ”{; 57 <(a2j2§2+1)(52J2€2+1)>}£

TP+ ) )] o
(7)

T

(f(4) (z) + (a2+62) 7 (x)) [Zaij4

1
= ((a2j2§2 +1)

£E>0,zeR.
We present our main uniform approximation result.

Theorem 1 It holds

E@)| < |E @) < 2o+ (0 +5) ["+e?F) &)

oo — {,627042|

(8)

.,
(z]%lj2 (j+1)) = B; £>0, z€R,
7=0

and |E ()|, — 0, as £ — 0.
If f" () = fW (2) = 0, then

|Pr,§ (fax) *f($)| < B.

Proof. By (1) we get that

3 . . . .
it —f @) =f (@) (5 sin (ajt) — o sin wm) i

af (52 — a2)
() (cos (ajﬁtz) :(c;s (ﬂjt)) n



"y Bsin (ajt) — asin (Gjt)
f ()( B (5 — o) >+

D (a0 () o ()

m /:-'rjt [(f(‘l) (s) + (a2 + 52) J (s) + 04252f (s)) )

~(FO @)+ (02 +67) 1" (@) + 0?6 ()]
[Bsin (a(x+ jt —s)) — asin (B (z + jt — s))] ds,

or better,

¥ sin (ajt) — o sin (85
fa+it) = (@) = ' (2) (ﬁ oL W>)+

o (7~ o?)
£ () <COS (ajt) — cos (Bjt)> n

B = a2
" B sin (ajt) — asin (ﬂ]t)
f (:L')< aﬂ(ﬁZ—az) >+

UL (e () ()

m/ojt [(f(4) (x+2)+ (a2 +[32) £ (x4 2) Jrazﬂzf (erz))
(10)

— (f@ (@) + (a2 + 67) 1" (@) + ?6%F ()]
[Bsin (a (jt — 2)) — asin (B (jt — 2))] dz.

Furthermore it holds

Zaj (z+4t) — f(2)] =

& 3 o sin a —Oés o sin
(aﬁ(ﬁz—a2)> [ﬁ 2 s (edt) 0 m]

7=0

(ﬁ‘};-//_(;22> [Z o CoS (ajt) - Z Qj COS (5]15)] +
Jj=0 j=0

& Q; sin Oé — (6% Sln
<a6(52 )) [52 e =3 m]

7=0



2(5 (@) + (02 + 6°) " () 0 st
( (05/3)2 (62 _ag) ) (ﬂ Z&J sin () ZaJ sin (J>) +

(11)

Zaj/ (x+2) +(0‘2+52)f“(sc+z)+052[32f(3:+z))

_a2

~(JO @)+ (02 +67) 1" (@) + 0?6 ()]
[Bsin (a (jt — 2)) — asin (B (jt — 2))] dz,

or better

Zaj (x+jt) — f(2)] =

& 3 o sin OL *Oé?) o sin
<a5(52 ))[ Z o)=Y m]

7=0

0

(f” >[Z - cos (ajt) — 2%008(3]'75)]—&-

®) (4 " -

=0 =0

(L) (e () (4)

(12)

1 - : ! . " . .
I PILE /O [(F9 (@ + jw) + (2 + B7) " (2 + jw) + 0282 (& + juw) )

<.

—(fO @)+ (a2 +67) 1" (@) + 0?6%F ()]

[Bsin (o (t — w)) — asin (B (t — w))] dw.
We call

1 _
R:=R() = ——— a;j
(t) (62 _ 0[2) jzz(:) J
/O (5D @+ jw) + (a® + B%) £ (@ + jw) + @*B7f (@ + jw))  (13)

— (1D @) + (@ 4+ 57) 1" () + 0?62 (@) |
[Bsin (o (t —w)) — asin (8] (t — w))] dw, VteR.



