NEW ESTIMATES OF THE CEBYSEV FUNCTIONAL FOR
STIELTJES INTEGRALS AND APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. In this paper, some new estimates of the Cebysev functional con-
sidered in [1] are provided. Applications for quadrature formulae in approxi-
mating the Riemann-Stieltjes integral are also given.

1. INTRODUCTION

In [1], the author has considered the following Cebysev’s functional for the Stielt-
jes integral

b
(L) T = s [ 100

e | 0w et [ wa

where f,g € C'a,b] (are continuous on [a,b]) and u € BV [a,b] is of bounded
variation on [a,b]) with u (b) # u (a).
If there exists the constants m, M such that

(1.2) m < f(t) <M foreach t€ [a,b],
then the following Griiss type inequality holds (see [1])
1 1
(13) [T (f,g;u)] < §(M—m) @) —u(a)]
1 b ’
x g—m/a g (s)du(s) Oo\a/(u)

The constant % cannot be replaced be a smaller constant.
If we restrict the class for v assuming it is monotonic nondecreasing on [a, b] with
u (b) > u(a), then the following better result holds

B
u(b) —u(a)

b
g(t)—m/a 9.(5) du (s)

Here the constant % is also sharp in the sense mentioned above.

<1(M—m)

14) [T(f,gu)] < 5

du (t).

Date: June 18, 2002.
1991 Mathematics Subject Classification. Primary 26D15; Secondary 41A55.
Key words and phrases. Cebysev functional, Griiss type inequality, Stieltjes integral.

1



2 S.S. DRAGOMIR

It is known that if p : [a,b] — R is Riemann integrable on [a,b] and v : [a,b] — R
is Lipschitzian, then the Riemann Stieltjes integral f; p (t) dv (t) exists and one has
the inequality

b b
(1.5) / p(tydv ()| < L / Ip (1) dt,

where L > 0 is the Lipschitz constant for v. This fact enables us to consider the
above Cebysev functional for f, g € R[a,b] (Riemann integrable on [a,b]) and u €
Lipr, [a,b] (Lipschitzian with the constant L > 0).

In [1], the author obtained the following inequality as well

v
u(b) = u(a)|

x/: g(t)—M/abg(S)du(S)

provided f,g € Rla,b], u € Lipr, [a,b], u(b) # u(a) and f satisfies the condition
(1.2). The constant 1 cannot be replaced by a smaller constant in (1.6).

In this paper some further results for the Cebysev functional (1.1) are obtained.
Applications for quadrature rules are also emphasized.

For some recent inequalities for Stieltjes integral see [2]-[5].

(16) |7 (f.gw] < 3L (M —m)

dt,

2. THE RESULTS

The following result holds.
Theorem 1. Let f,g : [a,b] — R be such that f is of r — H—Hdlder type on [a,b],
i.e.,
(2.1) If@)—f(s) <H[t—s]" forany t s€ ab],

and g is continuous on [a,b]. If u: [a,b] — R is of bounded variation on |a,b] with
u(a) # u (b), then we have the inequality

YV R
(22) |T(f.g:0)l < —; u(d) —u(a)]
b b
% gM/ g (s)du(s) \/(U)a

where \/Z (u) denotes the total variation of u on |a,b].

Proof. 1t is easy to see, by simple computation with the Stieltjes integral, that the
following equality

(23) T(fg;u) = M/ab [f(t)_f<a;b)]

holds.
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Using the known inequality
b

< sup @)\ (v)

te(a,b]

(2.4)

b
/ p () dv (1)

provided p € C'[a,b] and v € BV [a,b], we have, by (2.3), that

ro-r(5)] [g(t)—u(b)lu(a)/:g(s)du(s)H

T (f,g;u)] < sup
t€la,b]

< sup
t€la,b]

1
X = \/ (u),
|u(b) —u(a)| \a/
and the inequality (2.2) is proved. I

The following corollary may be useful in applications.
Corollary 1. Let f be Lipschitzian with the constant L > 0, i.e.,

(2.5) F@O) = F() < Llt—s| for any t,5 € [a,1],
and u, g are as in Theorem 1. Then we have the inequality
1 Lb-a)

26) T g0l = 50 =@

b

V(@)

oco @

X

b
QM/ g (s)du(s)

The constant % cannot be replaced by a smaller constant.

