THREE POINT RULES IN NUMERICAL INTEGRATION

P. CERONE

ABSTRACT. Identities and inequalities are obtained involving evaluations at
an interior and at the end points. It is shown how previous work and rules
in numerical integration are recaptured as particular instances of the current
development. Explicit a priori bounds are provided allowing the determina-
tion of the partition required for achieving a prescribed error tolerance. In
the main, Ostrowski-Griiss type inequalities are used to obtain bounds on the
rules in terms of a variety of norms.

1. INTRODUCTION

Recently, Cerone and Dragomir [2] obtained the following identity involving
n—time differentiable functions with evaluation at an interior point and at the
end points.

For f : [a,b] — R a mapping such that f is absolutely continuous on |[a, b]
with @ : [a,2] — R and 8 : (z,b] — R, then for all = € [a,b] the following identity
holds

(1.1) /K (z,t) £ (t) dt

(n—1)

/f dt—zk, (R (@) 140 (@) + S5 ()]

where the kernel K, : [a,b]> — R is given by

%7 t € la, ]
(1.2) Ky (z,t) ==
%7 t e (x,0],

Ry (2) = (B(2) —2)" + ()" (2 — a ()"

S (@) = (a(2) —a)* F*=V () + (=1)* 7" (b= B (2))" F*1 (1)
They obtained inequalities for (™ € L,[a,b], p > 1. In an earlier paper [1]
the same authors treated the case n = 1 but also examined the results eminating
from the Riemann-Stieltjes integral f: K (z,t)df (t) and obtained bounds for f
being of bounded variation, Lipschitzian or monotonic. Applications to numerical
quadrature were investigated covering rules of Newton-Cotes type containing the
evaluation of the function at three possible points: the interior and extremities. The

(1.3) and
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development included the midpoint, trapezoidal and Simpson type rules. However,
unlike the classical rules, the results were not as restrictive in that the bounds were
derived in terms of the behaviour of at most the first derivative and the Peano
kernel K (x,t). Perturbed rules were also obtained using Griiss type inequalities.

In 1938, Ostrowski (see for example [10, p. 468]) proved the following integral
inequality:

Let f : I € R — R be a differentiable mapping on I (I is the interior of I),
and let a,b € with a < b. If f’ : (a,b) — R is bounded on (a,b), i.e., 1f' o =

sup |f’ (t)| < oo, then we have the inequality:

t€(a,b)
1 b
t)dt
el A0
for all = € [a, b].

The constant i is sharp in the sense that it cannot be replaced by a smaller one.

For applications of Ostrowski’s inequality and its companions to some special
means and some numerical quadrature rules, we refer the reader to the recent
paper [7] by S.S. Dragomir and S. Wang.

Fink [8] used the integral remainder from a Taylor series expansion to show that
for f(»=1) absolutely continuous on [a, ], then the identity

(x— a+b)2

(b—a)’

1
(1) ’f(x) - < |+

] b—a)llfll

n—1

b b
ws) [ rwd- ((b— ) f @)+ Y Fi <x>> b [ Ko £ @
a k=1 a

is shown to hold where

(‘r — t)n71 . p(m,t)
(n—1)! n

(1.6) Kp(z,t) =

with p(z,t) being given by

p(l’,t) -

and

n}; k (@ — a)k FE=1) (a) + (_1)1@71 (b— x)k Fl=1) (b)} )

Fink then proceeds to obtain a variety of bounds from (1.5), (1.6) for £ € L, [a, b].
It may be noticed that (1.5) is again an identity that involves function evaluations
at three points to approximate the integral from the resulting inequalities. See
Mitrinovié, Pecari¢ and Fink [10, Chapter XV] for further related results.

In the current article a split Peano kernel is utilised in which the branches are
products of two harmonic polynomials, unlike Pearce et al. [11] who assumed
that each of the branches themselves were harmonic polynomials. The general
result then allows for great flexibility in deriving integration rules which involve
evaluation at an interior point and two end points. Bounds are obtained in terms
of the L, [a,b] norms and thus allowing, in advance, for the determination of a
partition required to achieve a given error tolerance. Simpson type formulae are
obtained in Section 3 and perturbed rules using Griiss type inequalities involving
the Chebychev functional are sketched in Section 4.

