AN N-DIMENSIONAL VERSION OF OSTROWSKI’S
INEQUALITY FOR MAPPINGS OF THE HOLDER TYPE
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ABSTRACT. Generalizations for multiple integrals and mappings of the Holder
type, of the celebrated Ostrowski’s inequality which extend Milovanovié result
from 1975, are given.

1. INTRODUCTION

In 1938, A. Ostrowski proved the following integral inequality [6, p. 468].
Let f : [a,b] — R be a differentiable mapping on (a,b) whose derivative f’ :
(a,b) — R is bounded on (a,b), i.e., ||f'|l,, := sup |f' ()] < co. Then we have
te(a,b)

the inequality

a+b

1+““‘2)]w—@wmu

<
T4 b—a)’

(1.1) ‘f(x) -

1 b
t)dt
el A0
for all x € [a, b] .

The constant i is the best possible.

For some generalizations of this see the book [6, p. 468 - p484] by Mitrinovi¢,
Pecari¢ and Fink.

Some applications of the above results in Numerical Integration and for special
means have been given in a recent paper [4] by S.S. Dragomir and S. Wang. For
other results of Ostrowski’s type see [2, 3 and 5].

In 1975, G.N. Milovanovié¢ generalized Ostrowski’s result for a function of several
variables [6, p. 468]:

Let f: R™ — R be a differentiable function defined on

D=A{(x1,.c,xm):a; <z; <b;(i=1,...m)}
and let

o, <M; (M;>0,i=1,...m)

in D. Furthermore, let the function  — p(z) be integrable and p(z) > 0 for
every x € D. Then for every = € D, we have the inequality:

o
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[p) fu)dy| > M [p(y)las -yl dy
D i=1 D

[p(y)dy = gp(y)dy

f ) =

In [1], N.S. Barnett and S.S. Dragomir established the following result for real
mappings of two variables.
2
Let f : [a,b] X [c,d] — R be such that f(-,-) is continuous, f', = aaTafy exists
on (a,b) x (¢,d) and is bounded, i.e.,

2
||fg/tH — sup 0 f(IE,y)’ < 0
oo yelab) x(e,d) | 010y
Then we have the inequality:
b d d b
[ [rendsi- (-0 [f@oder@-o [ 1sds
a C (& a

—(d=c)(b—a)f(zy)]|

<[ro-ar (=) | [haors (- 59)

for all (z,y) € [a,b] x [c,d].
In this paper we point out an Ostrowski inequality for multiple integrals and
Holder type mappings thus generalizing the Milovanovié¢ result as follows.

i
1734l

2. A GENERALIZATION FOR MAPPINGS OF THE HOLDER TYPE

We start with the following Ostrowski type inequality for mappings of the r—Hdélder
type.

Theorem 2.1. Assume that the mapping f : [a1,b1] X ... X [an, by] — R satisfies
the following r— Hélder type condition:

(H) lf &) -f@)< ZLz’ |z — ys

"Ly >0,i=1,..,n)

for all X = (z1,...,2,), ¥ = (y1,..,yn) € [A,b] = [a1,b1] X ... X [an,by], where
r; € (0,1], i =1,...,n. We have then the Ostrowski type inequality:

(bi —ai) 5

b
ﬂ@—m—i——/fwﬁ

[

K2

n ri+1 ri+1
L; Ti—a;\ by —xi\ "
< bi_ i i
_;Ti+l (bi—ai> +<bi—ai ( Cl)




AN N-DIMENSIONAL VERSION OF OSTROWSKI'S INEQUALITY

(2.1) <

o i+l
_ b b by
for allx € [a,b], where [ f(®)dt = [ .. [ f(t1,....t) dbp...dt1.
Proof. By (H) we have
If () = F®I <Y Ll — ™
i=1

for all X,t € [5, 1_3} .
Integrating over t on [5, 1_3] and using the modulus properties we get

b b b
@ [~ [ < [16@-70)) 0@
n by bn
(2.2) < ZLi/.../|xi — 5| dty..dty.

