SOME INEQUALITIES FOR THE FINITE HILBERT
TRANSFORM OF A PRODUCT

S.S. DRAGOMIR

ABSTRACT. Some inequalities for the Hilbert transform of the product of two
functions are given.

1. INTRODUCTION

Let Q = (—1,1) where 1 < p < oo, the usual £P—space with respect to the
Lebesgue measure A restricted to the open interval Q will be denoted by £7 (Q).

We define a linear operator T (see [24]) from the vector space £! (2) into the
vector space of all A—measurable functions on 2 as follows. Let f € £!(2). The
Cauchy principal value

(1.1) PV/IT_ T_hm[/ta /JWT_th

exists for A—almost every t € .

We denote the left-hand side of by (T'f) (¢t) for each t € Q for which (T'f) (t)
exists. The so-defined function T f, which we call the finite Hilbert Transform of
f, is defined A—almost everywhere on Q and is A—measurable; (see for example [1]
Theorem 8.1.5]). The resulting linear operator T will be called the finite Hilbert
transform operator or Cauchy kernel operator.

It is known that £' () is not invariant under T, namely, T (£' (2)) ¢ £' (Q)
[T, Proof of Theorem 1 (b)].

The following basic results are well known and their proofs may be found in
Propositions 8.1.9 and 8.2.1 of [I] respectively.

Theorem 1. (M. Riesz) Let 1 < p < co. Then T (£P (Q)) C £P () and the linear
operator

T,:f—=Tf, fel(Q)
on £P (Q) is continuous.

Theorem 2. (Parseval) Let 1 <p < oo and ¢ = ;£5. Then

1
(1.2) L (fTg+ gTf)d\ =0

for every f € £° () and g € £1(Q).

We introduce the following definition.
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2 S.S. DRAGOMIR

Definition 1. A function f : Q — C is said to be a— Holder continuous (0 < a < 1)
in a subinterval Qo of ) if there exists a constant ¢ > 0, dependent upon y, such
that

(1.3) [f(s) = f @O <cls—t*, steQ.

A function on Q is said to be locally a— Hélder continuous if it is a—Holder
continuous in every compact subinterval of 2. We denote by H}?_ () the space of
all locally a«—Holder continuous functions on 2.

The class of Holder continuous functions on {2 is independent because the finite
Hilbert transform of such a function exists everywhere on  (see [I5, Section 3.2]
or [21, Lemma I1.1.1]).

This is in contrast to the A—almost everywhere existence of the finite Hilbert
transform of functions in £! (Q2).

There are continuous functions f € £! (Q2) such that (Tf) (t) does not exist at
some point ¢ € Q. An example is given by the function f defined by (see [24])

0 if —1<t<0,
f@) =

s i 0<t<l.

It readily follows that (T'f) (0) does not exist.
In paper [24] it is proved amongst others the following result.

Theorem 3. (Okada-Elliot) The space £° () N HY. (Q) is invariant under the fi-
nite Hilbert transform operator T’ and the restriction of T' to that space is continuous

whenever 1 < p < co. This, however, is not true when p = 1.

We consider the finite Hilbert transform on the open interval (a, b)

f

(TF) (a,bi ) := ipv/b (de, te (ah).

The following theorem holds (see [LI]).
Theorem 4. Let f : [a,b] — R be o — H—Holder continuous on (a,b), i.e.,
(1.4) lf ()= f(s)|<HIt—s|" forallt,se€ (a,b), a€(0,1], H > 0.

Then we have the estimate

(1.5) (Tf)(a,b;t)—ff)ln(bt>

t—a
H Hol—«
< Z(t—a)*+ (b= < b—a)”
< -+ -0 = —(b-0a),

for all t € (a,b).
The following result holds for monotonic functions (see [I1]).
Theorem 5. Let f : [a,b] — R be a monotonic nondecreasing (nonincreasing)

function on [a,b]. If the finite Hilbert transform (Tf) (a,b,-) exists in every t €
(a,b), then

(1.6) (@) (a.b:t)> () 2 () (b - t)

t—a

for allt € (a,b).
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Now, if we assume that the mapping f : (a,b) — R is convex on (a,b), then it
is locally Lipschitzian on (a,b) and then the finite Hilbert transform of f exists in
every point t € (a,b).

The following result holds (see [11]).

Theorem 6. Let f: (a,b) — R be a convex mapping on (a,b). Then we have

(1.7) 71T[l(t)(b—t)+/atl(5)ds+f(t)ln (f:;)}
(Tf) (a;b;1)

% [f(t)ln (f‘i) +Z(t)(t—a)+/tbl(s)d81 ,

where L (s) € [f. (s), 1. (s)], s € (a,b).
The following more practical result also holds [11]:

Corollary 1. Let f : (a,b) — R be a differentiable convex function on (a,b). Then
we have the inequality

(1) i[ft #FO0=0+Fom (=1
(1) (0,011
Om (=) r - f0+ 7 O

IN

IN

IN

IN

1
™
for allt € (a,b).