Fk (:]C) =
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2. FUNDAMENTAL RESULTS

Lemma 1. Let 1y, si, uk, vp € H for k € N be sequences of harmonic polynomials
where wy, € H if

(2.1) wy, (8) =wgp—1 (t), wo(t)=1, tER.
Further, define K, (x,t), p, (t) and g, (t) by

Dn (£) = e () S (B), € € [a, 2]
(2.2) K, (z,t) =

Gn (t) = Up—m (t) Uy (£), t € (x,0].

Then for f : [a,b] — R and "~V absolutely continuous on [a,b], the identity

(2.3) (-=1)" /b K, (z,t) £ (t) dt
( )/ Ftydt+ Z H W) () = a) (x)} FO1R) ()

+al (6) £ (B) - p;’” (a) F"10) ()}

holds, where

j=L
(2.4)

U

0= % (5 )ty Gomoass 0

j=L
with
(2.5) U =min{k,n—m}, L =max{0,k —m}.
Proof. Let

b

(2.6) Jn (a,2,b) = / K, (z,t) f™ (t) dt.

Then integration by parts from utilising (2.2) gives

(2.7) Jn (a,2,2) =nZ_j(—1)”+’“p;’“> (&) fR (1) x+(—1)” / "o () £ (1) de.
k=0 a a

Now, using the Leibniz rule for differentiation of a product gives from (2.2)

W 0-3 < " ) Prnem () & o (t)

Jj=0 J

It should be noted from (2.1) that

(2.8) wi (t) =
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and so from (2.7), since rp_., (f) and s, (¢) are harmonic polynomials satisfying
(2.1) and using (2.8) gives

min{k,n—m}

(2.9) CUCENED SN () IU P

j=max{0,k—m}

Similarly, from (2.6)

i
L

b
(2.10) Tn(@,2,0) = Y (=)™ @) f0 @)
0 x

b
(-1)" / g (1) £ (1) dt,

b
i

+

where

min{k,n—m}
k
(2.11) a® (t) = > < . )un—m—j (t) Vm—rtj (1)
) J
j=max{0,k—m}

Further, from (2.9) and (2.11) we deduce that j = n — m since the subscripts of u
and v are nonnegative and thus

(212 i =aw=(,", )= (1)

Combining (2.6), (2.7) and (2.10) on using (2.12) readily produces the identity (2.3)
where (2.4) is obtained from (2.9) and (2.11). 1

Theorem 1. Let f : [a,b] — R be a mapping such that F=1 s absolutely contin-
uous on [a,b]. The following inequalities hold for f) € Ly [a,b], p>1 and for all
€ la,b],

b n—1
(@) = " SN (R
(213) Ira (@) ‘<m>/af(t)dt > 0 {0

= ) (@)] SO (@) + 0 () S0 (1) = ) (a) 1R (@)
Hf(”)HOOBn(l,x) for  f" € Lo [a,b];

1
< SO [Ba (g 2))7 for  f) € Ly [a,0],
with p>1, 2+ 1=1;
Hf(”)Hlen (x) for  f" € Lya,b],
where
T b
(2.14)  B,(q,z) = / |Dn (t)|th+/ lqn (t)| dtdt
a x
(2.15) 0, () — M, (a,x) 42— M, (z,b) n | M, (x,0) ; M, (a,a:)|7
with Ma (a:2) = sup [pa (®)], M (2,5) = sup |an (8)],
t€la,z] te(x,b]

Pu (t), qn (t) are defined by (2.2),

pSf) (t), qgk) (t) are as given by (2.4),
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and the Lebesgue norms are defined by

Hf(") = ess sup ‘f(") (t)’ < 00,
0 t€la,b]
b »
(ARl - (/ ﬂm@ﬁdQ  p> L
p a

Proof. Taking the modulus of (2.3) gives
(2.16) 7n (@) = |Jn (a,2,b)],

where |7, ()| is as defined by the left hand side of (2.13) and J, (a, z,b) by (2.6).
Now, observe that, from (2.6),

b
(2.17) ()] < £ [ 1K o),

where from (2.

