SOME INEQUALITIES FOR THE RELATIVE ENTROPY AND
APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. Some new inequalities for the relative entropy and applications
are given.

1. INTRODUCTION

The relative entropy is a measure of the distance between two distributions. In
statistics, it arises as an expected logarithm of the likelihood ratio. The relative
entropy D(pl|q) is a measure of the inefficiency of assuming that the distribution
is ¢ when the true distribution is p. For example, if we knew the true distribution
of the random variable, then we could construct a code with average description
length H(p). If, instead, we used the code for a distribution ¢, we would need
H(p) + D(pl|q) bits on the average to describe the random variable [1, p. 18].

In what follows, unless we will specify, log will denote log, where b is a given
base greater than 1.

Definition 1. The relative entropy or Kullback-Leibler distance between two prob-
ability mass functions p(x) and q(z) is defined by

(L1) Diollg) pr)log(p(”)

TEX @

~ Bylog (zgg) .

In the above definition, we use the convention (based on continuity arguments)
that 0log (%) =0 and plog (&) = oc.

It is well-known that relative entropy is always non-negative and is zero if and
only if p = ¢q. However, it is not a true distance between distributions since it is
not symmetric and does not satisfy the triangle inequality.

The following theorem is of fundamental importance [1, p. 26].

Theorem 1. (Information Inequality) Let p(x), q(z) € X, be two probability mass
functions. Then

(1.2) D(pllg) = 0
with equality if and only if
(1.3) p(z) = q(x) forallx € X.
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Actually, the inequality (1.2) can be improved as follows (see , [1, p. 300]):

Theorem 2. Let p,q be as above. Then

1 2
1.4 D >_~ |p—
(1.4) (llq) > T lp—qllf

where ||p—qlly = > [p(x) —q(x)] is the usual 1-norm of p —q. The equality holds
reEX
ifr=q

We remark that the argument of (1.4) is not based on the convexity of the map
—log(.).

To evaluate the relative entropy D(p||q) it would be interesting to establish some
upper bounds.

Before we do this, let us recall some other important concepts in Information
Theory.

We introduce mutual information, which is a measure of the amount of informa-
tion that one random variable contains about another random variable. It is the
reduction in the uncertainty of one random variable due to the knowledge of the
other [1, p. 18].

Definition 2. Consider two random variables X and Y with a joint probability
mass function p(x,y) and marginal probability mass function p(x) and q(y). The
mutual information is the relative entropy between the joint distribution and the
product distribution, i.e.

(1.5) 1x:7) = 303 pla,y)log (p(:cy))

s et p(x)q(y)

= D(p(z,y) || p(x)q(y))
PXY)
Bt lo8 <p<X>q<Y>> '

The following corollary of Theorem 1 holds [1, p. 27].

Corollary 1. (Non-negativity of mutual information): For any two random vari-
ables, X, Y we have

(1.6) I(X;Y)>0
with equality if and only if X and Y are independent.
An improvement of this result via Theorem 2 is as follows

Corollary 2. For any two random variables, X, Y we have

(17) 1Y) 2 5 | 305 pley) — ple)at)]| >0

reX yey

with equality if and only if X and Y are independent.

Now, let u(x) = IT{?\ be the uniform probability mass function on X and let p(x)

be the probability mass function for X.
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It is well-known that [1, p. 27]

(1.9 Do) = 3 pa)log 7]
r€EX
— log|X|— H(X).

The following corollary of Theorem 1 is important [1, p. 27].

Corollary 3. Let X be a random variable and |X| denotes the number of elements
in the range of X. Then

(1.9) H(X) < log|X|
with equality if and only if X has a uniform distribution over X.
Using Theorem 2 we also can state

Corollary 4. Let X be as above. Then

1 1 ?
(1.10) log || — H(X) 2 5 [2; \pm - mH >0.

The equality holds iff p is uniformly distributed on X .

In the recent paper [2], the authors proved between other the following upper
bound for the relative entropy and employed it in Coding Theory in connection to
Noiseless Coding Theorem:

Theorem 3. Under the above assumptions for p (z) and q (x) we have the inequal-

ity

(1) i [Z ) _ 1] > D(plo)

= @)

with equality if and only if p(x) = q(x) for allx € X .
The following upper bound for the mutual information holds
Corollary 5. For any two random variables, X, Y we have
1 P*(z,y)
PSP or-« — N EPRS
b | = 2= p()a(y)
with equality iff X and Y are independent.

