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Abstract

In this article we reexamine the uniform approximation properties of
smooth Picard multivariate singular integral operators over RN , N � 1.
We establish their convergence to the unit operator with rates. The esti-
mates are pointwise and uniform. The established inequalities involve the
multivariate �rst modulus of continuity. Our approach is based on a new
multivariate trigonometric Taylor formula. At �rst we present in detail
the general theory of uniform approximation by general smooth multi-
variate singular integral operators, which then is applied to the Picard
operators case.
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1 Introduction

The rate of convergence of univariate and multivariate singular integral opera-
tors has been studied extensively in [1]-[3] and [5], [6] and [8]. All these motivate
our current work. In particular we studied the smooth singular integral opera-
tors in [1]-[3] and [6], which are not in general positive ones.
Here we continue the study of the last ones at the multivariate level, at

�rst in general, and then apply our theory to the smooth Picard ones. The
main tool here, we are based on, is a new trigonometric multivariate Taylor
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formula from [4]. Our quantitative estimates are pointwise and uniform, using
the multivariate �rst modulus of continuity.

2 Results

Here r 2 N, m 2 Z+, and de�ne

�j := �
[m]
j;r :=

8>>><>>>:
(�1)r�j

�
r

j

�
j�m, if j = 1; 2; :::; r;

1�
rP
j=1

(�1)r�j
�
r

j

�
j�m, if j = 0:

(1)

See that
rX
j=0

�
[m]
j;r = 1; (2)

and

�
rX
j=1

(�1)r�j
�
r

j

�
= (�1)r

�
r

0

�
: (3)

Let ��n be a probability Borel measure on R
N , N � 1, �n > 0, n 2 N:

We now de�ne the multiple smooth singular integral operators

�n (f ;x1; :::; xN ) := �
[m]
r;n (f ;x1; :::; xN ) :=

rX
j=0

�
[m]
j;r

Z
RN
f (x1 + s1j; x2 + s2j; :::; xN + sN j) d��n (s) ; (4)

where s := (s1; :::; sN ), x := (x1; :::; xN ) 2 RN ; n; r 2 Z, m 2 Z+, f : RN ! R is
a Borel measurable function, and also (�n)n2N is a bounded sequence of positive
real numbers, we take 0 < �n � 1:

Remark 1 The operators �[m]r;n are not in general positive, see [2], p. 2.

We observe that

Lemma 2 It holds
�[m]r;n (c;x1; :::; xn) = c;

where c is a constant.

We need
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De�nition 3 Let f 2 C
�
RN
�
, N � 1. We de�ne the �rst modulus of continu-

ity of f as
!1 (f; �) := sup

x;y2RN :
kx�yk1��

jf (x)� f (y)j , � > 0; (5)

where k�k1 is the max norm in RN . The functional !1 (f; �) is bounded for f
being bounded or uniformly continuous, and !1 (f; �)! 0 as � ! 0, in the case
of f being uniformly continuous.

We present the main general approximation result regarding the operator
�n.

Theorem 4 Here f 2 C2
�
RN
�
and let all �i 2 Z+, i = 1; :::; N , N � 1,

j�j :=
NP
i=1

�i = 2; x 2 RN , and all the partials f� of order 2, along with f 2

CB
�
RN
�
(continuous and bounded functions); or all f� of order 2, f 2 CU

�
RN
�

(uniformly continuous functions). Let ��n be a Borel probability measure on R
N ,

for 0 < �n � 1, n 2 N.

