SOME COMPANIONS OF OSTROWSKI'S INEQUALITY FOR
ABSOLUTELY CONTINUOUS FUNCTIONS AND
APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. Companions of Ostrowski’s integral ineqaulity for absolutely con-
tinuous functions and applications for composite quadrature rules and for
p.d.f.’s are provided.

1. INTRODUCTION

In [1], Guessab and Schmeisser have proved among others, the following com-
panion of Ostrowski’s inequality.

Theorem 1. Let f : [a,b] — R be such that

(11) ‘f(t) - f<8>| < Mlt - S‘ka fO’f’ any t,s € [a’ab}
with k € (0,1], i.e., f € Lipp (k). Then, for each z € [m%”’], we have the

inequality

X a — X b
(1.2) f(Hf(Q“’ )fbia/f(t)dt

M.

_ 2 (- )" 4 (a+b—22)F!
= 2 (k+1)(b—a)

This inequality is sharp for each admissable x. Equality is obtained if and only if
f=xMf,+ c withc e R and

(x—t)k for a<t<«zx
(1.3) [« (t) = (t*:c)k for z<t<i(a+b)

fila+b—t) for %(a+Db)<t<b.

We remark that for k =1, i.e., f € Lipys, since

4(z—a)’+ (a+b—22)° 1 <1’—?>2 (b—a)

=[=4+2
1 —a) 8"
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2 S.S. DRAGOMIR

then we have the inequality

G [[@Flarb-w) 1 /f(t)dt

2 b—a

for any z € [a, “T'H’] .

The inequality % is best possible in 1) in the sense that it cannot be replaced
by a smaller constant.

We must also observe that the best inequality in || is obtained for x = %31’,
giving the trapezoid type inequality

(L5) f(f”z“’)—;f(“f’b) —bia/bf@)dt

gé(b—a)M.

The constant % is sharp in in the sense mentioned above.

For a recent monograph devoted to Ostrowski type inequalities, see [2].

In this paper we improve the above results and also provide other bounds for
absolutely continuous functions whose derivatives belong to the Lebesgue spaces
L, [a,b], 1 <p < oo. Some natural applications are also provided.

2. SOME INTEGRAL INEQUALITIES

The following identity holds.

Lemma 1. Assume that f : [a,b] — R is an absolutely continuous function on
[a,b]. Then we have the equality

(2.1)

N |

b
[f(x)+f(a+b—m)]—ﬁ/ () di
1

1 T , a+b—x a+b ,
:b_a/a (t—a)f(t)dter_a/x (t . )f(t)dt

b
+bia/a (t—0) f'(¢)dt,

+b—x

for any x € [a7 %"b] .

Proof. Using the integration by parts formula for Lebesgue integrals, we have

[ e—aswia=i@e-a- [ roa

/Hb_z (t — a;b> £ () dt

— flat+b—2) (";b—x> — (@) (m—a;—b) —/:er_xf(t)dt

and
b

b
/ (t—b)f’(t)dt:(a:—a)f(a+b—x)—/ F(t)dt.

+b—2x at+b—2x
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Summing the above equalities, we deduce the desired identity (2.1]). B

Remark 1. The identity was obtained in [I, Lemma 3.2] for the case of
piecewise continuously differentiable functions on [a,b] .

The following result holds.

Theorem 2. Let f : [a,b] — R be an absolutely continuous function on [a,b]. Then
we have the inequality

(2.2) |;[f()+f(a+b—x /f t)dt

gbla[/ju—a)f'a)dt

a+b—x b
+/ t““’]u \dt+/ (b—t>|f’<t>|dt]

+b—x
=M ()

for any x € [a “'QH’
If f' € Lo [a,b], then we have the inequalities

1 z—a)’ a+b 2
(23) M(@)< [(2) 1o (S5 =) 1 nsmi

(‘T — a)2 /
T 1 N fatb—a.01,00

1 3a+b
§+2 Tb—a (0 —a) [1f'll 05,0

2a
b— b—a
B

[Ilf Ioatoo 115 ot s—ago0 + 15 1faromaioo| (0= @)

if a>1,
1 /(z—a\’ x—“TH’ ?
e 2(b—a)7 b—a

X (1 a0 + 1 Nt oo o0 + 15 Naomaityoo] (0= @)

IN

1
«

for any x € [a, %

b
The inequality , the first inequality in and the constant % are sharp.