Then, for t > 0,

[R| < B (= a2 Zl%lj

/ (79 @t )+ (04 8) 1 (@ + ) + 0267 (o + )

0
— (£ @) + (@ + %) " (1) + 062 (@)

|Bsin (aj (t — w)) — asin (8] (t — w))| dw <
(by |sinz| < |z|,V z € R)

e Zw/ (#9402 4 5) 57+ 267 ) gw) (¢ - w)du

o3 (8
(€>0)
T t .
= |ﬁz_2az‘ > Iozj\f/o w1 ((f(“) + (248 "+ aQﬁQf) : 5‘?”) (t —w)dw <
j=0

% > lajl 2w ((FY + (0 + 8%) £ +a?B7f) €
|8 |
§=0

[(2)e- -

201 ((f(4) + (a2 +/82) f/l +a262f) ’5)
6% = o]

ST/ SR

) (4) 2 " 2 3
cUl((f +(a|[;f0>;|t +at5), ZIa;I 2 [ ]— (15)

w1 ((f@ + (a?+ 8 )f”+oz2ﬂ f).€) <&
. ‘ﬂ ag{ Z‘QJU [t2+3 }
Hence it holds (¢ > 0)

(4) 2 1z 2
w ((f +(a’ﬂ+2ﬂl§|+aﬁf ZI i |2+

IR| <

#|. o

€>0.



Let now ¢t < 0, then

R |_| o5 (3 Z|%|J

r

(F9 @+ jw) + (a2 + 8%) £ (@ + jw) + a2B2f (@ + jw))
— (£ @) + (@ + ) " (1) + 5% (@)
[Bsin (aj (t = w)) — asin (3] (¢ — w)) | dw <

2 2\ 252 w
2’Z| ol [ (104 @24 ) 1 4 05) 5" ) 0w <

201 (S + (a2 + 5%) /" + *B°f) . €)
8% = a?|

;)Iajﬁ (/to (1—‘2111) (w—t)dw): (17)

2wy (f@ + (o +5%) [" +a?5%f) ,€)
6% - o?|

j_io|aj|j2 uo(w—t)der‘g/tO(o_w)?1(w_t)21dw} _

wi (f+ (a2 + 5°) [ + 08°F)
1 o Z| al [+ & (-0
We found that (for ¢ < 0)

w1 (4) o "2 2 ;
e G m*fij]* 71). Zmu g 0] as)

Consequently, for ¢t € R, we obtain

wi ((f@ + (o + B2) f" +a2B%f) j
R (1) < e me [t? %ﬂ, £>0.

(19)

So, we have (by (12))



(aﬁ(fﬁ,( a2>|:ﬁ Za sin (ajt) — 3205 sin Bjt]

<5 a2> [Z% cos (ajt) — Zaj Cos(ﬂjt)] _

® (4 r
a,@{ﬁg (_)a )> [620@5 in (ajt) — aZaj sin (Bjt)] - (20)

e )5

—R(t).

Therefore, it holds

Ey(z) = Pre(fix) = f(2) - (Ozﬁ (J;Q(w_)a?))

Sk ([ e ) S ([ s )|
(%)
[ioaj;g </O:Ocos(a]t o dt> Za ioE </ cos (Bjt) e—'édt)] _

(f“ )




Hence we get

¢ 9)
By (z \<7/ R(t) e~ Eat'<

wi ((f@ + (o + B%) f" +a2B%f) . €)
7 o]

- S[1 [ 1 1l
> oyl [25/ 12e™ € dt + 375% |t| et dt] (22)
=0 —oo

e il {0, kodd
(we use [~ tFe gdt_{Qk!ka, & oven )

wi ((f@ + (o + B%) f" +a2B%f) . €)
8% — 2|

i€t ’ —tot] _
Z\am [ o+l | (f) ¢ dJ— (23)

wi ((fW + (o® +8%) /" +?8°f) ,€)

\52—a2|
Z|a3\] [25 +£23 e_zdz] =
=0
wi ((f™ + (o2 4 8%) /" +a?5°f) b 27| _
|ﬁ2 a2| Z| ol j {25 +¢ 36} = (24)

2 (4) 2 " 2
o1 (F9 + (a ’;26)0£|+a/3f) (ZI%IJ g+1)

We have proved that

2UJ1 (4 a "4 o282 , r o
5y (o)) < 2 U0 (e ) 74 o) 8 (Daﬂmm);

£E>0,VaxekR.
Notice that
Ey(x) —0, as&— 0.