In this paper we point out some inequalities for the finite Hilbert transform of
the product of two functions.

For a comprehensive number of results on the numerical approximation of the
Cauchy principal value integrals, see [2] — [10], [13] — [14], [16], [I8] — [20], [22] -
23], 25] - [27.

2. THE RESULTS

The following lemma holds.

Lemma 1. If f and g are locally Hélder continuous on [a,b], then fg is also locally
Hélder continuous on [a,b] and:

(2.1) T(f9) (a;b;1)
= F(OT(9)(a,b;t) +g @) T (f)(a,b;1)
_;f(t)g(t)ln<b ;) + PV/ T)_(i(T)*g(t))dr

for any t € (a,b).

Proof. Assume that for a subinterval [c, d] C [a, b], we have

(2.2) If(s) = f(u)| < Lils—u|l" forany s,uc€|ed|;

(2.3) 9(s) —g ()| < Lals —ul™ for any s,u € [e,d].
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Then

1F (s)g(s) = f (u) g ()] £ (s)g(s) = f(s)g(u)+ f(s)g(u) = f(u)g(u)
(

< [f ) g(s) =g @]+ 1g @) [f (s) = f (u)]
S MlLl |8 — u|7'1 + M2L2 ‘S - U|T2
< Js—ul" [MlLl |s —u|™ ™" + MyLo \s—u|r2_r]
< ls—al [MlLl d— "+ MyLo|d — c|T2—T}
= M|s—ul

where

M == sup |f(s)], Mz:= sup |g(u)|, r=min(ry,r),
s€le,d] u€[c,d]
and

M = MLy|d—c["™" + MyLa|d —c[*7",

proving that fg is locally Holder continuous on [a, b] .
Now, for any ¢, € [a,b], we may write that

SO =) (g —g@) =) g(m)+fO)g@)—Ff)g(r)—f(r)g(®)

giving

T—t T—t -1 T—1
L@ =) (g(r) —g()
T—1
for any ¢,7 € [a,b], t £ T.
Consequently,
T (fg) (a,b;t)
- 7rPv/ 1 _gtT T
= 71r PV/ PV/b~;l_t(_TidT
L 1 /(f(f)—f(i))ji<T)—g(t))dT
= f(t)T(g)(abt)+g t)T(f (a,b;t)
f(t)ﬂg(t)ln(t— >+ PV/ Tit (9(1)—9)

for any ¢ € (a,b), and the identity (2.1)) is proved. I
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Theorem 7. Assume that f is of Ly —r1—Hélder type and g is of Lo —ro— Hélder
type on [a,b], where Ly, Ly > 0, r1,79 € (0,1]. Then we have the inequality:

(2.4) ‘T(fg) (a.bst) — T ()T (9) (arbst)
9 OT () k0 + 2 090 (7= )|
L1L2 r1+72 r1+72
- (b= Fr 4 (1= )]
L1L2 (b — a)T1+T2
77(7’1 + 7’2)

for any t € (a,b).

Proof. Taking the modulus in (2.1)), we may write

\T (f9) (a,bst) — F (1) (g) (as b 1)

9 OT (b0 + L1 w0s@m (1)
(F(r)~ £ ) (o) ~ 9 (4)

T—1

IN

1 ’ -
dr < va/ LiLy|r —t|**"  dr
™

a

b
Ly |
™ a

B L1L2 [(b _ t)T1+T2 + (t _ a)ﬁﬂ”z}

™ 71+ 7o
and the first part of inequality (2.4) is proved. The second part is obvious. I

The best inequality we can get from (2.4)) is embodied in the following corollary.
Corollary 2. With the assumptions in Theorem[], we have

(2.5) ‘T(fg) (a,b;a;b> —f(a;b>T(g) (a,b; “;b)

()T (b‘;b)\

L1L2 (b — a)7'1+7'2
s (7‘1 + T’Q) oritra—1-

The following corollary also holds.

Corollary 3. If f and g are Lipschitzian with the constants Ky and Ko, then we
have the inequality

(2.6)
T (@b = FOT @) (@80 -5 OT (D) + L1090 (1)
en B Lot (1) ] s K0
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for any t € (a,b). In particular, fort = %H’, we have
(2.8)

a+b a+b a+b a+b a+b
(2.9) < K (b—a)’.

dT
The following theorem also holds.

