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Abstract

In this article we apply the uniform and Lp, 1 � p <1 approximation
properties of general smooth multivariate singular integral operators over
RN , N � 1. It is a trigonometric based approach with detailed applica-
tions to the corresponding smooth multivariate Poisson-Cauchy singular
integral operators. The results are quantitative via Jackson type inequal-
ities involving the �rst uniform and Lp moduli of continuity.
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1 Introduction

The degree of approximation by univariate and multivariate singular integral
operators has been studied extensively in [1]-[3] and [7], [9] and [10]. All these
sources motivate our current work. In particular we studied the approximation
properties of the smooth singular integral operators in [1]-[3], [9]. These are not
in general positive operators. Here we use the uniform and Lp, p � 1, results
of our multivariate general theory [5], [6], to establish approximation proper-
ties of the smooth Poisson-Cauchy singular integral operators. The degrees of
approximation are given quantitatively by using the uniform and Lp �rst mod-
uli of continuity. The essential tool here comes from [4], where a multivariate
trigonometric Taylor formula is proved.
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2 Background of General Theory

Here r 2 N, m 2 Z+, we de�ne

�j := �
[m]
j;r :=

8>>><>>>:
(�1)r�j

�
r

j

�
j�m, if j = 1; 2; :::; r;

1�
rP
j=1

(�1)r�j
�
r

j

�
j�m, if j = 0:

(1)

and

�k := �
[m]
k;r :=

rX
j=0

�
[m]
j;r j

k, k = 1; 2; :::;m 2 N: (2)

See that
rX
j=0

�
[m]
j;r = 1; (3)

and

�
rX
j=1

(�1)r�j
�
r

j

�
= (�1)r

�
r

0

�
:

Let ��n be a probability Borel measure on R
N , N � 1, �n > 0, n 2 N:

We now de�ne the multiple smooth singular integral operators

�n (f ;x1; :::; xN ) := �
[m]
r;n (f ;x1; :::; xN ) :=

rX
j=0

�
[m]
j;r

Z
RN
f (x1 + s1j; x2 + s2j; :::; xN + sN j) d��n (s) ; (4)

where s := (s1; :::; sN ), x := (x1; :::; xN ) 2 RN ; n; r 2 Z, m 2 Z+, f : RN ! R is
a Borel measurable function, and also (�n)n2N is a bounded sequence of positive
real numbers, we take 0 < �n � 1.

Remark 1 The operators �[m]r;n are not in general positive, see [2], p. 2.

We observe that

Lemma 2 It holds
�[m]r;n (c;x1; :::; xn) = c;

where c is a constant.

We need
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De�nition 3 Let f 2 C
�
RN
�
, N � 1. We de�ne the �rst uniform modulus of

continuity of f as

!1 (f; �) := sup
x;y2RN :
kx�yk1��

jf (x)� f (y)j , � > 0; (5)

where k�k1 is the max norm in RN . The functional !1 (f; �) is bounded for f
being bounded or uniformly continuous, and !1 (f; �)! 0 as � ! 0, in the case
of f being uniformly continuous.

We mention the main uniform general approximation result regarding the
operator �n.

Theorem 4 ([5]) Here f 2 C2
�
RN
�
and let all �i 2 Z+, i = 1; :::; N , N � 1,

j�j :=
NP
i=1

�i = 2; x 2 RN , and all the partials f� of order 2, along with f 2

CB
�
RN
�
(continuous and bounded functions); or all f� of order 2, f 2 CU

�
RN
�

(uniformly continuous functions). Let ��n be a Borel probability measure on R
N ,

for 0 < �n � 1, n 2 N.

Suppose that for all � := (�1; :::; �N ), �i 2 Z+, i = 1; :::; N , j�j =
NP
i=1

�i = 2,

j = 0; 1; :::; r, we have that both

I1j (�) :=

Z
RN

�
1 +

j ksk1
3�n

� NY
i=1

jsij�i
!
d��n (s) ; (6)

I2j (�) :=

Z
RN

�
1 +

j ksk1
3�n

�
d��n (s) ; (7)

are uniformly bounded in �n 2 (0; 1]:
Denote (n 2 N)

�n (x) := �n (f; x)� f (x)�

0@ rX
j=0

�jj

1A sin (1)" NX
i=1

@f (x)

@xi

�Z
RN
sid��n (s)

�#

�2

0@ rX
j=0

�jj
2

1A sin2�1
2

�( NX
i=1

�Z
RN
s2i d��n (s)

�
@2f (x)

@x2i
+ (8)

X
i 6=j�;

i;j�2f1;:::;Ng

�Z
RN
sisj�d��n (s)

�
@2f (x)

@xi@xj�

9>>=>>; :
Then
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(i)

j�n (x)j � k�n (x)k1 �
rX
j=0

j�j j

2664
2664j2 X

�i2Z+;
�:j�j=2

0BB@ 1
NQ
i=1

�i!