Proof. The inequality (2.2)) follows by Lemma [l| on taking the modulus and using
it properties.
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If f' € Lo [a,b], then

/m(t—a)lf()ldt<

a-+b

Ea oy

a+b—zx 2
a+b
/ ‘ |f |dt < (2 - 13) Hf/H[z a+b—z],00

; (& - a)
/ (=17 Ot < N e

t —

+b—x
and the first inequality in (2.3) is proved.
Denote
2
~ (z —a)? a+b
M (‘T) = T Hf/”[a,a;],oo + 9 - ||f/H[x,a+b—a:],oo

(z —a)’

1 Nt

for x € [a, “TH’} .
Firstly, observe that

M ((E) < maX{”fI”[a,z],oo ’ Hf/H[z,a—i-b—z],oo ’ ||le[a+b—z,b],oo}
(z —a)® a+b > (z—a)?
X [ 2 T\ T2 7)) T
1 3a+b\"
= 1 N p,00 [8 (b—a)® +2 <a: - )

and the first inequality in is proved
Using Holder’s mequahty for a>1, = + B =1, we also have

- (z —a)® ) a+b\>*  |(z—a) a1
< -~ 7 — S
M (z) < { [ 5 + |z 5 + 5
8 8 5
X [ Waatoo 1 W eao—agoo + 17 Uity

giving the second inequality in (2.3).
Finally, we also observe that

M (x) Smax{(x;a)27 (x_ a—21-b>2}

X 15 a0 + 1 N aasomstoo * 17 Nt oms.to0) -

The sharpness of the inequalities mentioned follows from Theorem [1| for £ = 1. We
omit the details. 1

Remark 2. If in Theorem@ we choose x = a, then we get
fla)+F(b /
t) dt
2 b-a ft

with i as a sharp constant (see for example [2 p. 25]).

(2.4) ” ( —a) Hflll[a,b],oo
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a+b

If in the same theorem we now choose x = *3=, then we get

(2.5) |f (a;b) bia/abf(t)dt

IN

S 0—a) [N,

o] o0 T ||f'||[aT+b,b],oo}

A

1
=7 (b—a) ||f/||[a,b],oo

with the constants % and i being sharp. This result was obtained in [3].
It is natural to consider the following corollary.

Corollary 1. With the assumptions in Theorem[3, one has the inequality:

(2.6) ‘fﬁ?w+f@fﬂbiaLVQMtg

5 (0= a) 1 lla,b1,50

| =

The constant % 1s best possible in the sense that it cannot be replaced by a smaller
constant.

The case when f’ € L, [a,b] , p > 1 is embodied in the following theorem.

Theorem 3. Let f : [a,b] — R be an absolutely continuous function on [a,b] so
that f' € Ly [a,b], p> 1. If M (x) is as defined in , then we have the bounds:

1 z—a\""7
T 5= 1 Na,01.
<q+1)q b—a
1+1 L
a+b q 1+1
1 - — T —a 7 s
+2¢ ( z_a > ||f/||[x,a+b—90],p+ (b—a) ”f/H[a'f‘b—%b],p (b—a)"

a+b_ 1+%
[ =) ()

@uwmﬂpwfuﬂwbmmmfnm¢mmp}@—aﬁ

2.7) M(z) <

a at+s a “—H’fw at+g =

O )T e ()T
@+ 07 | X [ Mg + 11 aomap I W] (B
if a>1,

IA
e

Q=
Q=

a)

1i
+1=1,

Q\»—‘

4+ g 1+1
z—a T 97 [ 2= 5
max (b—a) ,Zq( — )
X

1 Naret0+ 18 it + 18 o] (6= @)

Q=

for any x € [a, %b] .

