THE GENERALISED INTEGRATION BY PARTS FORMULA
FOR APPELL SEQUENCES AND RELATED RESULTS

S.S. DRAGOMIR

ABSTRACT. A generalised integration by parts formula for sequences of abso-
lutely continuous functions that satisfy the w—Appell condition and different
estimates for the remainder are provided. Applications for particular instances
of such sequences are pointed out as well.

1. INTRODUCTION

In [6], Matié¢ et. al introduced the concept of harmonic sequences of polynomials
by assuming that the polynomial {P,}, .y satisfies the condition

(1.1) Py=1, P/ (t)=P,—1(t) forallteR and n e N.
With this assumption, they proved the following generalised Taylor’s formula:

Theorem 1. Let I C R be a closed interval anda € I. If f : I — R is any function
such that, for some n € N, (") is absolutely continuous, then for any x € I

(1.2) f(2)=f(a)+ ) () [Pk () f) (2) = P (a) f P (a) | + R (f30,2),
k=1

where
xT

(1.3) Ry (fra,2) = (—1)" / Py (1) £ (1) dt

a
and { Py}, cy 15 a harmonic sequence of polynomials.
As examples of such polynomials, they mentioned the following

1 n
Pn(t)::m(t—x) , teR;
or "
1 a+x
P,(t):=—[t— , teR;
®) n!( 2 )
or

P (t) = (x;!a>n3n (t_a>, n>1, Py(t) =1,

Tr—a

where B, () are the Bernoulli’s polynomials, or

where E,, (+) are the Euler’s polynomials.
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Amongst others, they proved the following general estimation result for the re-
mainder R, (f;a,x).
Corollary 1. Under the assumptions of Theorem |l] l and if x > a, then
max P, (t)] [ ’f("'H) |ds

tela,

max_|f" D ()| [7|P, (s)| ds;
(1.4) Ry (fra,2)] < ¢ €10

(J2 1P 7 ds) (475000 ()] ds)

wherel+%:1,p>1.

Now, if one would choose in f g (t)dt and put x = b, we could
then state the following generalised mtegratlon by parts formula

b n
(1.5) /g(t)dt = S P ®) g (1) = Pi(a) gV (a)]

k=1
+Sn (f3a,b),
where
(1.6) Sy (f;a,b) / P, (
Using the classical notation for the Lebesgue norms,
[hll = =ess sup |h(1)],
t€la,b]

I, (/ it m) p21

the remainder (1.6)) may be bounded in the following manner
||Pn||oo ||g(n)”1 )
@) ISa(gab) < § 1Pl fl9™]]

1Pl flg™]

For other results based on the integration by parts formula (1.5]), see [1] — [5] and
7 - [.

. where%+%:17p>1.

2. THE GENERALISED INTEGRATION BY PARTS FORMULA

We shall start with the following definition.

Definition 1. Let w : [a,b] — R be an absolutely continuous function on [a,b].
The sequence of absolutely continuous functions {wy}y_g; (n > 1) defined on [a, b]
are said to be of w— Appell type if

(2.1) wo =w a.e. on [a,b];

(2.2) Wy, = wg—1 a.e. on |a,b], forallk=1,....n
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Remark 1. It is obvious that any sequence of harmonic polynomials is a sequence
of w—Appell type with w = 1.

Remark 2. Having given an absolutely continuous function w : [a,b] — R we may
construct a sequence of w— Appell type in the following canonical fashion:

t
wy (t) = /w(s)ds—!—cl,te[a,b],cle]R;

t
wy (t) = /wl(s)ds—l—cQ,te[a,b],chR;

wy, (t)

t
/ Wp—1 (8)ds+cp, t € [a,b], ¢, €R.

The following generalised integration by parts formula associated with the se-
quence {wy},_g, naturally holds.

Lemma 1. Let w : [a,b] — R be an absolutely continuous function on [a,b] and
{wi}—g a sequence of w—Appell type. If g : [a,b] — R is such that g Vis
absolutely continuous on [a,b] and w,g™ € L [a,b], then we have the equality

b
(2.3) [ w090 =4 . gia.0) + R (0. gi0.0),
where
(2.4) An (w,g;a,b) =Y (1) [wk (b) 9" (b) — wy, (a) g*~ Y (aﬂ
k=1
and
b
(2.5) R (w0, g:0,b) = (—1)" / wy (8) g™ (1) dt.