1CCA!1 (f�; �n)Z
RN

�
1 +

j ksk1
3�n

� NY
i=1

jsij�i
!
d��n (s)

3775+
1

2
!1 (f; �n)

Z
RN

�
1 +

j ksk1
3�n

�
d��n (s)

�
=: '�n : (9)

In case of all f� of order 2 and f 2 CU
�
RN
�
and �n ! 0, as n ! 1, then

�n (x), k�n (x)k1 ! 0 with rates.
(ii) If @f(x)@xi

= 0, i = 1; :::; N , and f� (x) = 0, �i 2 Z+, i = 1; :::; N , with
j�j = 2, then

j�n (f; x)� f (x)j � '�n : (10)

And �n (f; x)! f (x) in the uniformly continuous case.
(iii) Additionally assume all partials of order � 2 are bounded. Hence

k�n (f)� fk1 �

0@ rX
j=0

j�j j j

1A (0:8414)" NX
i=1

 @f@xi

1

�Z
RN
jsij d��n (s)

�#
+

0@ rX
j=0

j�j j j2
1A (0:4596)( NX

i=1

�Z
RN
s2i d��n (s)

�@2f@x2i

1
+

X
i 6=j�;

i;j�2f1;:::;Ng

�Z
RN
jsij jsj� j d��n (s)

� @2f

@xi@xj�


1

9>>=>>;+ '�n : (11)

If all
R
RN s

2
i d��n (s) and

R
RN jsij jsj� j d��n (s) converge to zero, as n ! 1,

with �n ! 0, and all f� of order 2, f 2 CU
�
RN
�
, then

k�n (f)� fk1 ! 0 with rates, as �n ! 0, n! +1:

Next we deal with f 2 Cm
�
RN
�
, m 2 Z+, with f� 2 Lp

�
RN
�
, j�j =

m 2 Z+, p � 1; where f� denotes the mixed partial
@
ejf(�;:::;�)

@x
�1
1 :::@x

�N
N

, �j 2 Z+,

j = 1; :::; N : j�j :=
NP
j=1

�j = ej, ej = 1; :::;m:
We need
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De�nition 5 (see also [2], p. 20) We call

�ruf (x) := �
r
u1;u2;:::;uN f (x1; :::; xN ) := (12)

rX
j=0

(�1)r�j
�
r

j

�
f (x1 + ju1; x2 + ju2; :::; xN + juN ) :

Let p � 1, the Lp modulus of smoothness of order r is given by

!r (f ;h)p := sup
kuk2�h

k�ru (f)kp ; (13)

h > 0:

We mention

Theorem 6 ([6]) Let f 2 Cm
�
RN
�
, m 2 N, N � 1, with f� 2 Lp

�
RN
�
; j�j =

m, x 2 RN : Let p; q > 1 : 1p +
1
q = 1. Here ��n is a Borel probability measure

on RN for �n > 0, (�n)n2N bounded sequence. Assume for all � := (�1; :::; �N ) ;

�i 2 Z+, i = 1; :::; N; j�j :=
NP
i=1

�i = m that we have

Z
RN

  
NY
i=1

jsij�i
!�

1 +
ksk2
�n

�r!p
d��n (s) <1: (14)

For ej = 1; :::;m; and � := (�1; :::; �N ) ; �i 2 Z+, i = 1; :::; N; j�j := NP
i=1

�i = ej,
call

c�;n;ej :=
Z
RN

NY
i=1

s�ii d��n (s) : (15)

Then

E[m]r;n


p
:=

�
[m]
r;n (f ;x)� f (x)�

mX
ej=1

�
[m]ej;r
0BB@X
j�j=ej

c�;n;ejf� (x)�
NQ
i=1

�i!

�
1CCA

p;x

� (16)

2664�m+N � 1
m

� p
q

 
m

(q (m� 1) + 1)
p
q

!0BB@ X
j�j=m

1
NQ
i=1

�i!

�

"Z
RN

" 
NY
i=1

jsij�i
!�

1 +
ksk2
�n

�r#p
d��n (s)

#
!r (f�; �n)

p
p

!# 1
p

:

As n!1 and �n ! 0, by (16), we obtain that
E[m]r;n


p
! 0 with rates.
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One also gets by (16) that�[m]r;n (f ;x)� f (x)

p;x
�

mX
ej=1

����[m]ej;r
���
0BB@X
j�j=ej

���c�;n;ej���
NQ
i=1

�i!

kf�kp

1CCA+R:H:S:(16); (17)

given that kf�kp <1; j�j = ej, ej = 1; :::;m:
Assuming that c�;n;ej ! 0, �n ! 0; as n ! 1, we get

�[m]r;n (f)� f

p
! 0,

that is �[m]r;n ! I the unit operator, in Lp norm, with rates.

We make

Remark 7 Notice that (p > 1)Z
RN

 
NY
i=1

jsij�i
!�

1 +
ksk2
�n

�r
d��n (s) �

"Z
RN

  
NY
i=1

jsij�i
!�

1 +
ksk2
�n

�r!p
d��n (s)

# 1
p

<1; (18)

by assumption of Theorem 6.
By (18) we get that Z

RN

NY
i=1

jsij�i d��n (s) <1: (19)

Hence c�;n;ej 2 R:
We mention also the following trigonometric induced alternative Lp approx-

imation result for �n operators.