Theorem 8. Assume that f and g are absolutely continuous on [a,b]. Then we
have the inequality:

(2.10) \T (f9) (abit) — £ (1) T (g) (a,b: 1)

b—t

g (OT () @ bit) + —f (g (O)n (t)‘

(2.11)

1 a+0b\’
[4 (b - a/)2 + (t - 9 ) ‘| ||f/||[a,b],oo ||g/||[a,b],oo
if f'€Loslab], g € Lo [a,b];

6 1 1
S o= =@ U e 1
if f'€Loolab], g €Lylad],y>1, s+5=1
(b - a) ||f/||[a,b],oo ||gIH[a,b],1 Zf f/ S LOO [a’7 b] ) g/ S Ll [aab] 5

g 1 1
GO0 4= 1 0 19

Slx if f’ELa[a,b],a>1,é+%:1, and ¢’ € Ly [a,b];
T
62 548 548
T3 (6= % + (= ) | 101019
if f'€Lgfab],a>1, 2 4+L =1 andg € L,[a,b], v>1, +14+1=1,;
et B8 v ¥ )

1 1
=07 + = a7 | 1 e 19000
if f'€Lyla,b], a>1, é—!—%:l, and g’ € Ly [a,b];

(0 —a) [1f 57,1 19" 1fa,07,00 if f'€Lilab], g’ € Lo [a,b];

1 1
é {(b — t)1+a +(t— a))1+5:| I il Ig'] i
Zf fIELl[a’b]’ g/ELV[ava 7>1’ %—i_%:la

Proof. Since f and g are absolutely continuous on [a,b] , we may write that

f(T)—f(t)=/tTf’(U)du and gm—g(t):/;g'(u)du
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which implies:

10l g |7 =t i € Log [a,B];

(2.12) F @) =FOI<q 1 lggalr =7 i 7€ Lala,b],
a>1, é + % =1,

1 0

and
I9' 17,00 T =t if g € Log [a, b]
(2.13) lg(m)—g@®| <9 19l 7—t" if g €Ly[ab]
v>1, 545 =
HQ/H[T,t],y
Using the identity (2.2]), we get
21 |09 en0 -5 0T @ @k

=g ()T (f)(a,b;t) + %f (t) g (t)In (
(f(r)—f@#)(g(r) —g(®)

T—1

dr =: 1.

b
< 1PV/
™ a

)

)

1;

b—t

t —

)
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Then we have, by using (2.12)) or (2.13]), that

b
PV [ 17y 10 g I = el
b 1
PV [ 17 19 gl = 8 dr
a
b
PV [ 180 00
a
b 1
PV [ 18y 19y = e
a
1 b 1 1
e
I B T T S e
b .
PV [ 18y 19 7 = 5"
b
PV [ 11 19t

b
1
PV / 1 g 16 e | — 213"

b
PV [ 180410 7 = o

However,

b
PV [ 171 I =t

A

/ ’ (b_t)2+(t_a)2
< N Naspg,00 19" 1a,87,00 l 9

1 a+b 2
1 W10 19 100,00 L (b—a)* + (t_ 2 )

9

b
1
PV / 1 iy iy 17 — 7 7

(-0 +(t—a)t>
3+1

IA

||f/||[a,b]7oo ||g/||[a,b],’y

) . )
= m ||le[a,b],oo Hg/”[a,b];y |:(b _ t)1+5 + (t _ a)l+5:| 7
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b
PV/ Hf’“[T,t},oo ||9I||[T,t],1 dr < ||fl||[a,b],oo ||9/||[a,b],1 (b—a),
a

b
1
PV [ 1801 |7 = 1%

b (b= 4 (- )],

< ”fW[aﬁLa ”gqhabLool 6<+_1

b
1,1
PV [ 150 19 1 = 4

A

1
< W MawalldNamy 71
[a,b], [a,b],y +_S

B5
= s e ald e |

s

+0 5+8

(b= )75 +(t —a) ],

b
pv [ |If / —t77'd
IIf ||[T,t},a llg ||[T,f,},1 T — | T

1 1

< 1 Mg 191 B0 =07+t = )]

b
PV/ 1 N0 19 1,00 @7 < 0 = @) 11 Nl jay,0 19 ], 00
and

b
Pv [ |If / —t7 74
I f ||[T7t],1 lg ||[T,t],7 |7 —t T

16/ 0 [ (0= 017 4+ (= @) T3]

< ||f/||[a,b],1

For the last inequality we cannot point out a bound as above.