Suppose that for all � := (�1; :::; �N ), �i 2 Z+, i = 1; :::; N , j�j =
NP
i=1

�i = 2,

j = 0; 1; :::; r, we have that both

I1j (�) :=

Z
RN

�
1 +

j ksk1
3�n

� NY
i=1

jsij�i
!
d��n (s) ; (6)

I2j (�) :=

Z
RN

�
1 +

j ksk1
3�n

�
d��n (s) ; (7)

are uniformly bounded in �n 2 (0; 1]:
Denote (n 2 N)

�n (x) := �n (f; x)� f (x)�

0@ rX
j=0

�jj

1A sin (1)" NX
i=1

@f (x)

@xi

�Z
RN
sid��n (s)

�#

�2

0@ rX
j=0

�jj
2

1A sin2�1
2

�( NX
i=1

�Z
RN
s2i d��n (s)

�
@2f (x)

@x2i
+ (8)

X
i 6=j�;

i;j�2f1;:::;Ng

�Z
RN
sisj�d��n (s)

�
@2f (x)

@xi@xj�

9>>=>>; :
Then
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(i)

j�n (x)j � k�n (x)k1 �
rX
j=0

j�j j

2664
2664j2 X

�i2Z+;
�:j�j=2

0BB@ 1
NQ
i=1

�i!

1CCA!1 (f�; �n)Z
RN

�
1 +

j ksk1
3�n

� NY
i=1

jsij�i
!
d��n (s)

3775+
1

2
!1 (f; �)

Z
RN

�
1 +

j ksk1
3�n

�
d��n (s)

�
=: '�n : (9)

In case of all f� of order 2 and f 2 CU
�
RN
�
and �n ! 0, as n ! 1, then

�n (x), k�n (x)k1 ! 0 with rates.
(ii) If @f(x)@xi

= 0, i = 1; :::; N , and f� (x) = 0, �i 2 Z+, i = 1; :::; N , with
j�j = 2, then

j�n (f; x)� f (x)j � '�n : (10)

And �n (f; x)! f (x) in the uniformly continuous case.
(iii) Additionally assume all partials of order � 2 are bounded. Hence

k�n (f)� fk1 �

0@ rX
j=0

j�j j j

1A (0:8414)" NX
i=1

 @f@xi

1

�Z
RN
sid��n (s)

�#
+

0@ rX
j=0

j�j j j2
1A (0:4596)( NX

i=1

�Z
RN
s2i d��n (s)

�@2f@x2i

1
+

X
i 6=j�;

i;j�2f1;:::;Ng

�Z
RN
jsij jsj� j d��n (s)

� @2f

@xi@xj�


1

9>>=>>;+ '�n : (11)

If all
R
RN s

2
i d��n (s) and

R
RN jsij jsj� j d��n (s) converge to zero, as n ! 1,

with �n ! 0, and all f� of order 2, f 2 CU
�
RN
�
, then

k�n (f)� fk1 ! 0 with rates, as �n ! 0, n! +1:

Proof. Let s := (s1; :::; sN ), x := (x1; :::; xN ), z := (z1; :::; zN ) := (x1 + s1j;
x2 + s2j; :::xN + sN j) = x + sj; j = 0; 1; :::; r; and x := x0 = (x01; :::; x0N ) =

(x1; :::; xN ), all in RN .
Here f 2 C2

�
RN
�
, N 2 N, and clearly all the mixed partials commnute.

Consider
gx+sj (t) := f (x+ t (sj)) ; 0 � t � 1: (12)

Notice that gx+sj (0) = f (x), gx+sj (1) = f (x+ sj).
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We have (by [4])

f (x+ sj)� f (x) = gx+sj (1)� gx+sj (0) =

g0x+sj (0) sin (1) + 2g
00
x+sj (0) sin

2

�
1

2

�
+Z 1

0

��
g00x+sj (t) + gx+sj (t)

�
�
�
g00x+sj (0) + gx+sj (0)

��
sin (1� t) dt = 

NX
i=1

(sij)
@f

@xi
(x)

!
sin (1)+

2

8<:
24 NX

i=1

(sij)
@

@xi

!2
f

35 (x)
9=; sin2

�
1

2

�
+

Z 1

0

8<:
8<:
24 NX

i=1

(sij)
@

@xi

!2
f

35 (x+ t (sj)) + f (x+ t (sj))
9=;� (13)