Theorem 8 ([6]) Let p; q > 1 : 1p +
1
q = 1, 0 < �n � 1, n 2 N. Here we deal

with f 2 C2
�
RN
�
, N � 1, with f; f� 2 Lp

�
RN
�
, j�j = 2, where �i 2 Z+,

i = 1; :::; N , and j�j =
NP
i=1

�i; x 2 RN . Let ��n be a Borel probability measure

on RN . Suppose that for all � : j�j = 2, j = 0; 1; :::; r, we have that both

I1j (�) :=

Z
RN

 
NY
i=1

jsijp�i
!�

1 +
jp kskp2
�pn

�
d��n (s) ; (20)
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I2 :=

Z
RN

�
ksk2
�n

�p
d��n (s) ; (21)

are uniformly bounded in �n 2 (0; 1]:
Denote (n 2 N)

�n (x) := �n (f; x)� f (x)�

0@ rX
j=0

�jj

1A sin (1)" NX
i=1

@f (x)

@xi

�Z
RN
sid��n (s)

�#

�2

0@ rX
j=0

�jj
2

1A sin2�1
2

�( NX
i=1

�Z
RN
s2i d��n (s)

�
@2f (x)

@x2i
+ (22)

X
i 6=j�;

i;j�2f1;:::;Ng

�Z
RN
sisj�d��n (s)

�
@2f (x)

@xi@xj�

9>>=>>; :
Then, it holds

k�n (x)kp �

0@ rX
j=0

j�j jq
1A 1

q (
2

(q + 1)
1
q

�
N (N + 1) + 2

2

� 1
q

)
8>><>>:

rX
j=0

2664j2p X
j�j=2

0BB@ 1
NQ
i=1

�i!

1CCA
p

!1 (f�; �n)
p
p

 Z
RN

 
NY
i=1

jsijp�i
!�

1 +
jp kskp2
�pn

�
d��n (s)

!

(23)

+!1 (f; �n)
p
p

�Z
RN

�
1 +

jp kskp2
�pn

�
d��n (s)

��� 1
p

:

As n ! 1 and �n ! 0, by (23), we obtain that k�nkp ! 0 with rates. One
also gets by (23) that

k�n (f; x)� f (x)kp;x �0@ rX
j=0

j�j j j

1A sin (1)" NX
i=1

 @f@xi

p

�Z
RN
jsij d��n (s)

�#

+2

0@ rX
j=0

j�j j j2
1A sin2�1

2

�( NX
i=1

�Z
RN
s2i d��n (s)

�@2f@x2i

p

+

X
i 6=j�;

i;j�2f1;:::;Ng

�Z
RN
jsisj� j d��n (s)

� @2f

@xi@xj�


p

9>>=>>;+R:H:S: (23) ; (24)
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given thatkf�kp <1, j�j = ej, ej = 1; 2: Assuming that RRN s2i d��m (s) ; RRN jsisj� j d��n (s),
i; j� 2 f1; :::; Ng, i 6= j�, converge to zero as �n ! 0, we get k�n (f; x)� f (x)kp !
0, that is �n ! I the unit operator, in Lp norm, with rates.

Furthermore we mention the following trigonometric based alternative L1
approximation result for �n operators.

Theorem 9 ([6]) Let 0 < �n � 1, n 2 N, x 2 RN . Here we deal with f 2
C2
�
RN
�
, N � 1, with f; f� 2 L1

�
RN
�
, j�j = 2, where �i 2 Z+, i = 1; :::; N ,

and j�j =
NP
i=1

�i. Let ��n be a Borel probability measure on R
N . Suppose that

for all � : j�j = 2, j = 0; 1; :::; r, we have that both

I�1j (�) :=

Z
RN

 
NY
i=1

jsij�i
!�

1 +
j ksk2
�n

�
d��n (s) ; (25)

and

I�2 :=

Z
RN

ksk2
�n

d��n (s) ; (26)

are uniformly bounded in �n 2 (0; 1]:
Here �n (x) is as in (22).
Then, it holds

k�n (x)k1 �

8>><>>:
rX
j=0

j�j j

2664j2 X
j�j=2

0BB@ 2
NQ
i=1

�i!

1CCA!1 (f�; �n)1
 Z

RN

 
NY
i=1

(jsij)�i
!

�
1 +

j ksk2
�n

�
d��n (s)

�
+ !1 (f; �n)1

�Z
RN

�
1 +

j ksk2
�n

�
d��n (s)

���
: (27)

As n ! 1 and �n ! 0, by (27), we obtain that k�nk1 ! 0 with rates. One
also obtains by (27) that

k�n (f)� fk1 �0@ rX
j=0

j�j j j

1A sin (1)" NX
i=1

 @f@xi

1

�Z
RN
jsij d��n (s)

�#

+2

0@ rX
j=0

j�j j j2
1A sin2�1

2

�( NX
i=1

�Z
RN
s2i d��n (s)

�@2f@x2i

1

+

X
i 6=j�;

i;j�2f1;:::;Ng

�Z
RN
jsisj� j d��n (s)

� @2f

@xi@xj�


1

9>>=>>;+R:H:S: (27) ; (28)
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given thatkf�k1 <1, j�j = ej, ej = 1; 2: Assuming that RRN s2i d��n (s) ; RRN jsisj� j d��n (s),
i; j� 2 f1; :::; Ng, i 6= j�, converge to zero as �n ! 0, we derive k�n (f)� fk1 !
0, that is �n ! I in L1 norm, with rates.

We need

De�nition 10 The general multivariate Poisson-Cauchy singular integral op-
erators are de�ned as follows:

Un := U
[m]
r;n (f ;x1; :::; xN ) :=W

N
n

rX
j=0

�
[m]
j;r � (29)

Z
RN
f (x1 + s1j; :::; xN + sN j)

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN ;
with � 2 N, � > 1

2� , and

Wn :=
� (�)��2���1n

�
�
1
2�

�
�
�
� � 1

2�

� ; (30)

see [2], p. 15.