Finally, we note that the following upper bound for the difference log |X|— H (X)
is valid

Corollary 6. We have

» [m > ) - 1] > log|¥| ~ H(X)

rzeX

with equality if and only if p is uniformly distributed on X .

The main aim of this paper is to point out some refinements of (1.2) and (1.11)
and to apply them for the entropy mapping and for mutual information .



4 S.S. DRAGOMIR

2. AN INEQUALITY FOR RELATIVE ENTROPY
The following result holds
Theorem 4. Let p(x),q(z),z € X be two probability mass functions. Then

1 P?(2) 1 p(z) 7
(2.1) b Lg;{ a(z) 1] = Tnb {Z [<Q(x)) - 1]}

reX

1 g (x)\""
ED(p”q)Zlnb{Z [1_<p(x)> ‘|}ZO-

reX

The equality holds in all inequalities if and only if p (x) = q(z) for allz € X .

Proof. We know that for every differentiable strictly convex mapping f : I — R,
we have the double inequality

[ (@) (@ —y) > fx)—fly) > f () (x-y)

for all =,y € I. The equality holds iff z = y.
Now, if we apply this inequality to the strictly convex mapping —In(-) on the
interval (0, c0) we deduce

1 1
“(z—y)>hr—Iny>— (v —
-y) z i —ly> (- )

for all z,y > 0, with equality iff z = y.
Now, choose x = a®, y = b® in the above inequality to deduce

(2.2) (%)a—lzalna—alnb21— (Z)

with equality iff a = b.
If in (2.2) we put a = p(x), b = g(z) , then we obtain

() R ) )

with equality iff p(z) = q(z), z € X .
Summing over x € X we get

5 [(p(x))zam B 1] > De(pllg) > > [1 _ (;((i)))p(z)]

reX q(x) zeX

with equality iff p(z) = ¢(z), z € X .
Now, let observe that

<Z((z)))p(r):q(x) <p(1x))1>(z) <q(1x))1—p(r)’x€)(.

Using the weighted arithmetic mean-geometric mean inequality, i.e., we recall it
atb' 7t <ta+(1-t)b, a,b>0,t€(0,1)
with equality iff a = b, for the choices
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we get
p(z) 1—p(z) .

(2.3) <1) (1) <14 1-p(z)

p(x) q(x) q(x)
with equality iff p(z) = q(z), z € X .

If we multiply (2.3) by g(z) > 0 we get
2)\ P&

(2.4) ;]9((@)) <1l+g¢(z)—px),zeX.

Summing in (2.4) over x € X, we deduce

z p(x)
) (“ )) <X - Y g - Y pla) = |¥]

reX p(x) reX rzeX

p(z)
> ll— (q(x)> ] >0
= p(x)
with equality iff p(z) = g(x), z € X .
Also, we have

(I(;g;)p(x):p(x) (q(lx)>p(w) (p(lx)>1—p(x),xex.

Using again the weighted A-G-inequality we can state that

Multiplying this inequality by p(z) > 0 we get
() 2
p(x) )p p(x)
— <1+ —plz),xre X
(565 TR
which gives, by summation over z, that

pla) " pa)? B (e
Z(«x)) P Vrrid DRI UL Dl

reX reX a zeX zeX q

from where we deduce

i.e.,

p(x) 2
Z (p(ﬂf)) 1 Szp(l‘) 1
= [ \a@) = @)
with equality iff p(x) = ¢(z), v € X .
As log,(z) = 2% we deduce the desired inequality (2.1).
The following corollaries are important

Corollary 7. Let X be a random wvariable with the probability distribution p(x),
x € X . Then we have the inequality

(2.5) ﬁ le > ) - 11 > ﬁ > [|X|p<x)p(x)p<w> ~1

reEX zeX
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1
X pla)r@
The equality holds in all inequalities iff p is uniformly distributed on X .

1
> — > —
> log | X| H(X)*lnb E 1
zeX

The proof follows by the above theorem choosing ¢ = u, the uniform distribution
on X .
The following corollary for mutual information also holds.

Corollary 8. Let X and Y be as in the above theorem. Then

1 p*(x,y) 1 plz,y) \POY
@6 Zzp(af)q(y)fl Zmzz < ) !

rzeX yey reX yey p(‘r)Q(y)
1 z, p(z,y)
>1(XY) 2 3 1(}%) > 0.

T€EX yey
The equality holds in all inequalities iff X and Y are independent.

For recent results in the applications of Theory of Inequalities in Information
Theory and Coding, see the papers listed bellow.
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