8<:
24 NX

i=1

(sij)
@

@xi

!2
f

35 (x) + f (x)
9=;
9=; sin (1� t) dt:

Denote the remainder (j = 0; 1; :::; r)

Rj :=

Z 1

0

8<:
8<:
24 NX

i=1

(sij)
@

@xi

!2
f

35 (x+ tsj) + f (x+ tsj)
9=;

�

8<:
24 NX

i=1

(sij)
@

@xi

!2
f

35 (x) + f (x)
9=;
9=; sin (1� t) dt = (14)

Z 1

0

8>>>>>><>>>>>>:
X

�:=(�1;:::;�N );�i2Z+

i=1;:::;N;j�j:=
NP
i=1

�i=2

0BB@ 2
NQ
i=1

�i!

1CCA
 

NY
i=1

(jsi)
�i

!
[f� (x+ t (js))� f� (x)]

+ (f (x+ t (js))� f (x))g sin (1� t) dt:

Therefore it holds

jRj j �
Z 1

0

8>>>>>><>>>>>>:
X

�:=(�1;:::;�N );�i2Z+

i=1;:::;N;j�j:=
NP
i=1

�i=2

0BB@ 2
NQ
i=1

�i!

1CCA
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NY
i=1

(j jsij)�i
!
jf� (x+ tsj)� f� (x)j+ jf (x+ tsj)� f (x)j

)
jsin (1� t)j dt �

(15)

Z 1

0

8>>>>>><>>>>>>:
X

�:=(�1;:::;�N );�i2Z+

i=1;:::;N;j�j:=
NP
i=1

�i=2

0BB@ 2
NQ
i=1

�i!

1CCA
 

NY
i=1

(j jsij)�i
!
!1 (f�; tj ksk1) (16)

+!1 (f; tj ksk1)g jsin (1� t)j dt �

(0 < �n � 1)

Z 1

0

8>>>>>><>>>>>>:
X

�:=(�1;:::;�N );�i2Z+

i=1;:::;N;j�j:=
NP
i=1

�i=2

0BB@ 2
NQ
i=1

�i!

1CCA
 

NY
i=1

(j jsij)�i
!
!1 (f�; �n)

�
1 +

tj ksk1
�n

�

+!1 (f; �n)

�
1 +

tj ksk1
�n

��
jsin (1� t)j dt =8>>>>>><>>>>>>:

266666642
X

�:=(�1;:::;�N );�i2Z+

i=1;:::;N;j�j:=
NP
i=1

�i=2

0BB@ 1
NQ
i=1

�i!

1CCA
 

NY
i=1

(j jsij)�i
!
!1 (f�; �n)

37777775+ !1 (f; �n)
9>>>>>>=>>>>>>;�Z 1

0

�
1 +

tj ksk1
�n

�
jsin (1� t)j dt

�
� (17)8>>>>>><>>>>>>:

266666642
X

�:=(�1;:::;�N );�i2Z+

i=1;:::;N;j�j:=
NP
i=1

�i=2

0BB@ 1
NQ
i=1

�i!

1CCA
 

NY
i=1

(j jsij)�i
!
!1 (f�; �n)

37777775+ !1 (f; �n)
9>>>>>>=>>>>>>;�Z 1

0

�
1 +

tj ksk1
�n

�
(1� t) dt

�
:
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So far we have proved that

jRj j �

8>>>>>><>>>>>>:

266666642
X

�i2Z+;

j�j:=
NP
i=1

�i=2

0BB@ 1
NQ
i=1

�i!

1CCA
 

NY
i=1

(j jsij)�i
!
!1 (f�; �n)

37777775+ !1 (f; �n)
9>>>>>>=>>>>>>;�Z 1

0

�
1 +

tj ksk1
�n

�
(1� t) dt

�
; (18)

j = 0; 1; :::; r; 0 < �n � 1.
So, we have found that

jRj j �

2664
2664j2 X

�i2Z+;
j�j=2

0BB@ 1
NQ
i=1

�i!