Notice that

WN
n

Z
RN

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN = 1; (31)

see [8], [11], p. 397, formula 595.
That is, Un are the �n operators applied for the Borel probability measures

on RN , N � 1,

d��n (s) =W
N
n

 
NY
i=1

1�
s2�i + �2�n

��
!
ds1:::dsN ; s 2 RN ; (32)

where 0 < �n � 1, n 2 N:
Wr will apply to Un the Theorems 4, 6, 8 and 9, with the help of all of

section 3. That is a presentation of approximation properties by Un:

3 Auxiliary Results

We need
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Theorem 11 Let N 2 N; �i 2 Z+; i = 1; :::; N : j�j :=
NP
i=1

�i = 2, �n 2 (0; 1],

n 2 N; j = 0; 1; :::; r 2 N; � 2 N, � > 1
2� ; Wn as in (30). Then

I1j (�) :=W
N
n

Z
RN

�
1 +

j ksk1
3�n

� NY
i=1

jsij�i
!

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN �
(33)

�2��(N�1)+2n

�N
�
1
2�

�
�N
�
� � 1

2�

�
�
(2�� (�))

N

�
1 +

j

3
N

�
+

�
1 +

j

3

�
�N
�
2

�

�
�N
�
� � 2

�

��
�

1

�N
�
1
2�

�
�N
�
� � 1

2�

�
�
(2�� (�))

N

�
1 +

j

3
N

�
+

�
1 +

j

3

�
�N
�
2

�

�
�N
�
� � 2

�

��
< +1; (34)

are uniformly bounded in �n, and I1j (�)! 0, as �n ! 0.

Proof. We have that

I1j (�) =W
N
n

Z
RN

�
1 +

j ksk1
3�n

� NY
i=1

jsij�i
!

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN =

2NWN
n

Z
RN+

0BB@1 + j
�
NP
i=1

si

�
3�n

1CCA
 

NY
i=1

s�ii

!
NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN (35)

(c :=
� (�)�

�
�
1
2�

�
�
�
� � 1

2�

� , i.e. Wn = c�
2���1
n )

= (2c)
N
�2��N�Nn

Z
RN+

0BB@1 + j
NP
i=1

si

3�n

1CCA
 

NY
i=1

s�ii

!
NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi =

(2c)
N
�2��N�Nn �2n�

�2��
n �Nn

Z
RN+

 
1 +

j

3

NX
i=1

�
si
�n

�!
 

NY
i=1

�
si
�n

��i! NY
i=1

1��
si
�n

�2�
+ 1

�� NY
i=1

d

�
si
�n

�
=
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(2c)
N
�2��(N�1)+2n

Z
RN+

 
1 +

j

3

NX
i=1

zi

! 
NY
i=1

z�ii

!
NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi =

(2c)
N
�2��(N�1)+2n

"Z
[0;1]N

 
1 +

j

3

NX
i=1

zi

! 
NY
i=1

z�ii

!
NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi+

(36)Z
(R+�[0;1])N

 
1 +

j

3

 
NX
i=1

zi

!! 
NY
i=1

z�ii

!
NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
�

(2c)
N
�2��(N�1)+2n

��
1 +

j

3
N

�
+

�
1 +

j

3

�Z
(R+�[0;1])N

 
NX
i=1

zi

! 
NY
i=1

z�ii

!
NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
�

(2c)
N
�2��(N�1)+2n

��
1 +

j

3
N

�
+

�
1 +

j

3

�Z
(R+�[0;1])N

 
NY
i=1

zi

! 
NY
i=1

z�ii

!
NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
=

(2c)
N
�2��(N�1)+2n"�

1 +
j

3
N

�
+

�
1 +

j

3

�Z
(R+�[0;1])N

 
NY
i=1

z�i+1i

!
NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
=

(37)

(2c)
N
�2��(N�1)+2n

"�
1 +

j

3
N

�
+

�
1 +

j

3

� NY
i=1

Z 1

1

z�i+1i

1

(z2�i + 1)
�
dzi

#
�

(2c)
N
�2��(N�1)+2n

24�1 + j

3
N

�
+

�
1 +

j

3

� Z 1

1

z2+1

(z2� + 1)
�
dz

!N35 �
(2c)

N
�2��(N�1)+2n

24�1 + j

3
N

�
+

�
1 +

j

3

� Z 1

0

z3

(z2� + 1)
�
dz

!N35 (38)

(by [11], p. 397, formula 595)

= (2c)
N
�2��(N�1)+2n

24�1 + j

3
N

�
+

�
1 +

j

3

� 
�
�
2
�

�
�
�
� � 2

�

�
2�� (�)

!N35

=

 
2� (�)�

�
�
1
2�

�
�
�
� � 1

2�

�!N �2��(N�1)+2n

11



24�1 + j

3
N

�
+

�
1 +

j

3

� 
�
�
2
�

�
�
�
� � 2

�

�
2�� (�)

!N35 ;
where N 2 N and � > 1

2� . The claim is proved.

Remark 12 By Theorem 11, with i; j� 2 f1; :::; Ng ; i 6= j�, we have that

WN
n

Z
RN
jsij jsj� j

 
NY
i=1

1�
s2�i + �2�n

��
!
ds1:::dsN ;

WN
n

Z
RN
s2i

 
NY
i=1

1�
s2�i + �2�n

��
!
ds1:::dsN � I1j (�) <1; (39)

(j = 0; 1; :::; r 2 N);
and

WN
n

Z
RN
jsij
 

NY
i=1

1�
s2�i + �2�n

��
!
ds1:::dsN � (40)

(WN
n

Z
RN
s2i

 
NY
i=1

1�
s2�i + �2�n

��
!
ds1:::dsN )

1=2 <1;

and all these integrals are uniformly bounded in �n 2 (0; 1]. And all integrals
converge to zero, as �n ! 0:

We continue.

