APPROXIMATING THE FINITE HILBERT TRANSFORM VIA
OSTROWSKI TYPE INEQUALITIES FOR ABSOLUTELY
CONTINUOUS FUNCTIONS

S.S. DRAGOMIR

ABSTRACT. Some inequalities and approximations for the finite Hilbert trans-
form by the use of Ostrowski type inequalities for absolutely continuous func-
tions are given.

1. INTRODUCTION

Cauchy principal value integrals of the form

(L1 (Tf)(a,b;t) = PV/f dr ;= lim [/tgf()d+ bf(T)dT]

a—>0+ t the T— 1

play an important role in fields like aerodynamics, the theory of elasticity and other
areas of the engineering sciences. They are also helpful tools in some methods for
finding the solutions of differential equations (cf., e.g. [25]).

For different approaches in approximating the finite Hilbert transform in-
cluding: interpolatory, noninterpolatory, Gaussian, Chebychevian and spline meth-
ods, see for example the papers [I] — [12], [I6] — [24], [26] — [35] and the references
therein.

In contrast with all these methods, we point out here a new method in approx-
imating the finite Hilbert transform by the use of the Ostrowski inequalities for
absolutely continuous functions established in [13], [I4] and [15].

For a comprehensive list of papers on Ostrowski’s inequality, visit the site
http://rgmia.vu.edu.au.

Estimates for the error bounds and some numerical examples for the obtained
approximation are also presented.

2. THE RESULTS

For the sake of completeness, we state and prove the following lemma providing
some Ostrowski type inequalities for absolutely continuous functions (see [13], [14]
and [15]).

Lemma 1. Let u: [a,b] — R be an absolutely continuous function on [a,b]. Then
we have:
b

(2.1) w (@) (b—a) - / w () dt
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[i(b—a)2+(x—a_2|—b>2

[(x —a) i 4 (b x)lﬂ I/l gy, o W € Lylab),

141l 0,8],00 if v € Lo |a,b];

IA

I
(g+1)4
p>1, %—F%:l;
1 a+b .
{Q(ba)+ T — 5 :|ul||[a,b],1’ if u' € La,b)

where ||-||,. (r € [1,00]) are the usual Lebesgue norms, i.e., for ¢ < d

17l (e, 1,00 1= €55 sup |h(1)]
t€le,d]

d a
1llie,a,r = </ [h(8)]" dt) , T> 1

Proof. Using the integration by parts formula, we have

/j(ta)u'(t)dtu(x)(xa)/amu(t)dt

and

and

/(t—b)u’(t)dt:u(a:)(b—x)—/ w () dt.

x

If we add the above two equalities, we get

(2.2) u(a:)(b—a)—/ u(t)dt:/m(t—a)u’(t)dt—i—/ (t— by (1) dt

for any z € [a,b].
Taking the modulus, we have

b

u(x)(b—a)—/ w(t)dt

T b
< [ oW @i [ ¢y ol

= M (x).

Now, it is obvious that

M(z) < |ullg000 /am (t—a)dt + [|u'll 4,00 /: (b—t)dt
= || [a,x],00 ° (= ;a)Q + ||u,||[ac,b],oo ’ (b_;)Q
< Wl [(x ‘”2;“_@21
= [l ap),00 [i (b—a)’+ (I a;tb)Q .

proving the first part of (2.1)).
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Using Holder’s integral inequality, we may write:

x % b %
M@ < W, ([ € atde) 4, </ <bt>"dt>
+1 i +1 7
= ||| ) (z—a)™ q+\|u’|| ) b—2)™ |"
- [a,:l)],p q + 1 [sz] P q + 1
1 1 1
< W gy [(@— @)+ b —2) ]
(g+1)e

proving the second part of (2.1)).
Finally, we observe that

IN

('T - a’) ||u/||[a,:1:],1 + (b - .1?) ||u/||[a:,b],1

< max{z = a,b— 2} [l gy + 1001

1 a+b
[ o= S 1l

i(b—a)—l— x

and the lemma is proved. |

The best inequalities we can get from (2.1) are embodied in the following corol-
lary.