Next, we simplify E; (z):
‘We observe that

o0 t 0 t o0 t
/ sin (ajt) e dt z/ sin («jt) ef‘éi‘dt—k/ sin (jt) e dt. (26)

—o0 0



Notice —oco <t <0 = 00 > —t > 0. So that

0 t O t
/ sin(ajt)e_‘ﬁ‘dt:—/ sin (aj (— (1)) e~ e d (—t)

— 00 — 00

0 t 0 t
- [ sm@ione Fan = [ sinei et

— 00 — 00

O . m N
/ sin (ajt) e” € dt = —/ sin (ajt) e € dt.
0

So that -
L¢]
/ sin (ajt) e” € dt =0,
and all sine integrals in (21) are zeros.
Furthermore we have that

[e%S) it + S it t
/ sin? <a3> e_%dt = 2/ sin? (aj> e_%dt, 7=0,1,..
- 2 0 2

The last follows by

5/ sin? (a1x) e “dx =
0

(by Wolfram Alpha Computational Inteligence)

f( 2a2 )_ a?j2e8
dai+1)  2(a2j26* +1)

Thus, it is

10

(27)

0 . . 0 A 2 _: o
/ sin? (o;gt) e_%dt = 7/ < sin (O;t)) e_‘fi‘d(ft) (==%) (29)



Consequently, it holds

1 [ 5 fajt\ _um a?j2¢? .
— sin“| — |e fdt=——"=—-—— —0,as & — 0, =0,1,...,7.
25 /_OO ( 2 ) 92 (Oé2j252 + 1) g ]

(32)
We notice that
/ cos (ajt) e dt = 2/ cos (ajit) eTEdt =
—00 0
> AN
2¢ cos | (ajé) = | e ed= = (33)
0 § £
(call aj€ =: g, % =: 1)
2¢ Oocos( e Tdx = 2 (1 ) 2¢ (1 )
agz)e Tdx = = 7
0 i o3 +1 0?26 + 1
and )
2£/ cos (ajt) e = a2 2§ i1 (34)
7=0,1,..,7

So, based on the above we write down the simplified version of E; (z) as
follows:

Ey (.’E) :Pr,ﬁ(fax)_f(:C)_

<BJ;H—(:22> {;aj Koﬂﬁfl? + 1) - (ﬂ%?éﬂﬂ } -

(2 (f® (z) + (a® + %) f" (sc)))

P P 26
Pr,E(faz)_f(x)_f (:E) {Zaj [(a2j2§2+f) (ﬂ2]2£2+1) }_ (36)
(aB)* (8 — a2)

(aB)® (8° - a?)
2% a2 o2 B25%¢ _
S (o) S ()| - @
7=0
<Q(f(4) (x) + (a2 +62) f// (x)))
el a2 o2 B25%¢ _
{5 j:O% (2(a2 25 +1 ) Z%< 5]25 +1)>] =
11



T

Pre(fox) = f(z) = " (2) {Z%‘jz !

}gz_

(B2 + 1))] €=
(37)

}52 (38)

4 1 - j 4'
(/9 @) +5f" (@) {Zaj (472€° +1) (26 + 1)] a

=0

= l(oﬂj%z +1) (875267 +1)

1

(4) x a2 2 7 " r a_.4
(e w21 0) [ S0 (e

The proof of the theorem is now complete. m
In the special case of a = 2, =1, we set

E(x) = Pre(f,2) — f(2) —

" ~ 52
[ (z) {ZO‘J l(4j2§2+1) (j2§2+1)

Jj=0

E>0,zeR.
That is E () is E (z) for a =2, § = 1.
We mention

Corollary 2 It holds

- 2w1 (4) " , T o
< E 00 (S )

£E>0,zeR
And HWH—%), as & — 0.

We finish with
Corollary 3 (to Theorem 1) Additionally let ", f* € Cg (R). It holds

|Pre (f,2) = f(@)] < [[Pre (f,2) = [ (@)]| <

4
PP+ 1)> e
(w0)

" - | 42 - !
£l o {;'0@“ (a2j2€” + 1) (87526 +1)

1

(I + @+ 1s71) ; a17" <(a2j2§2 +1)

12



28%w1 ((f + (a® + %) f7 + a?B%f) ,€)
8% — 2|

D a2 G+1) | =0, as&—0.
j=0
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