Theorem 13 Let N � 1, �n 2 (0; 1], n 2 N, � > 1
� . Then

I2 :=W
N
n

Z
RN

ksk1
�n

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN �
�2��(N�1)

�N
�
1
2�

�
�N
�
� � 1

2�

� �(2�� (�))N N + �N
�
1

�

�
�N
�
� � 1

�

��
� (41)

1

�N
�
1
2�

�
�N
�
� � 1

2�

� �(2�� (�))N N + �N
�
1

�

�
�N
�
� � 1

�

��
< +1;

uniformly bounded in �n; and as �n ! 0, I2 ! 0, when N > 1:

Proof. We observe that

I2 =W
N
n

Z
RN

ksk1
�n

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN =

12



2NWN
n

Z
RN+

0BB@
NP
i=1

si

�n

1CCA NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN =
(c :=

� (�)�

�
�
1
2�

�
�
�
� � 1

2�

� , i.e. Wn = c�
2���1
n )

= (2c)
N
�2��N�Nn ��2��n �Nn

Z
RN+

 
NX
i=1

�
si
�n

�! NY
i=1

1��
si
�n

�2�
+ 1

�� NY
i=1

d

�
si
�n

�
=

(42)

(2c)
N
�2��(N�1)n

Z
RN+

 
NX
i=1

zi

! 
NY
i=1

1

(z2�i + 1)
�

!
NY
i=1

dzi =

(2c)
N
�2��(N�1)n

"Z
[0;1]N

 
NX
i=1

zi

! 
NY
i=1

1

(z2�i + 1)
�

!
NY
i=1

dzi+

Z
(R+�[0;1])N

 
NX
i=1

zi

! 
NY
i=1

1

(z2�i + 1)
�

!
NY
i=1

dzi

#
�

(2c)
N
�2��(N�1)n

"
N +

Z
(R+�[0;1])N

 
NY
i=1

zi

! 
NY
i=1

1

(z2�i + 1)
�

!
NY
i=1

dzi

#
= (43)

(2c)
N
�2��(N�1)n

"
N +

NY
i=1

Z 1

1

zi

(z2�i + 1)
�
dzi

#
=

(2c)
N
�2��(N�1)n

24N +

 Z 1

1

z

(z2� + 1)
�
dz

!N35 �
(2c)

N
�2��(N�1)n

24N +

 Z 1

0

z

(z2� + 1)
�
dz

!N35
(by [11], p. 397, formula 595)

= (2c)
N
�2��(N�1)n

24N +

 
�
�
1
�

�
�
�
� � 1

�

�
2�� (�)

!N35 =
 

2�� (�)

�
�
1
2�

�
�
�
� � 1

2�

�!N �2��(N�1)n

24N +

 
�
�
1
�

�
�
�
� � 1

�

�
2�� (�)

!N35 = (44)

�2��(N�1)n

�N
�
1
2�

�
�N
�
� � 1

2�

� �(2�� (�))N N + �N
�
1

�

�
�N
�
� � 1

�

��
�

13



1

�N
�
1
2�

�
�N
�
� � 1

2�

� �(2�� (�))N N + �N
�
1

�

�
�N
�
� � 1

�

��
< +1;

uniformly bounded in �n; and as �n ! 0, we get I2 ! 0, for N > 1; � > 1
� :

We will apply.

Theorem 14 ([3], p. 447) Let r;m 2 N, N 2 N-f1g, � 2 N, � > (m+r)p+1
2� ,

�j 2 Z+, p > 1; j = 1; :::; N : j�j :=
NP
j=1

�j = m, �n 2 (0; 1], n 2 N. Denote

Wn :=
��(�)�2���1n

�( 1
2� )�(��

1
2� )
: Then

��n (�) :=W
N
n

Z
RN

  
NY
i=1

jsij�i
!�

1 +
ksk2
�n

�r!p NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi �

�2��(N�1)+mpn

 
2�� (�)

�
�
1
2�

�
�
�
� � 1

2�

�!N
264(1 +N)rp + 2rp

0@�
�
(m+r)p+1

2�

�
�
�
� �

�
(m+r)p+1

2�

��
2�� (�)

1AN
375 �

 
2�� (�)

�
�
1
2�

�
�
�
� � 1

2�

�!N
264(1 +N)rp + 2rp

0@�
�
(m+r)p+1

2�

�
�
�
� �

�
(m+r)p+1

2�

��
2�� (�)

1AN
375 < +1; (45)

uniformly bounded in �n:
Also ��n (�)! 0, as �n ! 0, n! +1:

Remark 15 (on Theorem 14) Clearly, it holds

B�n (�) :=W
N
n

Z
RN

 
NY
i=1

jsij�i
!

NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi <1; (46)

uniformly bounded in �n 2 (0; 1]. And, clearly B�n (�)! 0, as �n ! 0, n!1;
by (45).

