GENERALIZATIONS OF EULER NUMBERS AND
POLYNOMIALS

QIU-MING LUO AND FENG QI

ABSTRACT. In this paper, the concepts of Euler numbers and Euler polyno-

mials are generalized, and some basic properties are investigated.

1. INTRODUCTION
It is well-known that the Euler numbers and polynomials can be defined by the
following definitions.
Definition 1.1 ([1]). The Euler numbers E}, are defined by the following expansion

2€t = Ek k
k=0

In [4, p. 5], the Euler numbers is defined by

2¢!/2 t X (=1)"E, [(t\"
n=0

Definition 1.2 ([1, 4]). The Euler polynomials Ey(z) for € R are defined by
2e"t i Ey(x)
et +1 = k!

It can also be shown that the polynomials E;(t), i € N, are uniquely determined

th, |t < . (1.3)

by the following two properties

Ei(t) =iEi1(t), Eo(t)=1; (1.4)

Ei(t+ 1)+ Ei(t) = 2t". (1.5)
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Euler polynomials are related to the Bernoulli numbers. For information about
Bernoulli numbers and polynomials, please refer to [1, 2, 3, 4].
In this paper, we will give some generalizations of the concepts of Euler numbers

and Euler polynomials, and research their basic properties.

2. GENERALIZATIONS OF EULER NUMBERS AND POLYNOMIALS

In this section, we give two definitions, the generalized Euler number and the
generalized Euler polynomial, which generalize the concepts of Euler number and

Euler polynomial.

Definition 2.1. For positive numbers a, b, ¢, the generalized Euler numbers Fy(a, b, ¢)

are defined by

oo

2ct _ Z Ek(a,b, C)tk. (21)

b2t + a2t pars kl

Definition 2.2. For any given positive numbers a, b, c and x € R, the generalized

Euler polynomials E(z;a,b,c) are defined by

2c”t = Ex(z;a,b,¢)
= t". 2.2
Mt al kzzo K (22)

If taking a = 1, b = ¢ = e, then Definition 1.1 and Definition 1.2 can be deduced
from Definition 2.1 and Definition 2.2 respectively. Thus, the Definition 2.1 and

Definition 2.2 generalize the concepts of Euler numbers and polynomials.

3. SOME PROPERTIES OF THE GENERALIZED EULER NUMBERS

In this section, we study some basic properties of the generalized FEuler numbers

defined in Definition 2.1.

Theorem 3.1. For positive numbers a, b, c and real number x € R, we have

Eo(a,b,c) =1, Ep(l,e,e) = Ey, Ep(1,e'/? %) = Ey(z), (3.1)
Inc—2Ina
_ ok _ k
Ey(a,b,c) =2(Inb—1na)"Ey, (2(lnb—lna)> , (3.2)
Ek . 4
Ex(a,b,c) = Z ( ) (Inb—Ina)i(Inc—Ina — Inb)* 7 E;. (3.3)
J

3=0
Proof. The formulae in (3.1) follow from Definition 1.1, Definition 1.2, and Defini-

tion 2.1 easily.
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By Definition 1.2 and Definition 2.1 and direct computation, we have

2t 2exp(% -2t(Inb — Ina))

bt —a?  exp(2t(lnb—Ina)) +1

> Inc—2lna \ t*
= 2%(lnb—na)*Ey [ ———— ) —.
];) (n na) k(2(lnb—lna)> k!

(3.4)

Then, the formula (3.2) follows.
Substituting Ey(z) = Z?:o 277 (l;) (x—4)¥9E; into the formula (3.2) yields the
formula (3.3). O

Theorem 3.2. For k € N, we have

k—1

Ei(a,b,c) = —% ; (j) [(2Inb—1In )7+ (2Ina —In c)k—j] Ej(a,b,c), (3.5)
Ex(a,b,c) = Eg(b,a,c), (3.6)
Ej(a®,b%,¢*) = a*Ey(a, b, c). (3.7)

Proof. By Definition 2.1, direct calculation yields

_ % [(f)t . (‘f)t ki:()ZEk(a,b,c)
;g:k [(m) (m aj)k] gEk(a b,c) (3.8)