Proof. We prove ([2.3]) by mathematical induction.
For n = 1, we have

b

b
/W(t)g(t)dt:wl (0) g (b) = ws (a)g(a)*/ wi (1) g (t) dt

a

which follows on applying the integration by parts formula taking into account that
wi = w a.e. on [a,b].
Assume that (2.3) holds for m € {1,...,n — 1}, i.e,,

b m
(2.6) / wt)g®ydt = 3 (1" [ (6) g (6) — we (a) gV ()]
@ k=1

+

b
()" [ ()9 (6)
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As w,, and g™ are absolutely continuous and w/,, 41 = Wy, a.e. on [a,b], then, by
the integration by parts formula we may write

b b
(2.7) / Wy, (8) g™ (t) dt = / wh, o (1) g™ (t) dt
= W1 (0) g™ (b) — Wt (a) g™ (a)
b
_/ Wint1 () g (2) dt.

Using (2.6)), we get
b
[wwswd -

NE

(=1 e (0) g%V (1) = wi (@) g*V ()

=~
Il

1

(—nm[wm+1w>¢m>w»—wm+lw>¢m>m>

+

b
— [ W (1) g (1) dt]

a

3
*t

= 3D e ) g% (1) - wi (@) g% (@)

=1

(—pym+! / b Wi g1 (£) g (8) dt

showing that (2.3)) holds for n = m + 1 as well.
The lemma is thus proved. I

x>

+

Remark 3. If w, = P,, {P,}, oy is a sequence of harmonic polynomials, then by
we recapture the identity .
The following result concerning estimates of the remainder R,, (w, g;a,b) holds.

Theorem 2. With the assumptions of Lemma[l], we have the estimates:

wy, € Ly [a,b], g™ € Lo [a,b];

=

||wn||1 Hg(n)Hoo

(2.8) [Rn(g3a,0)] < ”wan ||g(n)||p7 if wy, € Ly [a, 0], g(”) €L, [a,b];
1,1 _ .
and 5+Ef1,p>1,
wp, € Loo [a,b] .

<

wnllog (19"l

The proof follows by the representation (2.5 and Holder’s inequalities for [|-||,, —norms
(p € [1, 0]).
In what follows, we point out a number of useful examples.
1. Define wél) (t) := e, a € R\ {0} and consider the sequence w,(cl) (t) =
Le* k=0,1,.... Then
dw (1) 1

pram kfleat:w,(cljl (t), for k=1,2,...
a

showing that {w,gl)}k . is an w(()l)—Appell type sequence.
€
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If we use Lemma [T} we may state the identity:

b no k=1
o) [ etgwar = Y [0 ) - eyt (a)

ak
k=1

1" s
+!/ e*tg™ (1) dt.
am a
As

1) ab aa
1

eat

I 1
dt = 771/ €atdt =
la[™ J, |af

-/

an

1 1
b| at|d q 1 b a 1 agb _ ,aqa
ng) = / ef dt = T / eaqtdt = i y
q a |am |O“ a ‘Oél aq
Hw(l)H = —1 sup |eat| = 1 max{eo‘“ eab}

t€la,b]
1 exa | eab + |6o¢a _ eab|
o 2 '

Then, by Theorem [2| we may state the inequality:

’ t S (_1)]671 b (k-1 k—1)
(2.10) / e“g(t)dt — Z —aF {eo‘ g( —-1) (b) — eaag( (a)}
@ k=1
|eab _ eaa’ n) ) )
o 9™l it g™ € Lo [a,b];
1 agqb aqa 3
S Bl et B 1 it g e Lylab)
and %+%:1,p>1;
1 exa 1 eab 4 |6aa _ eab| (n)
o 2 o1,

where a € R\ {0}.
2. Define w(()Q) (t) =t%, a > —1 and consider
taJrk:

(2)
t) = , k=0,1,....
S S [ CE BN R
Then
dw,(cl) (t) patk—1 @
= = t), fork=1,2,...
dt @D+ fath-1 W@ for e
which shows that {wl(f)}k o is a wéz)—Appell type sequence.
If we use Lemma [T} we may state the identity:
b n [ba+kg(k—1) (b) _ aa+kg(k—1) (a)]
2.11 g () dt =Y (=)
(2.11) /a g(t) ;( ) @+ 1) (a+2)(atk)
i B / g™ (1)t ) € (0,00).
@t 1) (a+n)
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As, for [a,b] C (0,00),

w®

|

‘ 1

where

ta+n ba+n+1 7aa+n+1
dt =
(a+1)---(a+n) (a+1)--(a+n)(a+n+1)

_ /ab
)

= arD) (arm Lam @b,

b if a=b
Ly, (a,b) = pm+l _ gml
i

mentoa) o

is the m—logarithmic mean, m € R\ {—1,0}; and for ¢ > 1

w

|

q

ta+n
(a+1)---(a+n)