We need the following

14



Theorem 16 Let �i 2 Z+, i = 1; :::; N 2 N : j�j :=
NP
i=1

�i = 2, �n 2 (0; 1],

n 2 N, p � 1, and j = 0; 1; :::; r 2 N: We assume that � > 3p+1
2� . Then

Aj�n (�) :=W
N
n

Z
RN

 
NY
i=1

jsijp�i
!�

1 +
jp kskp2
�pn

� NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi �

(47)
�2��(N�1)+2pn

�N
�
1
2�

�
�N
�
� � 1

2�

�
�
(2�� (�))

N
(1 + jpNp) + (1 + jp) �N

�
3p+ 1

2�

�
�N
�
� �

�
3p+ 1

2�

���
�

1

�N
�
1
2�

�
�N
�
� � 1

2�

� (48)�
(2�� (�))

N
(1 + jpNp) + (1 + jp) �N

�
3p+ 1

2�

�
�N
�
� �

�
3p+ 1

2�

���
< +1;

uniformly bounded in �n 2 (0; 1], and Aj�n (�)! 0, as �n ! 0, n!1. When
p = 1, we denote Aj�n (�) as Aj�n (�) :

Proof. We estimate (p � 1)

Aj�n (�) =W
N
n

Z
RN

 
NY
i=1

jsijp�i
!�

1 +
jp kskp2
�pn

� NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi =

2NWN
n

Z
RN+

 
NY
i=1

sp�ii

!�
1 +

jp kskp2
�pn

� NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi �

2NWN
n

Z
RN+

 
NY
i=1

sp�ii

! 
1 + jp

 
NX
i=1

si
�n

!p! NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi (49)

(c :=
� (�)�

�
�
1
2�

�
�
�
� � 1

2�

� , i.e. Wn = c�
2���1
n )

= (2c)
N
�2��N�Nn �2pn �

�2��
n �NnZ

RN+

 
NY
i=1

�
si
�n

�p�i! 
1 + jp

 
NX
i=1

si
�n

!p! NY
i=1

1��
si
�n

�2�
+ 1

�� NY
i=1

d

�
si
�n

�
=

(2c)
N
�2��(N�1)+2pn

Z
RN+

 
NY
i=1

zp�ii

! 
1 + jp

 
NX
i=1

zi

!p! NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi =

15



(2c)
N
�2��(N�1)+2pn

"Z
[0;1]N

 
NY
i=1

zp�ii

! 
1 + jp

 
NX
i=1

zi

!p! NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi+

(50)Z
(R+�[0;1])N

 
NY
i=1

zp�ii

! 
1 + jp

 
NX
i=1

zi

!p! NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
�

(2c)
N
�2��(N�1)+2pn [(1 + jpNp)+Z

(R+�[0;1])N

 
NY
i=1

zp�ii

!  
NX
i=1

zi

!p
+ jp

 
NX
i=1

zi

!p! NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
=

(2c)
N
�2��(N�1)+2pn"

(1 + jpNp) + (1 + jp)

Z
(R+�[0;1])N

 
NY
i=1

zp�ii

! 
NX
i=1

zi

!p NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
�

(2c)
N
�2��(N�1)+2pn"

(1 + jpNp) + (1 + jp)

Z
(R+�[0;1])N

 
NY
i=1

zp�ii

! 
NY
i=1

zpi

!
NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
=

(2c)
N
�2��(N�1)+2pn"

(1 + jpNp) + (1 + jp)

Z
(R+�[0;1])N

NY
i=1

z
p(�i+1)
i

NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
= (51)

(2c)
N
�2��(N�1)+2pn

"
(1 + jpNp) + (1 + jp)

NY
i=1

Z 1

1

z
p(�i+1)
i

1

(z2�i + 1)
�
dzi

#
�

(2c)
N
�2��(N�1)+2pn

24(1 + jpNp) + (1 + jp)

 Z 1

1

z3p

(z2� + 1)
�
dz

!N35 �
(2c)

N
�2��(N�1)+2pn

24(1 + jpNp) + (1 + jp)

 Z 1

0

z3p

(z2� + 1)
�
dz

!N35 (52)

(by [11], p. 397, formula 595, by assuming � > 3p+1
2� )

= (2c)
N
�2��(N�1)+2pn

24(1 + jpNp) + (1 + jp)

 
�
�
3p+1
2�

�
�
�
� �

�
3p+1
2�

��
2�� (�)

!N35 =
 

2� (�)�

�
�
1
2�

�
�
�
� � 1

2�

�!N �2��(N�1)+2pn
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24(1 + jpNp) + (1 + jp)

 
�
�
3p+1
2�

�
�
�
� �

�
3p+1
2�

��
2�� (�)

!N35 =
�2��(N�1)+2pn

�N
�
1
2�

�
�N
�
� � 1

2�

�
�
(2�� (�))

N
(1 + jpNp) + (1 + jp) �N

�
3p+ 1

2�

�
�N
�
� �

�
3p+ 1

2�

���
: (53)

The claim is proved.
We need the following.

Theorem 17 Let p � 1; �n 2 (0; 1], n 2 N, N � 1; and � > p+1
2� . Then

Kp�n :=W
N
n

Z
RN

�
ksk2
�n

�p NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi � (54)

�2��(N�1)

�N
�
1
2�

�
�N
�
� � 1

2�

� �(2�� (�))N Np + �N
�
p+ 1

2�

�
�N
�
� �

�
p+ 1

2�

���
�

1

�N
�
1
2�

�
�N
�
� � 1

2�

� �(2�� (�))N Np + �N
�
p+ 1

2�

�
�N
�
� �

�
p+ 1

2�

���
< +1;

(55)
uniformly bounded in �n 2 (0; 1], and Kp�n ! 0, as �n ! 0, n!1; for N > 1:

When p = 1 we denote Kp�n as K1�n :