2.9)
(2.18) / |Kn(:c7t)|dt:/m \pn(t)|dt+/ g (1)) .

Thus, combining (2.16), (2.17) and (2.18) gives the first inequality in (2.13).
Further, using Holder’s integral inequality, we have the result, from (2.6),

b 1
¢ 1 1
(/Kumwﬁﬁ>, Tyl e
P a p q

which, upon using (2.2) produces the second inequality in (2.13) from (2.16).
Finally, observe that

o (., D) < || £

sup | Ky (2,1)],

[ (a,,)] < |7
1 tefa,b]

where, from (2.6)
sup |K, (z,t)] = max{ sup |pn (t)|, sup |gn (t)|}
te(a,b] te€(a,x] te(x,b)

and so using the well known identity

X+Y ||V - X]
2 2
produces, from (2.16), the third identity and the theorem is completely proved. |

(2.19) max {X,Y} =

Remark 1. Lemma 1 recaptures an identity obtained by Pearce et al. [12] if both
pn (t) and g, (t) are harmonic polynomilas. However, here p, (t) and g, (t) are in
themselves not harmonic polynomials but are the product of two harmonic polyno-
mials.

Although in some sense the following result is a specialisation of Theorem 1, it is
deemed to be of such importance, recapturing a number of past works as particular
cases, that it is itself referred to as a Theorem in its own right.
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Theorem 2. Let f : [a,b] — R be a mapping such that f=1 s absolutely con-
tinuous on [a,b]. The following inequalities hold for f(™ € Ly, [a,b], p>1 and for
o, z, B € [a,b] witha < a, z, 3<b,

(2.20) |75 (2)] := /bf(t) dt — ( :L )S:l(l)kﬂ{[pg) (z)
a k=0

g @)] ST (@) + g (6) £ () = i) (0) £ ()}

IA

(a—a)"" "' B((n—m)q+1,mqg+1)
(@ = )" (mg, (n—m) g; £=4

+(B—2)" W (mg, (n —m) ¢; 52
BS (q,2) = +b=3)"""Bmg+1,(n—m)qg+1), a<a<z<pB<b

(2= )" x (0 —m) g, mg, 2=2)

+(b—$)"q+1x((n—m)qqu,gﬂi), a<f<r<a<h

(2.22) 6, (x)
max {47 [ 4|0 = 41" B (5 4D~ 817}
_ a<a<zr<pB<b

max {A""™ (A-C)" ,B""™(B-D)"}, a<pf<x<a<b

U . B

(k) _ k (t—a)" "™ (t—a)™ kI

W=y (F) e ey

(2.23) “ sz L v "
k _ (t—b)n~m=d  (t—g)mkti

and g (t) = j;L ( j ) e R s s

with U and L as given by (2.5),
U (j, ks X) = [ u? (X +u)* du,

(2.24) XUk X) = [ ud (X —w) du,

B(j,k) =x(j — 1,k —1;1) is the Euler beta function,
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and
(2.25) A=2z—-a, C=2z—a, B=b—2z, D=0 —=.

Proof. Let, for n,m € Nand m <n

rnfm(t)z%, s (1) = =

and Up—m () = %,

where a < a, z, 8 <b.
Let the superscript C relate to the above harmonic polynomials. Then, from
(2.2),

(t—a)" ™ (t-—a)”
(n —m)! m!

(t=b)"" ="

and gy (1) = (n—m)! m!

(2:26)  py (1) =

Now, from (2.14) and (2.26)

(2.27) B (456) _ (nl!)q { / St ) o™ g

(n

(b= - B e

_ B (¢.2)
(n!)?