Proof. Using Holder’s integral inequality for p > 1, % + % =1, we have

Sl o< ([ - aa ﬂvw@%p=9¥—l—éwnhmw
a a (

1
q+1)
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1
a+b—x a+b—x q q
a+b a+b
f R e T L O A e 3 I P TR
P 2 - 2
— 2% (aTb B x)1+§ ||f/||
- 1 x,a+b—x],
(g+1) [ "

and

Q=

b b
[ e-nirwas ( [ e- t)(Idt) T
at+b—zx at+b—z

- M £l
= 1 b—x,b],p
(q N 1) L la+b—z,b],p
Summing the above inequalities, we deduce the first bound in (2.7)).
The last part may be proved in a similar fashion to the one in Theorem [2] and
we omit the details. |

Q=

Remark 3. Ifin we choose o = q, B = p, % + % =1, p> 1, then we get the
inequality

) +17 4
274 z—a\"! atb g\ " 1
2.8) M (x) < o b—a)s |If'
(28) M) < <b_a> +< A (0= a) 1 Na,01.

for any x € [a7 "“T'H’] .

Remark 4. If in Theorem[J we choose x = a, then we get the trapezoid inequality

f@+fm) 1 (b—a)" 'l iasyp
(2.9) ‘ 5 b_a/a f(t)dt Y

1
< .
-2

The constant % 18 best possible in the sense that it cannot be replaced by a smaller
constant (see for example |2 p. 42]).

Indeed, if we assume that 1) holds with a constant C > 0, instead of %, ie.,

f@+fe 1 (0= a)7 17l jasy p
(2.10) ‘ : = |t P

<C.

then for the function f : [a,b] = R, f(z) = k |z — 42

fl@)+f®) _, b-a
2 b)

2
1 b b—a
et RACEE R

||f/||[a,b],p =k(b—a)r;

, k>0, we have

B =

and by ([2.10) we deduce
‘k(b—a) k(b—a)

C-k(b-a)
<
2 T

(q+1)s
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giving C' > ’H'l)

constant is proved

. Letting ¢ — 14, we deduce C' > %, and the sharpness of the

Remark 5. Ifin Theorem@ we choose x = “TH’, then we get the midpoint inequality

a+b 1 ’
(2.11) f( 5 )‘b_a/a f(#)dt
1 (b—a)s ,
<5 Pt [||f lfa 2527 + 11 II[aTw,b],p}
1 (b-a)i ., 11
S 9 (q+1>1 ||fH[a,b},p’ p>1’ p+q

In both inequalities the constant % is sharp in the sense that it cannot be replaced
by a smaller constant.
To show this fact, assume that m ) holds with C, D > 0, i.e.,

(2.12) f <a + b> ) dt
(b—a): :
<c |7 + 1 ez
24 (g +1)2 [ [a.%5]p (%3 ’b]’p}
b—a)a
<0
(g+1)
For the function f: [a,b] = R, f(x) =k ’x b k> 0, we have

f(a;b) o0, m/ f(t)dt=T_“>,

b—a » 1
i)+ W ey, =2 (P5) k=200

||f/||[a,b],p = (b - a’)5 k7

and then by (2.12) we deduce
k(b—a) < ) )
1 (¢+1)" (g+1)*

Sl
-~

1.

1
giving C, D > w for any ¢ > 1. Letting ¢ — 1+, we deduce C, D > % and the
sharpness of the constants in are proved.

The following result is useful in providing the best quadrature rule in the class for
approximating the integral of an absolutely continuous function whose derivative
isin L, [a,b].

Corollary 2. Assume that f : [a,b] — R is an absolutely continuous function so
that f' € Ly [a,b], p > 1. Then one has the inequality

f(3a+b) +f(a+3b)
(2.13) 5 b_a/ f(t)dt

c1b=—a)r
4(q+1

||f || la,b],p

»Q\»—A Q=

1,1 _
where;—&—a_l.
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The constant % 1s the best possible in the sense that it cannot be replaced by a
smaller constant.