Corollary 1. With the assumptions of Lemmal[d], we have

(2.3) ‘u<“;b) (b—a)—/abu(t)dt

1 9 .
1 (0= a)” 1]l (g 1,00 if W€ Lo la,b];

1 )

S %(b_a)l—‘rq ||U/H[ab]p Z-f U’IGLP [a”b]v
2(g+1) 9 o
p>1, 14 1=1;

1 p ' q
i(b—a) ||u’H[a,b]71. ifu € La,b

The following theorem providing an estimate for the finite Hilbert transform,
holds.

Theorem 1. Let f : [a,b] — R be a function so that its derwative [’ : [a,b] — R
is absolutely continuous on [a,b]. Then we have the inequalities

(2.4) |(Tf)(a,bst) — F®) ln<bt> — b;a[f;)\t+(17/\)b,>\t+(1f/\)a]

™ t—a
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11 1\°
leﬁ(“z)]
1 a+b 2 .
xl4<b—a>2+(t— ) 1 e i 1€ Lola,t];
< 1 1 1
S s e
T(g+1) "=
1+1 1+1 " . "
x [t =)+ 0= "] 1 if J" € Lylab),
1 1 _ 1.
11 1 1 +b p>1’5+§_17
a i - "
S — == - L
R e RS | [P S A

for any t € (a,b) and X € [0,1), where [f;a, 5] is the divided difference, i.e.,

1) =),

[fia, B] = Pz

Proof. Since f’ is bounded on [a,b], it follows that f is Lipschitzian on [a, ] and
thus the finite Hilbert transform exists everywhere in (a,b). As for the function
fo:(a,b) =R, fo(t) =1,t€ (a,b), we have

b—t

t—a

(Tf@(a,b;t):iln( ) t € (ab),

then, obviously,

b J—
T apn = ey [(LOZ10110,
L [ L [

from where we get the identity
b
e @ntny-Ln (=) < tpy 1O 10,

Now, if we choose in , u=fr=X+(1-XNd, A€[0,1], ¢,d € [a,b] then
we get

[f(d) = f(c) = (d=c) f' (Ae+ (1= A)d)

2
1 1
(@d=cf |3+ (A - 2) ] 17" oo if 7 € Loo [a,b];
d—clJré N N .
< |(+|1)1 {)\1+q _|_(1 _)\)1+q} ‘Hf”H[c,d],p‘ if f// c Lp [a7b],
q q
p>1, % + % =1
1 1
a—el [+ = 3] 1]
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which is equivalent to:
(2.6) 'W—f’(Ac+(l—/\)d)’

|d = ¢l

1 1 2 1" : 1"
i )\—5 1N 1,00 if f" € Lo [a,b];

IN
=Y

\
o

e {AH% +(1- A)“a} ‘||f”|\[c7d],p’ if f"eL,[ab,
q q

1 1 _ 1.
p>1a;+a_17

1 1
{2 + ’A - 2” ‘”fNH[c,d],l‘ .

Using (2.6]), we may write

1 b — 1 ’
s a T*t m a
1[1 1\? b
1L 1 . "
i (mg) [PVl 18 ] a
1 1 1 1 L
< ,.ﬁ{)\HE+(1—)\)1+G}PVfab|t—7'\q 17"l .| AT
T (g+1)s
171 1 b
]l
11 1\? b
—17 (A— 2) 1 1 Napo0 PV Sy It =7l dT
1 1 1 1 b 1
< e [>\1+q + (1 - >\)1+q:| Hf”H[a,pr PVfa |t_7-|q dr
T (¢g+1)e
11 1 t b
b 3] o [0 20500
1 1 1 2 . 1 2 Cl+b 2
; 4+<)\_2) Hf ||[a,b],oo [4 (b_a) ol 2
1 1 1 1
e L ey B [TV
< m (q+1);
141 1+
- i+ (b—t)Ta
TR [(t R }
11 1171 a+b
W[QJF‘)\QH {2(ba)+)t 5 H 1 a.p.1 -
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Since (note that A # 1)

1PV/bf/()\t+(1>\)T)d7‘

= — lim / /
T e—0+ t+e

"At+ (1= N)7)dr)

t—e

1 b
= w}ﬁll—‘HM+O_M)a +1_1HM+0—A)%ﬁ]
_ 1O - fM+A=Na)+fM+ A -Na) - f(D)

s 1—A

b

- ;a[f;/\t+(1—)\)b,)\t+(1—)\)a],

then by (2.5) and (2.7) we deduce the desired inequality (2.4). I

The best inequality one may obtain from ([2.4) is embodied in the following
corollary.