- ([l <)

1 3
1 [b(a-i-n)q-i-l _ glatn)g+1 q (atn)q

(a+1)-(a+n) [((a+n)g+ D) (b—a)

Q=

(b_a) a+n
= (a+1)...(a+n)l’(;+n)q (a,b),

and, finally

w®

|

‘ o0

ta+n
(a+1)---(a+n)

1
— ba+n >1
(@t 1) (atn) "=

= sup
t€la,b]

then by Theorem [2| we may state the inequality

LZ%@mt

- (-1 atk (k—1) atk (k—1)
> T 57+ 5 ) () — ™t (a)
k=1

(2.12)

IN

a+2)---(a+k)

(b - a) Lgiz (CL, b) n . n
(a+1)(a+n) ||g( )Hoo if g( )eLoo[aab];
1
q +n
(b_a) L?oc-‘rn)q (a7b) (n) i (n) I bl-
(Oé+1)"'(04—|—n) Hg Hp’ 1 9 € P[av ]7
and %+%:1,p>1;
baJrn . ) B
(a+1)(a+n) ||g( )||1’ if g()ng[avb},

for all a > —1.
3. Define w(()g) (t) = sin(at), a € R\ {0} and consider the sequence

(3) (1" 7r
wy (t) = o Sln(at+k~§).
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Then
dwl(f) (t) (—l)k 0 (—1)k L[ ™
dt = ak . COS |:Oét+k'§:| —FSIH [§—<Oét+k'§):|
B (—1)Ft T T\ (-1t ™
= o sm(at—l—k2—2)— = sm(at—l—(k—1)2)
= w](j)_)l (t), teR,
which shows that {wl(f))}kzo . is an w(()B)—Appell type sequence.

If we use Lemma [1] we may state the identity

b

(2.13) sin (at) - g () dt

S~

— zi: ik {sin (aa + k%) g%~ (a) - sin (ab + kg) gD (b)}

«
1

1 b s
il 3 2 o)
+ o /a sin (at +k 2) g\ () dt.

We compute

1 b 9 T ’

‘2.— [azn/a sin (ozt—l—nE) dt]

1 /b 1—cos(2at +mn-m) dt§
" |, 2

= % B (b—a)— ! [sin (2ab + n7) — sin (2aa 4+ mr)]]

o

=

|a 4o
_(b— a)% [1 _ sin(2ab + nm) —sin (2aa + TL7T):| H
V2] 20 (b—a) '

Consequently, using Theorem [2]| for Hilbertian norms, we may state that

b
(2.14) / sin (at) g (t) dt

1
ok

NE

[Sin (aa + k‘g) -g%*=Y (@) —sin (ab + kg) gtk (b)} ‘

B
Il

1
(b— a)% [1 _ sin (2ba + nm) — sin (2aa + mr)] H Hg(n)
V2 la|” 200 (b —a)

)
2

provided ¢(™ € Ly [a,b].



8 S.S. DRAGOMIR

4. Define w(()4) (t)
_ (=»*

ok

cos (at), a € R\ {0} and consider the sequence w,(:l) (t)
cos (at + k- g) Then

dw (1) _ (1" [asin|

- = = at+k-z]

— ' T

}
i = [g— (Ozt—l—kzg” :(_alk)kl_lcos {at—i—(k‘—l) E}

2
= w® (1), teR,

which shows that {w,(f)}k is an w(()4)—Appell type sequence.
=0,1,...
If we use Lemma (1} we may state the identity

(2.15) /b cos (at) g (t)dt

n

= Z % [cos (aa + k%) .g(kfl) (a) — cos (ozb + kg) 'g(kfl) (b)}

k=1
1 b T
il S 2 g
+a” /a cos (at+k2) g\ () dt.

We compute

.

Nl

1 b 9 T
= [oﬂ" /a cos (at + ni) dt]
1 /b 1+ cos(2at +mn-m) gt ?
" | Ja 2

1 [1 1
| Z(p— il
o] [2( RS

Jus?