H
|

1 b2 a2\ " tk
= 5}; ln c) <ln c) E;(a,b,c) R
Equating coefficients of t* in (3.8) gives us
k k—j
k b2 2 J
3 ( > [(ln > <1n “) E;(a,b,c) = 0. (3.9)
_ j c c
7=0
Formula (3.5) follows.
The rest formulae follow from Definition 2.1 and formula (3.2). O

Remark 3.1. For positive numbers a, b, and ¢, we have the following

a,b,c

(3.10)

FEs(a, b, c

)

Ei(a,b,c) =Inc—Ina —1Inb,
)= (lnc—2Ina)(Inc—21nd),
) =

(
(
(
(

Es(a,b,c) = [(Inc —Ina —Inb)* —3(Inb —Ina)?](Inc — Ina — Inb).
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4. SOME PROPERTIES OF THE GENERALIZED EULER POLYNOMIALS

In this section, we will investigate properties of the generalized Euler polynomials

defined by Definition 2.2.

Theorem 4.1. For any given positive numbers a,b,c and r € R, we have

(z;a,b,¢) f:( ) (ln )"~ (m— ;)ME]-(M,C), (4.1)

j=0
=3 (o (w2 (+-3) e (e 2.
Ex(z;a,b,¢) = :02 (?) (;) % {m Zr [m é}ﬂ {1‘ - ﬂ o Ey, (4.3)
Ej(a,b,¢) = 28 E, (;;a,b,c) , (4.4)
Ep(z) = Ep(z;1,e,¢). (4.5)

Proof. By Definition 2.1 and Definition 2.2, we have

2zt
bzt—i— on 22 Ey(z;a,b, c) (4.6)
and
2% 2¢! (2z—1)t

b2t 1 g2t :b2t+a2t e

4k o)
(kok'Ekabc><; i (2z — 1)k 1nc)> @7)

%) k k
= Z Z (f) (lnc)k_j(2x — 1)’“_J‘EJ~(a7 b, c) %
k=0 \j=0 ’

Equating the coefficients of tk—k, in (4.6) and (4.7) yields

k
2% By (25 a,b, ¢) Z( > (Inc)* (22 — 1)* T E;(a, b, c).
7=0
Formula (4.1) follows.
The rest formulae follow directly from substituting formulae (3.2) and (3.3) into
(4.1) and taking # = % in (4.1), respectively. O
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Theorem 4.2. For positive integer 1 < p < k, we have

o !
Il . _ p .
axpEk(x?aabv c) (k _p)!(ln )’ Ex—p(x;a,b,c), (4.8)
* 1
‘/B Ek (t, a, b, C)dt = m I:Ek-+1(l'; a, b, C) - Ek+1(/g, a, b, C)} . (4.9)

Proof. Differentiating on both sides of formula (4.1) yields

(,?Ek(x;a,b, ¢) =k(Inc)Ex_1(x;a,b,c). (4.10)
x

Using formula (4.10) and by mathematical induction, the formulae (4.8) follows.

Rearranging formula (4.10) produces

1 0
Ek(x,a,b, C) = m%EkJrl(x,a,b,C). (411)

Formula (4.9) follows from integrating on both sides of formula (4.11). O

Theorem 4.3. For positive numbers a,b,c and x € R, we have

k
Ey(x+1;a,b,¢) = Z (j) (Inc)* I E;(x;a,b,c), (4.12)
7=0

Ey(z 4+ 1;a,b,¢) = 2z"(Inc)*

ko sk ) _ ) (4.13)
+Z <]) [(ln c)k_J — (lnb)k_J — (hla)k_ﬂ E;(x;a,b,c),
j=0
a b
Ex(x +1;a,b,¢) = Ey T2 2c) (4.14)
Proof. From Definition 2.2 and straightforward calculation, we have
cht > tk & tk:
m . Ct = [Z HEk(:E’ a, b, C)‘| [Z H(hl C)k]
k=0 k=0
(4.15)
0o k k ) tk
=S |2 (S o B ana)|
, J k!
k=0 | 7=0
and
9t ; 20(m+1)t e tk
o R~ S :kZ:OHEk(x—i—l;aJ),c). (4.16)

Therefore, from equating the coefficients of %k, in (4.15) and (4.16), formula (4.12)

follows.
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Similarly, we obtain