1CCA
 

NY
i=1

jsij�i
!
!1 (f�; �n)

3775+ 12!1 (f; �n)
3775 (19)

�
1 +

j ksk1
3�n

�
; j = 0; 1; :::; r; 0 < �n � 1:

Next we can write
rX
j=0

�j [f (x+ sj)� f (x)]�

0@ rX
j=0

�jj

1A NX
i=1

si
@f

@xi
(x)

!
sin (1)� (20)

2

0@ rX
j=0

�jj
2

1A8<:
24 NX

i=1

si
@

@xi

!2
f

35 (x)
9=; sin2

�
1

2

�
=

rX
j=0

�jRj :

Call

R :=
rX
j=0

�jRj : (21)

Hence it holds

jRj �
rX
j=0

j�j j jRj j �
rX
j=0

j�j j2666666666666664

2666666666666664
j2

X
8>>>>>><>>>>>>:
�:=(�1;:::;�N );�i2Z+

i=1;:::;N;j�j:=
NP
i=1

�i=2

9>>>>>>=>>>>>>;

0BB@ 1
NQ
i=1

�i!

1CCA
 

NY
i=1

jsij�i
!
!1 (f�; �n)

3777777777777775
+
1

2
!1 (f; �n)

3777777777777775
(22)
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�
1 +

j ksk1
3�n

�
=

rX
j=0

j�j j

2664
2664j2 X

�:j�j=2

0BB@ 1
NQ
i=1

�i!

1CCA!1 (f�; �n) �1 + j ksk13�n

� NY
i=1

jsij�i
!3775

+
1

2
!1 (f; �n)

�
1 +

j ksk1
3�n

��
; (23)

0 < �n � 1.
See that

sin 1 �= 0:8414
(sin 0:5)

2 �= (0:4794)2 �= 0:2298:

Clearly, it holds

�n (f; x)� f (x) =
rX
j=0

�j

Z
RN
(f (x+ sj)� f (x)) d��n (s) : (24)

We observe that

�n (x) =
rX
j=0

�j

Z
RN
Rjd��n (s) : (25)

We have that
rX
j=0

j�j j
Z
RN
jRj j d��n (s) �

rX
j=0

j�j j

2664
2664j2 X

�:j�j=2

0BB@ 1
NQ
i=1

�i!

1CCA!1 (f�; �n)Z
RN

�
1 +

j ksk1
3�n

� NY
i=1

jsij�i
!
d��n (s)

3775
(26)

+
1

2
!1 (f; �n)

Z
RN

�
1 +

j ksk1
3�n

�
d��n (s)

�
= '�n :

To remind (see also (6), (7))

ksk1 �
NX
i=1

jsij =: ksk1 ; (27)

hence the integrals in (9) ans (26) are uniformly bounded in �n 2 (0; 1].
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Notice also that (j = 0; 1; :::; r)R
RN jsij jsj� j d��n (s) � I1j (�) <1;R

RN s
2
i d��n (s) � I1j (�) <1;

(28)

and Z
RN
jsij d��n (s) �

�Z
RN
s2i d��n (s)

� 1
2

<1; (29)

by Hölder�s inequality, and all of them are uniformly bounded in �n 2 (0; 1].
Thus, in the uniformly continuous case of f�, j�j = 2, and f we get '�n ! 0,

as �n ! 0.
That is k�n (x)k1 ! 0, as �n ! 0.
The proof of the theorem is now completed.
We make

Remark 5 Next we will apply Theorem 4 to speci�c multivariate smooth Picard
singular integral operators

Pn (f ;x1; :::; xN ) := P
[m]
r;n (f ;x1; :::; xN ) :=

1

(2�n)
N

rX
j=0

�
[m]
j;r

Z
RN
f (x1 + s1j; x2 + s2j; :::; xN + sN j) e

�

NP
i=1

jsij
�n ds1:::dsN ;

(30)
r; n 2 N, m 2 Z+, 0 < �n � 1.
Clearly here it is

d��n (s) =
1

(2�n)
N
e�

NP
i=1

jsij
�n ds1:::dsN ; s 2 RN : (31)

We observe that

1

(2�n)
N

Z
RN
e�

NP
i=1

jsij
�n ds1:::dsN = 1; (32)

see [3], Chap. 22, p. 356.