As
1 by

/.../dtn...dtl = H (bl - ai)
a1 an i=1

b1 bn
an

ay

and

" dt;

n bs
i dtndtl = H(b] — aj) / |l‘l — ti
j=1 i

by —a; \" ! x; —a; \" !
<b_a> +<b_a) ‘|(b1_al)l7

then, dividing (2.2) by [] (b; — a;) we get the first part of (2.1).

Jj=1
Using the elementary inequality

=)+ (B-y)" < (B )T
for all « <y < g and p > 0, we get
bi —x; r Li — ay r
<l,i=1,...
<bi—az‘) +<bi—ai> ST et

and the last part of (2.1) is also proved. I

Some particular cases are interesting.
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Corollary 2.2. Under the above assumptions, we have the mid-point inequality:
bl bn

ai+0b a, + by, 1
f( Lo ; >_ _ /,../f(tl,...,tn)dtn...dtl\
.1:[1 (i —ai)a,

03 SEI nr )n

which is the best inequality we can get from (2.1).

Proof. Note that the mapping hy, : [, 3] — R, hy, (y) = (y — )P 4 (3 — )Pt
(p > 0) has its infimum at yo = O‘—w and
(8-
inf h, e
y€la,f] ) = 2p
Consequently, the best inequality we can get from (2.1) is the one for which
T, =Y “’ giving the desired inequality (2.3). 1

The following trapezoid type inequaltiy also holds

Corollary 2.3. Under the above assumptions, we have:

by by,
\f(al’”"a”)+f(b1""’b") - ! )/.../f(tl,...,tn)dtn...dtl

2 n
H(bl_a'l an
=1
2 Li(b; —a;)"
2.4
0.4 <y bl

Proof. Put in (2.1) X = a and then X = b, add the obtained inequalities and use
the triangle inequality to get (2.4). 1

An important particular case is one for which the mapping f is Lipschitzian, i.e.,
n
(25) |f (xlv 7$n) - f (yla ~~~ayn)| < ZLz |5L'z - yz|
i=1
for all X,y € [ﬁ, t_)] .
Thus, we have following corollary.

Corollary 2.4. Let f be a Lipschitzian mapping with the constants L;. Then we
have
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The constant 1> " all the brackets, is the best possible.

Proof. Choose r; =1(i=1,...,n) in (2.1) to get

1 bl bn
flar,.hen) — — f(t1, sty dbp...dt
1:[1 (bl - al) a an
1 - T; — a; 2 blfllfz 2
< — L; - s
_2; 1{(1%—(11) +<bi—ai>](bl @)

A simple computation shows that

2
1 T; — a; 2+ b; — x; 2 1+ xi—%’” .1
= = _—c i=1,..n
2 bi—ai bi—ai 4 bi—ai ’ T
giving the desired inequality (2.6) .

To prove the sharpness of the constants §, assume that the inequality (2.6) holds
for some positive constants ¢; > 0, i.e.,
b
— [r®

I (b — ai) 5

1=

n a7+b
2.7 < Li c; + b _az 5
0 Sl ()

for all X € [57 B} .
Choose f (z1,...,2n) =z; (i =1,...,n). Then, by (2.7), we get

zi — ai+b;\?2
c; + 7( (b — ;)2) 1 (b; — a;)

f®) -

=

7ai—|—bl-

for all x; € [a;,b;]. Put z; = a;, to get

bz’ — a; 1
< S . —
5 = (Cz + 4) (b; — ay)

from which we deduce ¢; > %, and the sharpness of % is proved. 1

Corollary 2.5. If f is as in Corollary 4, then we get
a) the mid-point formula

by b,
ai+0b a, + b, 1
f< Lt A . ) _ /,../f(tl,...,tn)dtn...dtl\
H (bl - ai) a an
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b) the trapezoid formula
b 1 P
n) /.../f(tl,...,tn)dtn...dtl |

(bl - ai) a an
1

f (al, ceey an) + f (bl, ceey
| 2

—

-
Il

7(51 *ai)-

M:

1
<=
2

1
-

Remark 2.1. In practical applications, we assume that the mapping f [a b]
R has the partial derivatives af and af bounded on [a b] That is,
af (1, s Tn)

8f = < o0
0w || o xe(a,b) O .