Proof. We estimate (p � 1)

Kp�n =W
N
n

Z
RN

�
ksk2
�n

�p NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi =

2NWN
n

Z
RN+

�
ksk2
�n

�p NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi �

2NWN
n

Z
RN+

0BB@
NP
i=1

si

�n

1CCA
p

NY
i=1

1�
s2�i + �2�n

�� NY
i=1

dsi = (56)

(c :=
� (�)�

�
�
1
2�

�
�
�
� � 1

2�

� , i.e. Wn = c�
2���1
n )

(2c)
N
�2��N�Nn ��2��n �Nn

Z
RN+

 
NX
i=1

�
si
�n

�!p NY
i=1

1��
si
�n

�2�
+ 1

�� NY
i=1

d

�
si
�n

�
=

17



(2c)
N
�2��(N�1)n

Z
RN+

 
NX
i=1

zi

!p NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi =

(2c)
N
�2��(N�1)n

"Z
[0;1]N

 
NX
i=1

zi

!p NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi+

Z
(R+�[0;1])N

 
NX
i=1

zi

!p NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
�

(2c)
N
�2��(N�1)n

"
Np +

Z
(R+�[0;1])N

 
NY
i=1

zpi

!
NY
i=1

1

(z2�i + 1)
�

NY
i=1

dzi

#
= (57)

(2c)
N
�2��(N�1)n

24Np +

 Z 1

1

zp
1

(z2� + 1)
�
dz

!N35 �
(2c)

N
�2��(N�1)n

24Np +

 Z 1

0

zp

(z2� + 1)
�
dz

!N35
(by [11], p. 397, formula 595, by � > p+1

2� )

= (2c)
N
�2��(N�1)n

24Np +

 
�
�
p+1
2�

�
�
�
� �

�
p+1
2�

��
2�� (�)

!N35 =
 

2�� (�)

�
�
1
2�

�
�
�
� � 1

2�

�!N �2��(N�1)n

24Np +

 
�
�
p+1
2�

�
�
�
� �

�
p+1
2�

��
2�� (�)

!N35 =
(58)

�2��(N�1)n

�N
�
1
2�

�
�N
�
� � 1

2�

� �(2�� (�))N Np + �N
�
p+ 1

2�

�
�N
�
� �

�
p+ 1

2�

���
;

proving the claim.

4 Main Results

Here we apply Theorem 4 to Un operators, regarding uniform convergence.

Theorem 18 We consider f 2 C2
�
RN
�
and let all �i 2 Z+, i = 1; :::; N ,

N � 1, j�j :=
NP
i=1

�i = 2; x 2 RN , and all the partials f� of order 2, along with

f 2 CB
�
RN
�
; or all f� of order 2, f 2 CU

�
RN
�
; 0 < �n � 1, n 2 N. Assume

that � > 1
� :

18



Denote (n 2 N)

�n (x) := Un (f; x)� f (x)�

0@ rX
j=0

�jj

1A sin (1)
"
NX
i=1

@f (x)

@xi
WN
n

 Z
RN
si

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN
!#

�2

0@ rX
j=0

�jj
2

1A sin2�1
2

�( NX
i=1

WN
n

 Z
RN
s2i

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN
!
@2f (x)

@x2i

+
X
i 6=j�;

i;j�2f1;:::;Ng

WN
n

 Z
RN
sisj�

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN
!
@2f (x)

@xi@xj�

9>>=>>; : (59)

Then
(i) ���n (x)�� � �n1 �

rX
j=0

j�j j

2664
2664j2 X

�i2Z+;
�:j�j=2

0BB@ 1
NQ
i=1

�i!

1CCA!1 (f�; �n) I1j (�)
3775+

1

2
!1 (f; �n)

�
1 +

j

3
I2

��
=: '�n ; (60)

where I1j (�) is as in (33), and I2 is as in (41).
In case of all f� of order 2 and f 2 CU

�
RN
�
and �n ! 0, as n!1, then

�n (x),
�n! 0 with rates.

(ii) If @f
@xi

= 0, i = 1; :::; N , and f� (x) = 0, �i 2 Z+, i = 1; :::; N , with
j�j = 2, then

jUn (f; x)� f (x)j � '�n : (61)

And Un (f; x)! f (x) in the uniformly continuous case.
(iii) Additionally assume all partials of order � 2 are bounded. Hence

kUn (f)� fk1 �

0@ rX
j=0

j�j j j

1A (0:8414)
"
NX
i=1

 @f@xi

1
WN
n

 Z
RN
jsij

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN
!#

+

19



0@ rX
j=0

j�j j j2
1A (0:4596)( NX

i=1

WN
n

 Z
RN
s2i

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN
!@2f@x2i


1
+

X
i 6=j�;

i;j�2f1;:::;Ng

WN
n

 Z
RN
jsij jsj� j

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN
! @2f

@xi@xj�


1

9>>=>>;+'�n :
(62)

If all f� of order 2, f 2 CU
�
RN
�
, then

kUn (f)� fk1 ! 0 with rates, as �n ! 0, n! +1:

Proof. By Theorems 4, 11, 13 and Remark 12.
Next we apply Theorem 6 to Un operators.