Here �i 2 Z+; i = 1; :::; N : j�j =
NP
i=1

�i = 2. We notice that

Z
RN

 
NY
i=1

jsij�i
!
e�

NP
i=1

jsij
�n ds1:::dsN � 4N�N+2n � 4N ; (33)

by [3], p. 364.
So (6), (7) are con�rmed for j = 0 when d��n is as in (31).
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We need

Theorem 6 Let N 2 N; �i 2 Z+, i = 1; :::; N : j�j =
NP
i=1

�i = 2, �n 2 (0; 1],

n 2 N; j = 1; 2; :::; r: Then

I�1j (�) :=
1

(2�n)
N

Z
RN

�
1 +

j ksk1
3�n

� NY
i=1

jsij�i
!
e�

NP
i=1

jsij
�n ds1:::dsN � (34)

�2n

"�
1 +

j

3
N

�
+

�
1 +

j

3

� NY
i=1

�
be (�i + 1)!c

e

�#
�

"�
1 +

j

3
N

�
+

�
1 +

j

3

��
16

e

�N#
< +1;

are uniformly bunded in �n 2 (0; 1]; ful�lling (6). Above b�c is the integral part
of the number symbol.

Proof. Let j = 1; :::; r; then

I�1j (�) =
1

(2�n)
N

Z
RN

�
1 +

j ksk1
3�n

� NY
i=1

jsij�i
!
e�

NP
i=1

jsij
�n ds1:::dsN =

1

�Nn

Z
RN+

0BB@1 + j
�
NP
i=1

si

�
3�n

1CCA
 

NY
i=1

s�ii

!
e�

NP
i=1

si

�n ds1:::dsN =

�2n

Z
RN+

 
1 +

j

3

 
NX
i=1

si
�n

!! 
NY
i=1

�
si
�n

��i!
e
�

NP
i=1

si
�n d

�
s1
�n

�
:::d

�
sN
�n

�
= (35)

�2n

Z
RN+

 
1 +

j

3

 
NX
i=1

zi

!! 
NY
i=1

z�ii

!
e
�

NP
i=1

zi
dz1:::dzN =

�2n

24Z
[0;1]N

 
1 +

j

3

 
NX
i=1

zi

!! 
NY
i=1

z�ii

!
e
�

NP
i=1

zi
dz1:::dzN+

Z
(R+�[0;1])N

 
1 +

j

3

 
NX
i=1

zi

!! 
NY
i=1

z�ii

!
e
�

NP
i=1

zi
dz1:::dzN

35 �
�2n

24�1 + j

3
N

�
+

Z
(R+�[0;1])N

 
1 +

j

3

 
NX
i=1

zi

!! 
NY
i=1

z�ii

!
e
�

NP
i=1

zi
dz1:::dzN

35 �
(36)
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�2n

24�1 + j

3
N

�
+

�
1 +

j

3

�Z
(R+�[0;1])N

 
NX
i=1

zi

! 
NY
i=1

z�ii

!
e
�

NP
i=1

zi
dz1:::dzN

35 �
�2n

"�
1 +

j

3
N

�
+

�
1 +

j

3

�Z
(R+�[0;1])N

 
NY
i=1

zi

! 
NY
i=1

z�ii

! 
NY
i=1

e�zi

! 
NY
i=1

dzi

!#
=

�2n

"�
1 +

j

3
N

�
+

�
1 +

j

3

� NY
i=1

Z 1

1

z�i+1i e�zidzi

#
=

�2n

"�
1 +

j

3
N

�
+

�
1 +

j

3

� NY
i=1

Z 1

1

z
(�i+2)�1
i e�zidzi

#
(by [7], p. 348)

�2n

"�
1 +

j

3
N

�
+

�
1 +

j

3

� NY
i=1

� ((�i + 2) ; 1)