Proof. The inequality (2.6) follows by (2.2) for » = 1. It remains to prove only the
sharpness of the constant %

Consider the functions f = g, where f : [a,b] = R, f(t) =¢ and u : [a,b] — R,
given by

-1 if t=a,
(2.7) ut)y=¢ 0 if t € (a,b),
1 if t=b.

Then, f is Lipschitzian with the constant L = 1, g is continuous and u is of bounded
variation.
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If we assume that the inequality (2.6) holds with a constant C' > 0, i.e.,

b
QM/ g (s)du(s)

b

V().

(28)  |T(f,.g:u)| <CL(b—a)

and since
1 b 1,
i | F 0w =5 [
:% tQu(t)’Z—Q/:tu(t)dt]
b% + a?
=—
1 b 1 b
u(b)_u(a)/a f(t)dU(t)u(b)_u(a)/a g (t) du(t)
b
:%~/a tdu (t)
- tu@”i/abu(t)dt]
_ b+a,
S22
L ' _ a+b _bfa
g_u(b)_ (a)/(lg(S)du(s) _t:hlzl,)b]t_ 5 ’_ 5
and VZ (u) = 2, then, by (2.8), we have
b? + a? a+b\’ (b—a)b—a
2 _<2> SO 2

giving C' > % ]

The following result concerning monotonic function u : [a,b] — R also holds.

Theorem 2. Assume that f and g are as in Theorem 1. If u : [a,b] — R is
monotonic nondecreasing on [a,b] with u (b) > u (a), then we have the inequalities:

T

a+b

t—
2

H b
(2.9) T (f,9:0)] < m/

1 b

g(t)M/a 9(5) du(s)
H(b—a)

= 2 ) —u(a)]

du (t)

1

b
9<t>u<b)_u(a>/a g (s) du ()| du (8).
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Proof. Using the known inequality

b
/pwmw

provided p € C'[a,b] and v is monotonic nondecreasing on [a, b] , we have, by (2.3),
the following estimate:

b
(2.10) < [ Ip@ldoo),

1 b
|T(f,g,u)lém/a

H

which simply provides (2.9). 1

The particular case of Lipschitzian functions that is relevant for applications is
embodied in the following corollary.

Corollary 2. Assume that f is L— Lipschitzian, g is continuous and u is monotonic
nondecreasing on [a,b] with u (b) > u (a). Then we have the inequalities

_ L "l a+b
(211) |T(f,g;u)] < m/@ t— B) ‘
b
<o) = e [ 9@ du ()|

du (t).

The first inequality is sharp. The constant % in the second inequality cannot be
replaced by a smaller constant.
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Proof. The inequality (2.11) follows by (2.9) on choosing r = 1. Assume that (2.11)
holds with the constants D, E > 0, i.e.,

(2.12) T (f, g5 )]

du (t)

LE(b—a) [° 1 b o) duls
< v ). T [, 9O

Consider the functions f = g, where f : [a,b] — R, f(t) =t and u is as given by
(2.7). Then, obviously, f is Lipschitzian with the constant L = 1, g is continuous
and v is monotonic nondecreasing on [a, b] .

Since, we know, for these functions

du ().

2
T (. giu) = L=

and

r
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then by (2.12) we deduce

(b—a)’
4
giving D > 1 and F > % [ |

<

Q_@—af<:Ew—af
2 2 - 2

Another natural possibility to obtain bounds for the functional T'(f, g; u) , where
u is Lipschitzian with the constant K > 0, is embodied in the following theorem.

Theorem 3. Assume that f : [a,b] — R is of r — H—Holder type on [a,b]. If
g : [a,b] — R is Riemann integrable on [a,b] and u : [a,b] — R is Lipschitzian with
the constant K > 0 and u (a) # u (b), then one has the inequalities:

(2.13) T (f,9; )I
a+b

—u

ww—agfaal (s) du (5)

HK (b—a) )
Tt DTa() u«w|H9 @) Ja 9 () du (s )H ;

oo

X dt

HE(b—a)" "1 H
1
27(gr+1) 2 |u(b)—u(a)|

IN

b
~ e o 9 (s) du ()
®)—u(a) »
if p>1, s +c=1

HK (b—a) H f H
wmw>uw\ 9= wmut@ Ja 905 .