Theorem 19 Let f 2 Cm
�
RN
�
, m 2 N, N > 1, with f� 2 Lp

�
RN
�
; j�j = m,

x 2 RN : Let p; q > 1 : 1p +
1
q = 1; 0 < �n � 1, n 2 N: For j = 1; :::;m; and

� := (�1; :::; �N ) ; �i 2 Z+, i = 1; :::; N; j�j :=
NP
i=1

�i = j, call

c�;n;j :=W
N
n

Z
RN

 
NY
i=1

s�ii

!
NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN : (63)

Here we assume � > (m+r)p+1
2� :

Then

E[m]r;n


p
:=

Ur;n (f ;x)� f (x)�
mX
j=1

�
[m]

j;r

0BB@X
j�j=j

c�;n;jf� (x)�
NQ
i=1

�i!

�
1CCA

p;x

�

2664�m+N � 1
m

� p
q

 
m

(q (m� 1) + 1)
p
q

!0BB@ X
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(64)
where ��n (�) as in (45).

As n!1 and �n ! 0, by (64), we obtain that
E[m]r;n


p
! 0 with rates.

One also obtains by (64) that
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given that kf�kp <1; j�j = j, j = 1; :::;m:
Finally we get kUn (f)� fkp ! 0 as �n ! 0; and n ! 1. That is Un ! I

the unit operator, in Lp norm, with rates.

Proof. By Theorems 6, 14 and (46).
Next we apply Theorem 8 to Un operators.

Theorem 20 Let p; q > 1 : 1
p +

1
q = 1, 0 < �n � 1, n 2 N. Here we deal

with f 2 C2
�
RN
�
, N � 1, with f; f� 2 Lp

�
RN
�
, j�j = 2, where �i 2 Z+,

i = 1; :::; N , and j�j =
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i=1

�i; x 2 RN ; j = 0; 1; :::; r: Assume � > 3p+1
2� :

Denote (n 2 N)
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(66)
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(67)
where Aj�n (�) as in (47), and Kp�n as in (55). Note that

�np ! 0 with
rates as �n ! 0, n!1, by (67).
One also obtains from (67) that

kUn (f)� fkp �
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(68)

given thatkf�kp <1, j�j = ej, ej = 1; 2:
Clearly kUn (f)� fkp ! 0, as n ! 1 and �n ! 0. That is Un ! I; the

unit operator, in Lp norm with rates.

Proof. By Theorems 8, 16, 17 and Remark 12.
We �nish with an application of Theorem 9 to Un operators.

Theorem 21 Let 0 < �n � 1, n 2 N, x 2 RN . Here we deal with f 2 C2
�
RN
�
,

N � 1, with f; f� 2 L1
�
RN
�
, j�j = 2, where �i 2 Z+, i = 1; :::; N , and

j�j =
NP
i=1

�i; j = 0; 1; :::; r: Assume that � > 2
� : Here �n as in (66). Then
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+!1 (f; �n)1

h
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iio
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where Aj�n (�) as in Theorem 16, and K�n as in Theorem 17.
Note that

�n1 ! 0 with rates as �n ! 0, n!1, by (69).
We derive also that

kUn (f)� fk1 �0@ rX
j=0

j�j j j

1A sin (1)" NX
i=1

 @f@xi

1

WN
n

 Z
RN
jsij

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN
!#

+2

0@ rX
j=0

j�j j j2
1A sin2�1

2

�( NX
i=1

WN
n

 Z
RN
s2i

NY
i=1

1�
s2�i + �2�n

�� ds1:::dsN
!@2f@x2i


1

+

(70)

22



X
i 6=j�;

i;j�2f1;:::;Ng

WN
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RN
jsisj� j
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i=1

1�
s2�i + �2�n

�� ds1:::dsN
! @2f

@xi@xj�


1

9>>=>>;+R:H:S: (69) ;
given thatkf�k1 < 1, j�j = ej, ej = 1; 2: As n ! 1 and �n ! 0, by (70), we
derive that kUn (f)� fk1 ! 0, that is Un ! I the unit operator, in L1 norm,
with rates.

Proof. By Theorems 9, 16, 17 and Remark 12.

References

[1] G.A. Anastassiou, Intelligent Mathematics: Computational Analysis,
Springer, Heidelberg, New York, 2011.

[2] G.A. Anastassiou, Approximation by Multivariate Singular Integrals,
Springer, New York, 2011.

[3] G.A. Anastassiou, Constructive Fractional Analysis with Applications,
Springer, Heidelberg, New York, 2021.

[4] G.A. Anastassiou, General multiple sigmoid functions relied complex valued
multivariate trigonometric and hyperbolic neural network approximations,
submitted, 2023.

[5] G.A. Anastassiou, Uniform Approximation by smooth Picard Multivariate
Singular Integral Operators revisited, submitted, 2023.

[6] G.A. Anastassiou, Trigonometric based multivariate smooth Picard singular
integrals Lp approximation, submitted, 2023.

[7] G.A. Anastassiou, S. Gal, Approximation Theory, Birkhaüser, Boston,
2000.

[8] G.A. Anastassiou, R. Mezei, Uniform convergence with rates of smooth
Poisson-Cauchy type singular integral operators, Math. Comput. Modell.
50 (2009), 1553-1570.

[9] G.A. Anastassiou, R. Mezei, Approximation by singular integrals, Cam-
bridge Scienti�c Publishers, Cambridge, UK, 2012.

[10] R.N. Mohapatra and R.S. Rodriguez, On the rate of convergence of singular
integrals for Hölder continuous functions, Math. Nachr., 149 (1990), 117-
124.

[11] D. Zwillinger, CRC standard Mathematical Tables and Formulae, 30th edn.
Chapman & Hall/CRC, Boca Raton (1995).

23