#
; (37)

where � (�; �) is the upper incomplete gamma function.
We have proved that, j = 1; :::; r; that

I�1j (�) � �2n

"�
1 +

j

3
N

�
+

�
1 +

j

3

� NY
i=1

� ((�i + 2) ; 1)

#
� (38)

�2n

"�
1 +

j

3
N

�
+

�
1 +

j

3

� NY
i=1

�
be (�i + 1)!c

e

�#
�

"�
1 +

j

3
N

�
+

�
1 +

j

3

��
16

e

�N#
< +1;

therefore I�1j (�) are uniformly bounded.
Above we used the formula

� (s+ 1; 1) =
bes!c
e
, s 2 N. (39)

Here �i + 2 2 N, hence

� ((�i + 2) ; 1) =
be (�i + 1)!c

e
� be3!c

e
=
b6ec
e

=
b16:30968c

e
=
16

e
: (40)

The claim is proved.
It follows
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Theorem 7 Let N 2 N, �n 2 (0; 1], n 2 N; j = 1; 2; :::; r: Then

I�2j (�) :=
1

(2�n)
N

Z
RN

0BB@1 + j
�
NP
i=1

jsij
�

3�n

1CCA e�
NP
i=1

jsij
�n ds1:::dsN � (41)

"�
1 +

j

3
N

�
+

�
1 +

j

3

��
2

e

�N#
< +1;

are uniformly bounded in �n 2 (0; 1]; ful�lling (7).

Proof. We have

I�2j (�) =
1

(2�n)
N

Z
RN

0BB@1 + j
�
NP
i=1

jsij
�

3�n

1CCA e�
NP
i=1

jsij
�n ds1:::dsN =

1

�Nn

Z
RN+

0BB@1 + j
�
NP
i=1

si

�
3�n

1CCA e�
NP
i=1

si

�n ds1:::dsN = (42)

Z
RN+

 
1 +

j

3

 
NX
i=1

zi

!!
e
�

NP
i=1

zi
dz1:::dzN =

Z
[0;1]N

 
1 +

j

3

 
NX
i=1

zi

!!
e
�

NP
i=1

zi
dz1:::dzN+

Z
(R+�[0;1])N

 
1 +

j

3

 
NX
i=1

zi

!!
e
�

NP
i=1

zi
dz1:::dzN �

�
1 +

j

3
N

�
+

Z
(R+�[0;1])N

 
1 +

j

3

 
NX
i=1

zi

!!
e
�

NP
i=1

zi
dz1:::dzN �

�
1 +

j

3
N

�
+

�
1 +

j

3

�Z
(R+�[0;1])N

 
NX
i=1

zi

!
e
�

NP
i=1

zi
dz1:::dzN �

�
1 +

j

3
N

�
+

�
1 +

j

3

�Z
(R+�[0;1])N

 
NY
i=1

zi

! 
NY
i=1

e�zi

! 
NY
i=1

dzi

!
=

�
1 +

j

3
N

�
+

�
1 +

j

3

� NY
i=1

Z 1

1

zie
�zidzi = (43)

12



�
1 +

j

3
N

�
+

�
1 +

j

3

� NY
i=1

Z 1

1

z2�1i e�zidzi =

�
1 +

j

3
N

�
+

�
1 +

j

3

� NY
i=1

� (2; 1) =

�
1 +

j

3
N

�
+

�
1 +

j

3

��
bec
e

�N
=

�
1 +

j

3
N

�
+

�
1 +

j

3

��
2

e

�N
< +1:

We make

Remark 8 By (28), (29), Remark 5, and Theorem 6, we observe that (j =
0; 1; :::; r)

1
(2�n)