Corollary 2. With the assumptions of Theorem[l], one has the inequality

23 ‘(Tf)(mb;t)_ffrt)ln(b—t) _b;a [f;t-i-b’a-i-tH

t—a 2 2
i 1 2 _a+b ” . " .
4WL“’G>+(t ) 1o i 7€ Lo [0.8]:
1 1 1 o
< 3 ot (=T = 0 1 N, € Lylastl,

i
™2 (g+ 1)
p>1, s +o=1

la,b], iffNEL[aab];

3 (50 @+ 1= 5 1,

for any t € (a,b).

3. A QUADRATURE FORMULA

The following lemma is of interest in itself.

Lemma 2. Let u: [a,b] — R be an absolutely continuous function on [a,b]. Then
foralln>1, X\, €10,1) (i=0,...,n—1) and t,7 € [a,b] with t # 7, we have the
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inequality
7"[,71
17 1 o
3.1 - e
(3.1) T_t/t u(s)ds n;u{ﬂ-(l-i- ) n}
) PO RS A A T
Z4 = i w ;
. ith = 5 [t,7],00
1
[t —rla [1n=l /142 AT
< @i in ln s\ =27 Wl
g+ bon L=
1 1 1.
11 1 p>Ls+7=1
- [2 +max |A; — 2H 10 15
|t*7'| / .
om ”u ||[t,T],OO ’
< |t—7’|% / >+ g
S B L EUR L S L
q n
1
Ml
where
ey o= | [ @] p
t
and
||u/H[t,T],oo ‘= ess  sup |U’(5)|
s€(t,T]
(s€lr,t])

Proof. Consider the equidistant division of [t,7] (if t < 7) or [7,t] (if 7 < ¢) given
by

T—1

(3.2) E,:x;=t+1i- , 1=0,n.
n

Then the points &; := A; [t +i- T2 +(1 = N) [t+ (i +1) - =] (A €[0,1), i=0,n—1)
are between z; and x;41. We observe that we may write for simplicity &, =
t+(i+1—X\) =t (i=0,n—1). We also have

T+ Tip1 T—t (1
- ot SN
S 2 n (2 )

T—1

L—xo o= (1-X)

and
T—1

Tip1 — & = Ni -

for any ¢ = 0,n — 1.
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If we apply the inequality (2.1) on the interval [z;,x;11] and the intermediate

points &; (z =0,n— 1) ,

then we may write that

—t —t Ti+1
(3.3) T u[t—&—(i—i—l—/\i)Tn ]—/ w(s) ds
(3.4)
1 (t—7)2 (t—7)2 2
[4 n? * 4n?2 (1=2X0)7 | | [zi,@iq1],00
- 1 It— 7|7 aer |t
= I TN
@+ | w't niti
Tlr=t| |=—t¢|1
{Qn T3~ Al [ w15
Summing (2.3)), we get:
n—1
T T—1 T—t
(3.5) / u(s)ds — u{t+(i+1)\i) ]
(t—7)°nd |1 1\*
- Ni— = / ;
ng z;) 4 + 2 ||U ‘ [zi,xit1],00
1+ n—1 1
< t—7| " 143 \1+1
- m 72;0 A + (1 —Ai) ||ul| [zi,zit1],p
p>1, % + % =1;
[t —7| =11 1
n 1;) 2 A 2 HUI”[MJHJJ'
However,
n—1 2
1 1
(3.6) Z 1 + (/\i - 2) ] HUIH[wi,mm],oo
i=0
n—1 2
1 1
= Hu/”[t;r},oo Zn + Z <>‘Z - 2) ‘| ;
i=0
n—1 141 .
1 E
3.7 DI ERERNCEPS ] LIS
i=0
. 1 . 1
(S 141 ]\ = e !
= Z A T (=) Z ['| [zi,@it1],p
i=0 =0

|u/||[t,r],p lz

n—1 141 A\ 9 %
(AZ. ‘ +(1—/\i)1+q) ]

=0

if v € Lo |[a,b],

1 .
(1 - >‘i)1+q‘| ||u/||[xi,:ci+1],p if u' e L:D [aa b] )

1 1 _ 1.
p>1,§+5—1,
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and

o |

=0

}me

Now, using (3.5)) — -7 we deduce the first part of (3.1)).