Nl

[sin (2ab + n7) — sin (2aa + mr)]}

(b— a)% [1 sin (2ab + n7) — sin (2aa + mr)] z
V2|al" 2a (b — a) '

Consequently, using Theorem [2| for Hilbertian norms, we may state that

b
(2.16) / cos (at) g (t) dt

- z:: % [cos (aa + kg) g%V (a) — cos (ab + k%) gtk (b)} ‘

1

< (b—a)? [1 4 5o (2bar + nw) — sin (2ac + nﬁ)} 2

Ww—a)” g™
V2" 2a (b — a)

)
2

provided g™ € Ly [a, b].
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3. A PERTURBED VERSION VIA KORKINE’S IDENTITY

The following identity which can be easily proved by direct computation is known
in the literature as Korkine’s identity:

b b b
bia/a u(t)v(t)dt—bia/a u(t)dt-bia/a v () dt

b b
2(bla)2/ / (u(t) = u(s)) (v (t) — v (s)) dids,

provided that w, v : [a,b] — R are measurable and all the involved integrals exist.

(3.1)

The following representation of the weighted integral fj w (t) g (¢t) dt holds.

Lemma 2. Let w : [a,b] — R be an absolutely continuous function on [a,b] and
{wk} g7 be a sequence of w—Appell type. If g : [a,b] — R is such that g1
is absolutely continuous on [a,b] and w,g™ € Ly [a,b], then we have the equality

b
(32) [ w®s@dt =B, (w.5:0.0)+ 5, (w.5:0.0).
where
(3.3)  Bn(w,g5a,b) = An (w,g;a,b) + (—1)" [wnt1 (b) — wnt1 (a))] [g("_l);&b}
and the remainder S, (w g;a,b) can be represented by
(3.4) Sy (w,g;a,b) Y / / (wn (£) — wp () (g(") (t) — g™ (s)) dtds

where [g(”fl);a,b] is the devided difference, i.e., we recall that

(n—1) _ ,(n—1)
|:g(n71);a7b:| _ 9 (b)—g (a)_
b—a

Proof. Using Korkine’s identity, we may write

/bwn(t)g(n)(t)dt = bi /b n (1) dt - /bg(n)()dt
— ) / / (wp, (1) — wy (s)) (g(”) (t) — g™ (s)) dtds

g‘" D (b) =g (a)
b—a

+ﬁ /ab /ab (wn (1) = wa (5)) (9 (1) = 9™ (s)) deds,

giving the following representation for the remainder R,, (w, g;a,b):

Ry (w,g;a,b) = (=1)" [wni1 (b) — wpsr (a)] - g(E=1) (bg : (gl(k_l) (a)

Fa s [ )= ) (5 0 6 () s

Using the identity (2.3 we deduce (3.2).

= [w71+1 (b) — Wn+1 (CL)] '
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For an absolutely continuous function & : [a, 8] — R, we denote

/jhmmf

Using this notation, we may state the following result involving the estimation of
the remainder S (w, g; a,b) in the perturbed formula (3.2)).

Theorem 3. With the assumption of Lemmal[g, we have
1 bopb ()

35) S, gia,b) < —— . o)t
35 1Swgan] < gomo [ [l o000 s
= : M, (wn+1,g("+1)).

Proof. Using the representation (3.4]), we may write

b b
S < gpmm [ [l @ -w 6l 0 -5

||h||[a,3],1 =

dtds

dtds

t
/ Wyt (7)dT

1 b b
n+1
< m/ / lwnt1l 5,1 Hg( +1)
and the estimate (3.5)) is obtained. 1

dtds
[s,t],1

In practical applications some bounds of M, (wn_H, g(”+1)) could be more useful.
Now, it obvious that

Mn <wn+1a 9(n+1))

1 b b
< ———ess sup { Wy, }/ / Hg(”“)
2 (b — a) (t,s)€la,b] H A H[&tLl a Ja

1

_ m ”||wn+1||[.,.],1HOo HHg(nH)H

Also, by Holder’s integral inequality for double integrals, we may write that

dtds
[s,t],1

['7']71 1 .

1 b b q
M, (wn+17g("+1)> < 20b—a) (/ / Hwn+1Hfs,t],1 dtds)
b b » v
x / / ‘g("“) dtds
a Ja [s,t],1
: I, Jlee=]
= 377 |lIWn .. )
2(b— a) H” +leaal], flle CRRA{
Where%+%:1,p>1.
In a similar manner,
1
My (w9 ) < g [lomall |, la™ 0, )L
Wn+1,9 =20 —a) [[w +1H[4,.],1 |E |

Consequently, we may state the following corollary.
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Corollary 2. With the assumptions of Lemmal[Z, we have the following bounds for
the remainder Sy, (w, g;a,b):
(3.6)

2(b—a) ”w"+1”[w],1 oo HHg(nH)H[-»'],l‘ 1;

1 n 1 1 _q.
[Sn (w,9:0,0)| < 3=y [[IIwmsrll g HHQ( +1)H[.,.],1Hpv p>L p+g=5

e sl o210

where ||-||, (s € [1,00]) are the usual Lebesque norms on Ly ([a,b] X [a, b))
Now, if we use the natural notations