Now, for « € [a,z) and 8 € (x,b], then from (2.27)
B (q,x) = / (t—a)" ™ (@ — )™ dt + / (t—a)" "™t — o)™ dt

B
+/ (b= (B -t dt + / (b= )" (¢ — B)™ dt
x B
which upon substitution u = (ij‘;, ;:i, %
first part of (2.21) in terms of (2.24).
Similarly, for « € [z,b] and € [a, 2] then

and % respectively, produces the

T b
BS (g,7) = / (t—a)" ™ (@ — )™ dt + / (b—t)" ™ (¢ — g™ dt

t—a

—o and % respectively gives the second result in

which on substituting v =
(2.21).

Further, from (2.15) and (2.24)

0y, (x)
(n)

1 —m n—m
—max{ sup (t—a)" "t —a|™, sup (b—1t) |t—ﬂm}

(2.28)

n! tela,x) te(z,b)

= = —max{
n!

< (a,), MC (2,0)}
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Now, from (2.28)

MS (a,z) = (x—a)" ™ sup |t —af™
t€la,z]
max {a —a,z — a}]™, «a€la,x],
= (z—a)""
(a_a)mv OéE[I,b]
and
M (2,0) = (b—a)""" sup [t—B]"
te[z,b]
[max {3 —z,b— B}, BE€E [z,
— (b _ I)"l—m

(b_ﬁ)ma ﬁE[CL,I]

which upon using (2.19) produces (2.22), where A, B, C, D are as defined in (2.25)
and the theorem is proved. i

Remark 2. The results of Theorem 2 are quite general, giving previously reported
results as special cases. It is perhaps best to examine the Peano kernel (2.2) where
Pn (t) and gy, (t) are as given by (2.26), where the superscript C is used to denote that
the kernel involves coupled kernels resulting in function evaluation of at most three
points. For m = 0 the results of Cerone et al. [3] involving n—time differentiable
Ostrowski results are obtained. Taking m = n reproduces the results of Cerone
and Dragomir [2] involving three point results for n—time differentiable functions
consisting of evaluations at the end points and an interior point. If m = n and
a = B = x, then the generalised trapezoidal results for the n—time differentiable
results of Cerone et al. [4] are recovered. If we take m =n—1 and a = 8 = «,
then the results of Fink [8] are obtained within this quite general framework.

The following corollary gives a more elegant representation of the results through
a parametrisation of the intervals under consideration through a representation of
«a and [ as a convex combination of the end points.

Corollary 1. Let the conditions of Theorem 2 hold. Then

(2.29)

TS* (m)’ =

/b f)dt - ni: (=)l (@) f P () -
@ k=0

n—1

(=DM Q) (8) 11 (b) = PV () £ (a)] |

k=n

BIQD | p|| . for  f®) € Lo [a,b];

(55 (0.0)] ®

= S, for  f € Ly [a,b],
with p>1, 2+ 1=1;
L@, for  f™ € Ly [a,0],
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where
(230) By (g,7)
ATIB ((n—m)q+1,mg+ 1)+

_ [Anq-‘rl 4 Bnq-‘rl] (1 - /\)nq+1 v (mq, (n - m) q, ﬁ) ) 0 S A< 1;

X((n_m)Q7mQ7)‘)u )\217
(2.31) 65 (a)

b—a a+b
- {2 +‘x_ 2

]n L+A-3]", 0<Aa<y

A A> 1,

with W (j,k; X), x (4, k; X) and B (4, k) as given by (2.24) and A = x—a, B =b—z.
Further,

o (% Yoo
dglk) — |An—Fk _ 1
(x) Y
m

( (n=m—j)!(m—k+j)!>

()
(2.32) P (a) = Ark (R AT ks

)
n
m

k
and QP (b) = B"kA"—k< — ) L k>n—m
(n)
with, from (2.6), U = min{k,n — m} and L = max {0,k — m}.
Proof. Taking o = Az + (1 = A)a and 8 = Az + (1 — A) b in Theorem 2 gives the
above results after some simplification. i

Remark 3. Taking A = 0 in Corollary 1 implies that o« = a and 3 = b, producing
an Ostrowski type result similar to those obtained in Cerone et al. [3]. Taking A = 1
gives generalized trapezoidal results for n—time differentiable functions of Cerone
et al. [4].