Using (2.14)) and (2.15)), we deduce the desired inequality (2.10). N

The following lemma also holds.
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Lemma 2. Let f : [a,b] — R be locally Holder continuous on [a,b] and g : [a,b] — R
so that ¢’ is absolutely continuous on [a,b]. Then we have the identity:

(2.16) T(fg)(a,b;t)
— FOT@ k0 +9OT (Db~ 2 g 0m (=)

t—a

b
/f(T)dT— (b—a)f(t)] g ()

71TPV7f (TT):ZC(” (/: (u—7)g" (u) du) dr

for any t € (a,b).

1
+—
s

Proof. We use the following identity:

B B
/ W(U)du:w(a)(ﬁ—a)—/ (u— B) ¢’ (u) du

which holds for any absolutely continuous function ¢ : [a, 5] — R.
Then we have

_ ipv7[f(7)—f(t)]: : /tTg'(“)d“}‘”

b _
- ey / () — £ @] o () -

1
JDV}W (/tT(u—T)g”(u)du> dT]

b
= 200 [f@dr- -0 g0

_;pvjf(i)_f(t) (/; (w—7)g" (u)du) dr.

Using (2.1]), we deduce (2.16)). B

The following theorem holds.

b
g (t)/f(T) dr—(b—a) [ () g (1)
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Theorem 9. Assume that f : [a,b] — R is of H—r— Holder type and g : [a,b] — R
is such that ¢’ is absolutely continuous on [a,b]. Then we have the inequality:

(2.17) ]T (F9) (abit) — £ ()T (g) (abst) — g (O T (£) (a,bst)

b
s (7=2) -1 | [r@a-0-ar0)| 40
it [ 077 4 @ g if o€ L0l

q

il 1 .
atatiaind [ b—t)"" i+ (t—a) +q+1} 19" lja,0),p o 9" € Lpla,b],

p>1, %+%:1;

IA
3|

r—+1 r+1
o (0= 0"+ = @)™ N1

Proof. Using the identity (2.16]), we deduce that the left side in (2.17)) is upper
bounded by

1

b
1 =P I -0l dr

/tT (u—7)g" (u)du

[T =1

b
< EPv/|7—t\H dr =: J.
™
a

/tT (u—7)g" (u)du

‘We observe that

(r—t)
<19 0

/tT (u—7)g" (u)du

if ¢" € Lo [a, 1],

1

q+1
q |t_7—|q

= 19"l
e (¢+1)

-
/ [t — 7| dr
t

/tT (u—7)g" (u)du

<9 im0

Q=

if ¢"” € L, [a,b] and, finally,

<ft=7llg" gy -

/tT (u—7)g" (u)du
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Consequently, we have

b 2
PV [t S g
H P N P
J < Zx PV/ =t -] NG Ny
m o (D) o
b 1
PV [t fe =l 19 e
Loy b-—t"+(t—a)"
5 lg ”[a,b],oo r+2
H 1 b—t) Tetl 4 (¢ —q) et
S — X - 1 ||g//||[a7b]7p l( ) 1 ( 1 )
77 (qul)q T-‘v-a‘f'
p b=t +t—a)"
||g ||[a,b],1 ’ 7,+1 ’

which proves the inequality (2.17]). I

The following lemma also holds.

Lemma 3. Assume that f and g are as in Lemma[3 Then we have the identity:

(2.18) T (f9)(a,b;t)

FOT () (@k0+9 0T () o) - 2 a0 (11 )
b

for any t € (a,b).

Proof. In this case, we use the following identity:

16 B
/ so(U)du:Mﬂ)(ﬁ*a)*/ (u— ) ¢! () du

[e3

which holds for any absolutely continuous function ¢ : [a, §] — R
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Then, as above, we have

1
T—1

b
= Lpv [ - s [g' (1) -
b

b
/f(T)g’ (r)dr — £ (1) Pv/g' (r)dr

a

pvijtgw([uutmq@m>m]

1

1
m

b
/ f(r)g (r)dr —[g(6) — g (a)]  (£)

W]wLﬁm[wwww@4,

proving the identity (2.18)).

The following result also holds.

Theorem 10. With the assumptions in Theorem[d, we have:

(2.19) ‘T(fg) (a,b;t) = f (1) T (9) (a,b;) — g (£) T (f) (a, bs t)

/t "w—1)g" (u) du} dr

b
i e (1) - [/f(f)g’(r)dr— [g(b)—g(a)]f(t)H

r42 r4+2 .
72(;,'_2) |:(b — t) + —+ (t — a) + :| Hg””[a,b],oo Zf g// c Loo [a, b] :
H rrl 1 ,
<l o=t =) gy, i 97 € Lplast],
T (rg+q+1)(g+1)4

r—+1 r+1
o (0= 0"+ = @)™ N1

p>1,%+%:1;

Proof. The proof follows in a similar manner to the one in Theorem [9 by the use

of Lemma 3] We omit the details. I
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