Proof. The inequality follows by Theorem [3| and Remark (3| on choosing z = 3aT+b.
To prove the sharpness of the constant, assume that (2.13)) holds with a constant
E >0, ie.,

214) if(?"tfb)w(“ng _a/f it < g -7

(q—i—l

<FE-

8
»a\»—A =

2 la,b],p

Consider the function f : [a,b] — R,

‘x3a+b‘ if € [a, ]

f(z)=
a+3b

T —

’ if ze€ (‘%rb,b].

Then f is absolutely continuous and f’ € Ly, [a,b], p > 1. We also have
1 3a+b a—+3b b —a
(457 o (52)] =0 s [

1
£ W py,p = (=),

and then, by (2.14]), we obtain:

giving F > (‘H' ) for any ¢ > 1, i.e., F > , and the corollary is proved. I

If one is interested in obtaining bounds in terms of the 1—norm for the derivative,
then the following result may be useful.

Theorem 4. Assume that the function f : [a,b] — R is absolutely continuous on
[a,b]. If M (z) is as in equation (2.2), then we have the bounds

a
I

ath _ g T —a
+ ( Z_a ) Hf/“[x,a-l-b—x],l + (b—a) Hf/||[a+b_x,b],1

(2.15) M(z) < (i
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3a+b

T— 77 /
b—a] 1 Ml1a,00,1
b Ok
a(*=) 4 b g
b—a b—a

B
WUy + 1V g+ 1 W]
if a>1

IN

+i=1

)

=

1
’

T+ b—3a
b;] e {Hf/H[a,z],l ) ||fl||[:r,a+bfz]71 ? ||f/||[a+b7mvb]’1} '

The proof is as in Theorem [2| and we omit it.

Remark 6. By the use of Theorem [3, for x = a, we get the trapezoid inequality
(see for example [2, p. 55])

(2.16) ‘f(Hf _a/f ) dt

1
: < 5 1 N

If in we also choose x = aT'H’, then we get the mid point inequality (see for
example |2, p. 56])

(2.17) ‘f(a;b)—b_la/abf(t)dt

The following corollary also holds.

Lo
<3 (FRIRE

Corollary 3. With the assumption in Theorem|[3, one has the inequality:

f(3a7+b)+f(a+3b
(2.18) ‘ 4 5 4 _a/f t) dt

1
< 21 Mo

3. A COMPOSITE QUADRATURE FORMULA

We use the following inequalities obtained in the previous section:

(3.1) ’f(%%“f(ang) —bia/abf(t)dt

2

1 .
SOOI apoe I f € Log [a,B];
1
1 (b—a)e
< Y N ey i F € Lplad], p>1, L4 =1
1 s e 141
1 .
1 1 e if f'€Lyla,b].

Let I, :a=xz¢g < x1 < -+ < Xp_1 < T, = b be a division of the interval [a,b] and
hi=xi41—2; (1=0,...,n—1)and v (I,) :=max{h;[i=0,...,n —1}.
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Consider the composite quadrature rule

n—1
(32 Qulnf)=5> [f (?””T“) y (xf""”“)] .

i=0
The following result holds.

Theorem 5. Let f : [a,b] — R be an absolutely continuous function on [a,b]. Then
we have

b
(3.3) / F (@) dt = Qu (L ) + R (I f).

where Q,, (I, f) is defined by formula , and the remainder satisfies the esti-
mates

1 n—1 ]
ngIH[a,b],oo ;) h12 Zf fIELOO [Cl/,b]7
1
1 n—1 q )
(34)  |Rn(In, f)| < m Hflll[a,b],p (120 h;‘ﬁ_l) if '€ Lyla,b],
p>1, % + % =1;
1
7 1 g v (n) -

Proof. Applying inequality (3.1) on the intervals [z;, z;11], we may state that

Tip1 1[./3z +a; T; + 3x;
. / Fdn— L f(‘*‘l>+f(+1)}hi
1
gh% ||f/‘ [zi,xit+1],00
1 1+g
< ——h W lpwiapr P> L E+E=1
4(g+1)e
1
Zhl Hfll [zi,mi+1],1;

for each i € {0,...,n —1}.
Summing the inequality (3.5)) over ¢ from 0 to n — 1 and using the generalised
triangle inequality, we get