3. SIMPSON TYPE FORMULAE

The inequality
[ a5t [rwvar () +r0]| < G s

is well known as the Simpson inequality where the mapping f : [a,0] — R is
assumed to have f*) bounded on (a,b). A review article by Dragomir et al. [6]
presents bounds in terms of at most a first derivative while Pecari¢ and Varosanec
[12] obtain bounds in terms of f*) € L, [a,b], p > 1 and k < 4. The current work

- 2880
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looks at recapturing the above results as special cases of the development presented
in the previous section.

Let m = 1 in (2.26), let @ and @ be shown to depend on x and subscripted to
denote their dependence on n. Further, a superscript of S is used to depict the
relationship with Simpson’s rule. Then

62 mo="" e, @0 =T s @),
with
(3.3) an (1) = Mz + (1= An)a, B, (2) = Az + (1= An)b, Ap = §~

Hence, from Corollary 1, and using (3.2) and (3.3) gives

n—1
[ 5= 0 ) 010 ) -
a k=0

(_1>n )\n

(3.4) ‘Ti(l‘)’ =

[B-f(b)+A-f(a)

BAD (0 for S0 € Loolat;

1
< { [Baa]r 1, for £ € Lyfa,b],
with p>1, s+ 0 =1;
S|, for g€ Lyfab),

where

(3.5) By (q,7)

AIIB((n—1)g+1,¢+1)+

(1) "0 (q, (n—1)q, 1f’;n) . 0N, <1

— ng+1 ng+1
[A + Bt

X((n_l)qa(L)"n)» )\nzlv

b—a ’ a+b
T —

n (A4 A—3], 0< A<
3o o= |

Ans An 21,

k
a1 min{kz,n—l} ( j >(1 _)\n)
(3.7) A (@)= [a" "~ (-B)" ] = o ok
M i men{ok—1} (n—1—)'1-k+j)
with W (4, k; X), x (4, k; X) and B (j, k) as given by (2.24) and A =x—a, B =b—z,
An = 2.
n =3
If n =1,2,3 and 4, then we obtain the Simpson type results of Dragomir et al.
[6] and Pecari¢ and Varosanec [12], provided that x is taken at the midpoint, that
is, at = %tb. It may be seen that k) (z) =0 from (2.32) and (3.7) when n—k is
even so that only even derivatives are present when z = “T'H’ Further, from (3.7),

dfll) = 0 and so there is no f” (x) term in the quadrature rule. Taking, for example,
n=4,q¢=1and Ay = 3 in (3.2) - (3.7) reproduces (3.1).
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4. PERTURBED RESULTS

Perturbed versions of the results of the previous sections may be obtained by
using Griiss type results involving the Chebychev functional

(4.1) T (f,9) = M (fg) — M () M ()
with

b
(42) M) =5 [ F O

For f,g: [a,b] — R and integrable on [a, ], as is their product, then

[T (f,1))* [T (g.9)]>, Dragomir [5]
for f,g € Ly [a,b];

L=y (1, )2 Matié¢ et al. [9]

4.3 T , < 2 [ ) ) .

(4.3) T (f.9)l < fory<g(t) <T, t€la,bl;
w Griiss (see [10, pp. 295-310])

< <@, telal.

Associating f (t) with (—=1)" K,, (z,t) and g (t) with £ (¢), then from (2.3), (4.1)
and (4.2), we obtain

T((-1)" K (2,). /7 ()
= M (1) Ko (2,2), £ () =M (=1)" Ko (@) 9 (£ ()
and thus
(4.4) (b= )T ((~1)" K (2,), /) ()
(f("‘” (b

_ 1) (g
= @)= (1)U, (2) 2_£ ()>7

where 7, () is the left hand side of (2.14) and

U, <x>—/;pn <t>dt+/:qn (t) .

Hence, (4.4) is a perturbation of 7, () and we may obtain bounds from utilising
(4.3). This, however will not be pursued further here.
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