2cl@tt 2 ¢k ot 267
WZZEE;C(QC—Fl a,b,c) = 2c +bt+at(c b —a')
— — tF — tF
= QZHmk(lnc)k + k'Ek x;a,b,c) Z ((ne)* — (Inb)* — (Ina)*) o
k=0 k=0 k=0
.- k b (K k—j k—j k—j tr
= 2z%(Inc) +Z (]) [(Ine)*~7 — (Inb)*~7 — (Ina)* 7] Ej(z;a,b,c) Ik
k=0 §j=0
By equating coefficients of & 47> we obain formula (4.13).
Since
00 s 2C(w+1)t
,Z‘;HE’*“ lia,b.c) = 5w
2cvt o tF b
= % = —F} <x; g, ,c) , (4.17)
b a k! ¢’ c
(c) + (c) k=0
By equating coefficients, we obtain formula (4.14). The proof is complete. O

Corollary 4.3.1. The following formulae are valid for positive numbers a, b, ¢ and

real number x:

Ep(z 4 1) + Ep(x) = 22", (4.18)
k
(z+1) Z < > (4.19)
Ey(z 4 1;1,b,b) + Ex(z;1,b,b) = 22*(Inb)k, (4.20)
k
k
Eip(z+1;1,b,b) = (231, b,0) (In b)F~ (4.21)
()
k—1 k
> (j)Ej(x; 1,b,0)(Inb)*~7 4 2B (x;1,b,b) = 22% (Inb)*, (4.22)
j=0

/IHE(t- b )dt—*Z bl (Ine)* 7 E;(z;a,b¢).  (4.23)
g k(t;a,0,c = (k—l—l)lnc nc j(x5a,0,c). .

s J
Theorem 4.4. For positive numbers a,b,c > 0, x € R, and nonnegative integer k,

we have

Ex(1 - z:a,b,¢) = (~1)* B, (a:; ,c> : (4.24)

¢

b
b
- . 4.2
o) (1.25)

Ey(1 —=x;a,b,c) = Eg <:c
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Proof. From Definition 2.2 and easy computation, we have

x 1k (1—2)t t . —at
t 2c 2c - c
2 B mabe) = Gy =

2c" tr c c
- W = Z y(—l)kEk (a?; . B’C) ., (4.26)
b a k=0 "

equating coefficients of t* above leads to formula (4.24).

By the same procedure, we can establish formula (4.25). O

Theorem 4.5. For positive numbers a,b,c > 0, nonnegative natural number k,

and x,y € R, we have

k

Ey(z +y;a,b,c) Z( ) Inc)"Iy* I Ei(z;a,b,c), (4.27)
j=
k

Ey(z+y;a,b,c) Z< > lnck i JE (y;a,b,c). (4.28)
j=0

Proof. These two formulae can be deduced from the following calculation and con-

sidering symmetry of z and y:

k 2¢(@+y)t 92¢rt .yt

¢
I;JHEk(x-i-y;a,b,c): b tat b +tal

ot k, k
Zﬂ(lnc) Y

k=0

= Z EEk(x;aJ), c)

k=0

o] k A
:Z Z(?)(lnc)’“jykjEj(x;avb,C) % (4.29)

The proof is complete. |

Theorem 4.6. For natural numbers k and m, and positive number b, we have

m

Z it = ib)k [(—=1)™Ej(m + 1;1,b,b) — Ex(1;1,b,b)]. (4.30)

Proof. Rearraging formula (4.20) give us

1
k _ . .
o = S [Ex(x + 1;1,b,b) + Ey(231,0,0)]. (4.31)
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Replacing = by ¢ € N and suming up ¢ from 1 to m yields

m 1 m
D)= ——— ) (-1D)[E 11 Ep(4;1
Z( ) ¢ 2(1Db)k Z( ) [ k(f+ ) ’b7b)+ k(gv ’b7b)]
=1 =1 (4.32)
1
=—[(-1)"E 1;1 — Fi(1;1 .
2(Inb)* [(=1)™Ex(m +1;1,b,b) k(151,b,0)]
The proof is complete. O
Remark 4.1. In the final, we give several concrete formulae as follows:
Eo(z;a,b,c) =1, (4.33)
1
Ei(z;a,b,c) =xlnc— i(lna +1nbd), (4.34)

(1]

2]

3]

(4]

2
Es(z;a,b,¢) = (x - ;) (Ine)? + <x - ;) (Inc—Inb—1Ina)lnc (4.35)

(Inc—2Ina)(Inc—21Ind). (4.36)

N

+
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