1 n=1 9 ,
WA
=0

[zi,@iq1],00

1 nl o4l
(3.6) |R, (I, f)| < Y ;0 hi "W Nsrigpr P> 1 3+ 3 =1
1 n—1 ,
4 igo hi |1 [zi,miqa], 1

Now, we observe that

n—1
DA
=0

n—1

2

[Zi,$i+1],oo S ||f/||[a,b],oo Z hi .
=0
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Using Holder’s discrete inequality, we may write that

n—1 n l %
1+1 41
th N ||f/||[li,wi+1],l? S ( z( Q) > (Z ”f || [zi,xit1],p >
i=0 i
— q+1 e P ’
- S [ e

n—1 n—1

Z hi ”f,”[wi,wz‘Jrl]J < . %{hl} Z ”f/H[Ii,leLl
i=0 i=0,n—1 i=0
— (I 1 -
Consequently, by the use of (3.6]), we deduce the desired result (3.4).

|
—

N
Il
=

||fl||[a,b],p .

Ik
=

Also, we note that

For the particular case where the division I, is equidistant, i.e.,

b—
I,:z;,=a+71- “

, 1=0,...,n,

we may consider the quadrature rule:
b—a '\ 4i+1
(B7) Qn(f)=— ; {f [a+ ( . ) (b a)]

o (52) 0o}

The following corollary will be more useful in practice.

Corollary 4. With the assumption of Theorem[5, we have

b
(38) [t =au )+ Ra ().
where Q, (f) is defined by and the remainder R, (f) satisfies the estimate:
1 b—a)’
H T
1 b—a)'ts
(3.9) | R (In, )] < 1 g 1. b-a) ®

A(qg+1)s

1 (b—a
T
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4. APPLICATIONS FOR P.D.F.’s

Summarising some of the results in Section 2, we may state that for f : [a,b] — R
an absolutely continuous function, we have the inequality

b
@y |3le@+gerb-o)-— [ foa

1 T — 3a+b 2
31?2 ﬁ (b—=a)[lg'[l4,0,00 if ' € Lo [a, 0]

1
1 q+1 a+b gtl]
alak L
b— q
(q_i_]_)% b—a> + < b—a > ( a) ||g ||[a,b],p7

=1, and ¢’ € L, [a,b];

IN
V)
Q
A/~
8
I
S

3a+b

1
b—a

] H9/||[a,b],1 )

for all x € [a, ‘ITH’] .

Now, let X be a random variable taking values in the finite interval [a, b] , with the
probability density function f : [a,b] — [0, 00) and with the cumulative distribution
function F (z) =Pr(X <) = [7 f (t)dt.

The following result holds.

Theorem 6. With the above assumptions, we have the inequality

(4.2) ’;[F(x)+F(a+b—x)]—b—£gQ‘
1 x_3a+b 2
st ) (0=l lne  #FeLualat)
A " q+1 %

< ( 2}1)1 (Jg_Z)qﬁﬂL(gbax) (b= )7 1 lliap1,p

g+1)e N B N
if p>1, L+1 =1 and f € Lyab];

1 e
47 b—a ||

for any x € [a7 %‘H’] , where F (X) is the expectation of X.

Proof. Follows by (4.1)) on choosing g = F' and taking into account that

E(X):/btdF(t)=b—/bF(t)dt.

In particular, we have:
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Corollary 5. With the above assumptions, we have

1 3a+b a+ 3b b— E(X)
4. —|F F -
w9 [alr (7)o ()]
1 .
g@—aWﬂmMm> if f € Loo [a,b]
1 (b—a)% : 141
<4q - 1, 2+=-=1 d L bl ;
— 4 (q+]_)% Hf||[a7b]7pa Zf p> ’p+q , an fe p[av ]7
1
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