The second part is obvious. I

[zi,@iq1],1

l\.’)M—l

=

[zs,2i41],1

1
< [2 + max |\

{ + max

1
“QH'

We may now state the following theorem in approximating the finite Hilbert
transform of a differentiable function whose derivative is absolutely continuous.

Theorem 2. Let f : [a,b] — R be a differentiable function so that its derivative f'
is absolutely continuous on [a,b]. If A = (\;);_g=1, A €[0,1) (i=0,n—1) and

b—a 2 . b—t , t—a
(39) SnUMJ%=7mZ;pJ+@+1—&)nli—@+1—M)
then we have
310)  @nGn= "D (F20) s (a0 + Ry (0

and the remainder R, (f;\,t) satisfies the estimate:
(3.11) |Rn (f5 A1)

11 1nl 1\?
Sl N — =
n |4 + n Z;() ( 2) ]
1 a+b 2 )
<300+ (0= 55 ) 1 e i "€ Lo 1]
< 1>< 1 a7 q
S — 1 1 n— 1 1 q
) 2 [EE (e
no(g1)et L
x|t = @)+ =05 1 if J" € Lylab],
Pt g
1 1 1 a+b
5+ =g 5 0=+ o= 1
(3.12)
1 .
1 1l py.00 (0= 0)° if "€ Lo [a,0]
q
<1y —————w—@”qwmmpafﬂeme >1, L4 l=y
T (q+1)7"
2 o-a) 5"
n la,b],1 >
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Proof. Applying Lemma [2] for the function f/, we may write that

T—1

t—r| |1 17l 1\?
IS B B N\ — =

(3.13) ‘f(t)_f(ﬂ—inz_:f/{t—f—(i"Fl—/\i)T;t]
=0

" .
172,717,003

L 1
t—7la 1 n—1 141 1 N
) o s (7 ) T,
q q n 1=
11 1
= {2 + max [\; — 2H 1" N p,1

for any t,7 € [a,b], t # 7.
Taking the PV, we may write

L (O (5 DR U= L U Tt
14y |=pv [ g - — NP t 1- X d
(3.14) Wv/a o dr m; V/af T+ =)= jdr
(3.15)
11 1 1\? b "
R (Ai_2> PV [ 1t =7 ljry 00 473
< ; [1HZI<AH;+(1 MHl)TPVfbt 11 g1
> _ | = ; — N\ N a -7 o
m n(qul)% nizo \ "’ o
11 1 b
s[5 rmspegl) 7 st
However,
b b
PV/ [t =71 N0 dm < Hf”“[ayblyoopv/ [t = rldr
a a
TP [ Gal e Ut
- [a,b],00 2 ’

b b
PV [ = U Nyt < 1 N PV [ =l e
a a

(t—a)it' + (-7t
Gt

||f//||[a,b],p

q 1 3
_ (t—a) ™+ G = 1) gy
(¢+1)
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b ¢ ’
PV/ 1"y ryadr = PV /Ilf"\|[r,t],1d7+/ 1Ml 1 7
a a ¢
< max{t—a,b—t} ||f"||[a,b],1
a+b
|1

1
Z(h— t
FORa
and using the inequality (3.14) we obtain the desired estimate (3.11]). I

2
The following particular case which may be easily numerically implemented
holds.

Corollary 3. let f be as in Theorem[3 Define

b—a’~ o L\ bt . 1\t—a
SM,n(f§t)iWZ{f;t+<z+2)n,t(z+2> - ]
i=0

and the remanider Ras ., (f;t) satisfies the estimate

t b—t
@) @otit) = 0 (F20) S (7200 + Rar (£50)
Then we have the representation:
|Razn (f51)]
1 1 2 a+b ? " : " .
i 1007+ (1= 50) |1 e 7€ Lot
1 1 1 141 141 .
SoxXg —r g |(t—a) T+ (b —t) | L] if f" € Lpla,b],
T n 2imn(g+ 1)t [ fo-0lp o
1 1 +b Prhy Tl
a
Y {2 (b—a)+ ‘t— B H 1N a1 5

for any t € (a,b).
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