With this assumption, we have the Ostrowski type inequality

f&) - f
Hbfaza
1 l‘i—m ?
>3] |3 (mﬂi> (b0

=1

are sharp.

The constants, 1
3. A WEIGHTED VERSION

The following generalization of Theorem 1 holds
[a l_o] — R be such that f is of the r—Hdlder type with

Theorem 3.1. Let f,w
) and where w is integrable on [a, b}

the constants L; and r; € (0,1](i=1,...,n

nonnegative on this interval and
b b1 br,

b
/w (x)dx := //w (X1, ey Tp) dTpy...dxy > 0.
a ai An
Then we have the inequality:
) b
FE® -+ w(3) £ (7)dy
Jw(y)dy a
b
n Jlei =yl w(3)dy
(3.1) <)y L;® =
= Jw(¥)dy
a
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Proof. The proof is similar to that of Theorem 1 .
As f is of the r—Holder type with the constants L; and r; (¢ = 1,...,n), we can

write

T4

If(i)ff(i)ISZLi |z — i

for all X,y € [5, l_)] .
Multiplying by w (¥) > 0 and integrating over § on [5, B] , we get,

(3.2)
b b
y < ZL'L / 25 =yl w (Yis ooy Yn) Ay dyr -

b
Combining (3.2) with (3.3) and dividing by [w(¥)dy > 0 we get the desired
a

inequality (3.1). I
Remark 3.1. If we assume that the mapping f is Lipschitzian with constants L;

then we get,

< z”: L;
i=1

which generalizes Milovanovié result from 1975 (see [6, p. 468]).

The following corollaries hold.
Corollary 3.2. With the assumptions from Theorem 6 we have:
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“ b; — a; a; + b;
34 < L; P —
(3.0 <> e |
for allx € [5, k_)] .
Proof. We have
b

s~ il w (@) dy < sup [oi—uil™ [w(@)dy
ge(ab] 4

ml\u‘l

b
= max {|z; — a;|,|z; — b} /w (¥) dy

b
= max {z; — a;,b; — mz}/w (¥)dy

b
b, — a; a; +b; N\ -
Then
b

n [ zn d_ n
ZL*_{':B yi|" w (¥) Y<ZL‘ boai | _aith
=1 ' b = = _i—l ' 2 Z 2
- Jw(¥)dy -

and by (3.1), we get the desired estimation (3.4) . I

Another type of estimation is as follows

Corollary 3.3. With the assumptions from Theorem 6, we have
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Proof. We observe that
" dy

b
w(F)dy < sup w(F /m "

|9Uz‘ —yi|ri
ye ab

m\c‘l

:j];[l(bj—aj) ri+1
P [t @m0
11:[1(&;] J)[ (ri + 1) (bi — as) ]

Now, using (3.1) we get (3.5).
Finally, by Holder’s integral inequality we can also state the following corollary

Corollary 3.4. With the assumptions from Theorem 6, we have

B
F®) -5 w () £(3)dy
Jw(y)dya
(3.6)
(B 1/q
Jlw (i)]qdy> | o
a n o % n - (bz —mi)prﬂrl +(xi_ai)prl+1 P
< J];[l (bz az) ;Ll [ (p'ri + 1) (bz — ai) ‘|

for allx € [5, B] .
Proof. Using Holder’s integral inequality for multiple integrals, we get

10

(3.7)

b 5 B

But
b;

b
/|-Tz yz|prl dy H b _aj)/lwl yz| dyz

Jj=1 a;
j#i
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e T (pri +1) (b; — a;)

and then, by (3.7), we get

5
t/Wxig—yA“”dy
a

n P s +1 1
1 _ _ (bl - CCi)pTi + (l‘z — ai)p” v
< b; —aj)r w 9d
J= a
Using (3.1), we deduce the desired estimation(3.6). i
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