N

R
RN jsij jsj� j e

�

NP
i=1

jsij
�n ds1:::dsN ;

1
(2�n)

N

R
RN s

2
i e
�

NP
i=1

jsij
�n ds1:::dsN ;

1
(2�n)

N

R
RN jsij e

�

NP
i=1

jsij
�n ds1:::dsN ;

(44)

are uniformly bounded in �n 2 (0; 1] and they converge to zero as �n ! 0:

Based on Theorem 4, Remark 5, Theorem 6, Theorem 7 and Remark 8,
we present our major result about approximation properties of smooth Picard
singular integral operators Pn, see (30).

Theorem 9 Here f 2 C2
�
RN
�
and let �i 2 Z+, i = 1; :::; N , N � 1, j�j :=

NP
i=1

�i = 2; x 2 RN , and f� of order 2, f 2 CB
�
RN
�
[CU

�
RN
�
, and 0 < �n � 1,

n 2 N.
Denote (n 2 N)

�n (x) := Pn (f; x)� f (x)�0@ rX
j=0

�jj

1A sin (1)
24 NX
i=1

@f (x)

@xi

0@ 1

(2�n)
N

Z
RN
sie

�

NP
i=1

jsij
�n ds1:::dsN

1A35 (45)

�2

0@ rX
j=0

�jj
2

1A sin2�1
2

�8<:
NX
i=1

0@ 1

(2�n)
N

Z
RN
s2i e

�

NP
i=1

jsij
�n ds1:::dsN

1A @2f (x)

@x2i

13



+
X
i 6=j�;

i;j�2f1;:::;Ng

0@ 1

(2�n)
N

Z
RN
sisj�e

�

NP
i=1

jsij
�n ds1:::dsN

1A @2f (x)

@xi@xj�

9>>=>>; :
Then
(i) ���n (x)�� � �n (x)1 �

rX
j=0

j�j j

2664
2664j2 X

�i2Z+;
�:j�j=2

0BB@ 1
NQ
i=1

�i!

1CCA!1 (f�; �n) 1

(2�n)
N

Z
RN

�
1 +

j ksk1
3�n

� NY
i=1

jsij�i
!
e�

NP
i=1

jsij
�n ds1:::dsN

35+ (46)

1

2
!1 (f; �)

1

(2�n)
N

Z
RN

�
1 +

j ksk1
3�n

�
e�

NP
i=1

jsij
�n ds1:::dsN

35 =: '�n :
In case of all f� of order 2 and f 2 CU

�
RN
�
and �n ! 0, as n ! 1, then

�n (x),
�n (x)1 ! 0 with rates.

(ii) If @f(x)@xi
= 0, i = 1; :::; N , and f� (x) = 0, �i 2 Z+, i = 1; :::; N , with

j�j = 2, then
jPn (f; x)� f (x)j � '�n : (47)

And Pn (f; x)! f (x) in the uniformly continuous case.
(iii) Additionally assume that all partials of order � 2 are bounded. Hence

kPn (f)� fk1 �

0@ rX
j=0

j�j j j

1A (0:8414)
24 NX
i=1

 @f@xi

1

1

(2�n)
N

0@Z
RN
jsij e�

NP
i=1

jsij
�n ds1:::dsN

1A35
+

0@ rX
j=0

j�j j j2
1A (0:4596)

8<:
NX
i=1

1

(2�n)
N

0@Z
RN
s2i e

�

NP
i=1

jsij
�n ds1:::dsN

1A@2f@x2i

1
+

14



X
i 6=j�;

i;j�2f1;:::;Ng

1

(2�n)
N

0@Z
RN
jsij jsj� j e�

NP
i=1

jsij
�n ds1:::dsN

1A @2f

@xi@xj�


1

9>>=>>;+ '�n :
(48)

If all f� of order 2, f 2 CU
�
RN
�
, then

kPn (f)� fk1 ! 0 with rates, as �n ! 0, n! +1:
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