1

B
, B>1

1hll g5 = \ [ mep e

and
1lly,5),00 1= esssup{|h(T)], 7 € [t,s] ([s,2])},
then by Holder’s integral inequality, we have

1 1 1
(3.7) Nwnsillis g1 < s =t wngalls 4,5, B> 1, 3 +to=1lora=l B =00

and

[s,t],1

11
>1, —+-=1 =1, § = 0.
oas’ T 513 or vy 00

Multiplying (3.7) and (3.8) and integrating over (¢, s) € [a, b]?, we deduce

(3.9) M, (wn+1, g<"+1>)

1 borb 141
< shoa o i lom+o]atas,
< sama L [t el |00 s

where o, 0 > 1, %+é:10ra:1,ﬂ:oo;’y,5>l,%—&—%zlor*y:land
0 = 0o, which is an inequality interesting in itself.
The terms M, (wn+1, g(”“)) can be bounded in a simpler form as follows.

< ‘S . t|% g(n+1)

Corollary 3. With the assumptions of Lemmal[g and if o, 3, v, & are as above and
> 1, (z = m) Ly % + % =1, then we have the inequality:

'

I ) o [ Pl
T2 7158y
where
PR

[(G+H)n+ 7 [G+in+2™
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Proof. Using Hoélder’s integral inequality for three terms with r; > 1, % + % + % =
1, we may write:

b b I
1) [ s =t g o
a Ja N N
b b L 1 b b &)
< //\s—t|(2+?)“ dtds)|  x //||wn+1||{;wdtds
a1
b rb rs T3
X // dtds
a a [S7t]75
b b =
_ (//sﬂ(i*i)“ dtds)

We remark that, for a positive p, we have

/ab/ablx—yl”dardy = /ab (/ably—xl”dy>dx
/ab (/az(x—y)pder/:(y—x)pdy)dw

/b [(l‘ _ a)p-i-l +(b— x)p+1] 2(b— a)p+2
dr = (—

dtds
[s,t],6

‘ g+ D)

(n+1)H
o1

lwnsillg o]
2 s

p+1 p+1)(p+2)
and then
— 141, T
</b/b|s_t|(i+i)“ dtds> . 2(h—a)lst7)nt2
1 1 1 1
X G2 ]G+
2 (b= a)F iR

Using (3.9) and (3.11)) we obtain (3.10]). N
Remark 4. If one would use the erxamples 1-4 considered in Section 2, some

particular inequalities may be stated. We omit the details.

4. SOME BoUNDS VIA A GRUSS TYPE INEQUALITY

In [4], Cheng and Sun have proved the following integral inequality of Griiss type
for univariate real functions:
Lemma 3. Let h,g: [a,b] — R be two integrable functions such that
(4.1) 0 <g(x) <D for ae x€a,b].
Then

b b b
bia/a h(t)g(t)dt—ﬁ/a h(t)dt-ﬁ/a g(t)dt

b
h(?ﬁ)—b1 / h(s)ds

(4.2)

dt.
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For a generalization of this result in the abstract settings of Lebesgue integrals
and weighted means, see [3].
The following result also holds.

Theorem 4. Let w : [a,b] — R be an absolutely continuous function on [a,b] and
{wk} g7 be a sequence of w—Appell type. If g : [a,b] — R is such that g1
is absolutely continuous on [a,b], w,g™ € Ly [a,b], and there exists the constants
Y, I'n so that

—00 <7, <g™ <, <ocoae on [a,b],
then we have the equality

b
/ w (t) g (t)dt = By, (w, g;a,b) + Sy, (w, g;a,b),
where
(43) Bo (w,9:,6) = Ay (w,g:0,8) + (=1)" [wns1 (6) = wars (@)] [ 9" V0],

A, (w,g;a,b) is given in equation and the remainder S, (w, g;a,b) satisfies
the estimate
b

@) IS <5 T [ e (0 - wnia,b]de

a

where [wpy1;a,b] is the devided difference.

Proof. From ({3.4]) we have
Sn (w,g;a,b)

= a1 |

b
— / wy, (t) g™ (t) dt

10 1P
7b—a/ w (1) dt - — g™ () dt|.

Thus, by the use of Lemma [3] we have
| (w, g5 a,b)|

1 b
< =(T, —
< 2( vn)/a

and the theorem is proved. I

b
wn(t)fbia/ wy, (s) ds

Remark 5. If one would use the erxamples 1-4 considered in Section 2, some
particular inequalities may be stated. We omit the details.
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