Proof. Using the inequality (1.5) and the identity (2.3), we have successively

K a+b
(2.14) ﬂ%ﬁwUHS|uw) _f< 2 N
1 b
X g(t)(b)_u()/g(s)du(s) dt
_|u A tia—i—b
b
xﬂt—mm_wwLQQWMﬁﬂ

and the first inequality in (2.13) is proved.

Since
b a r b
/ t— ;_b (t)—u(b)iu(a)/g(s)du(s) dt
1 b b a+bl|"
g_iu(b)—u(a)/a g (s)du(s) Oo/a t— 5 dt
(b—a)t! 1 b
A guag—umylg“ﬁm“)m’
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then by (2.14) we deduce the first part in the second inequality in (2.13).
By Holder’s integral inequality we have

/5
([T

| (—a) !
=% @5

a+b|"
2

t —

a+b
2

b
ETOT AL
1

b
s |, 7O

b
9= T [, o

Using (2.14), we deduce the second part of the second inequality in (2.13).

Finally, since
T b* T
< ( 2“) , tefa,],

b
ga>—5@5é5@5lgm@du@>

(b—a)
27"

t—

g(t)—

PoN\7¥
dt)

Q=
N
n\@

Q=

ar (gr 4+ 1)

p
_ b-ayt

2" (gr + 1)3

'ta+b
2

we deduce

/

a+b|"
2

t— dt

<

and the theorem is completely proved. i

Corollary 3. If f is Lipschitzian with the constant L and g and u are as in
Theorem 8, then we have the inequalities:

(2.15) T (f,9; )|

a+b‘

dt

g(t) — m/@ (s) du(s)

LK (b—a)?
4|u<b>—u)a\H9 Mo u<a)f g(s)du(s )H ;

o0

LK(b—a)'t H
T g
2(g+1) 7 [u(b)—u(a)|

b
_ubiua fag(s)du(s)H
@)~ ula) )
ifp>1, s 4+g=1

IN

LK (b—a)
2|u(b) w(a)] Hg w(0)— u(a) f g (s)du(s) L
The first inequality in (2.15) is sharp.
The constants % and % in the second branch of the second inequality cannot be
replaced by smaller constants, respectively.
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Proof. The inequality (2.15) follows obviously from (2.13) on choosing r = 1.
Now, assume that the following inequalities hold

(2.16) T (f, g;u)|
CLK b a+b
< oo e -5
b
X g(t)M/ g (s)du(s)|dt
DLEG-af| 1 [ |
[ (b) —u(a)] || u(b)_u<a)/a9(8)dU(s) o
< 1
- ELK (b—a)'ts - 1 b s
<q+1>3|u<b>—u<a>||'g u<b>fu<a>/ag“d i
ifp>1,%_|_é:1;

with C, D, E > 0.
Consider the functions f,g,u : [a,b] — R, defined by f(t) =t — GTH’, u(t) =t

and
1 if t€ [a, 4],
g(t) =

1 if te (420,
Then both f and u are Lipschitzian with the constant L = K = 1 and g is Riemann
integrable on [a, b].
We obviously have

b b b
(gl =5 [ F0e@dt- = [ r@a = [ g

1 =n a+b b a+b
:b—a[/a ( 5 _t>dt+/az+b<t_ 5 )dt]

t_a+b

b
at— |

_(b-a)?
4

K

b
1
QM[WW(S) = llgll, =1

and
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Consequently, by (2.16), one has

D (b—a)? .
2 b—a
b—aé C (b—a) <
4 b—a 4 E(b—a)2
(g+1) (b—a)
giving
D
1<C<
<7< E
4 4 —, q>1
(g+1)®

1
From the first inequality we obtain C' > 1. Also, we get D > i and E > %.
Letting ¢ — 14, we deduce E > % and the corollary is proved. i

3. A QUADRATURE FORMULA

Let us consider the partition of the interval [a, b] given by
(3.1) I,:a=xp<x1 < - <xp_1<xy =0

Denote v (I,) := max {h;|i =0,...,n — 1} where h; :=x;41 — 24,1 =0,...,n— 1.
Consider now the quadrature rule

Ti41

n—1 1 Tit1
(32) Su(figiu,Iy) = ; m/z f(t)du(t) / g (t)du(t)

provided f,g € Ca,b], u € BV [a,b] and u (x;41) #u(z;), i =0,...,n— 1.
We may now state the following result in approximating the Stieltjes integral

b
/fmgwww.

Theorem 4. Let f,g: [a,b] — R be such that f is of r — H—Hélder type on [a,b]
(see Theorem 1), g is continuous on [a,b], I, is as above and u : [a,b] — R is of
bounded variation on [a,b] with u (z;41) # uw(z;), 1 =0,...,n — 1. Then we have
the representation

b
(33) / f(t)g(t) du (t) =Sy (f>g§u7]n) + Ry (fag§uu In)>

where the quadrature Sy, (f, g;u, I,,) is as defined in (3.2) and the remainder Ry, (f, g;u, I,)
satisfies the estimate

(34) [Ra(fogiu L) < o [0 (£ L))
1 Tit1 b
) i:%% Hg u (@it1) — u(zs) /II glo)dul) [#i,@i41],00 \a/ -
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Proof. Applying the inequality (2.2) on the interval [x;, z;4+1] to get

a5 | rwsmane
1 Tit1 Tit1
o Fowryerren /x f(t)du(t)-/mi g(t)du(t)‘
Hh? 1 it o
o T rne=rest ACLI V @),

for each i € {0,...,n—1}.

[zi,zit1],00 z;

Summing the inequalities (3.5) over ¢ from 0 to n — 1, and using the generalised

triangle inequality, we have

(3.6) |Rn(f,g5u,1n)|
n—1 T Tit1
H 1 o+
I R et AN TOL I ()
or ; u(xi+1) — U(CEZ) o [zi,zi+1],oo \z{
H 1 Fit1
= (f,1,)]" ma . t) du (t
<G WU max o o [ g m -
n—1Tiy1
x>\ @
=0 x;
H 1 Fit1
2" ['U (f, )} i:%lz}il Hg u(xi+1) - u(xl) /a:1 g(S) U(S) [i2it1],00

b
< \/ (w),
and the inequality (3.4) is obtained. B

Remark 1. Similar results may be stated if one uses Theorem 2 and Theorem 3.
We omit the details.

4. SOME PARTICULAR CASES

For f,g,w : [a,b] — R, integrable and with the property that ffw (t)dt # 0,
consider the weighted Cebysev functional

b
(41) Tw(f.9) ::fabw(t)dt/a w(t) f(t)g(t)dt
1 b 1 b
_ffw(t)dt/a W(t)f(t)dt.f;w(t)dt/a W(t)g(t)dt.
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1. If f,g,w : [a,b] — R are continuous and f is of r — H—Holder type (see Theorem
1), then one has the inequality

H|b—a| 1

(42) [T (f.0) € =

X

1 b
I f:w(s)ds/a 5(s)w

/ |w ()] ds.
The proof follows by Theorem 1 on choosing u (t) = fat w (s)ds.
2. If f,g,w are as in 1 and w (s) > 0 for s € [a,b], then one has the inequality

[a,b],00

H b a+bl"
(4.3) T (f,g)Sfjw(s)dS/a ==
1 b
X g(t);w(s)ds/a g (s)w(s)ds|w(s)ds
(b—a)
27“f;w(s)ds

/ g (s)w(s)ds|w(s)ds.

o
f;w(s)ds a

The proof follows by Theorem 2 on choosing u (t) = fat w(s)ds.
3. If fis of r — H—Holder type, g are Riemann integrable on [a,b] and w is
continuous on [a, ], then one has the inequality

(4.4)  |Tw (£ 9)l

H wl, 1 b
< H ”[ b] a+b (t)—bi/g(s)w(s)ds dt
J, w(s)ds Ja
H ||w||[a b] oo (0= G)TH b .
Y fa g )
2r (r+1) ‘j‘ ds‘ J, w(s)ds fab].00
1
H”w”ab oo(b_a)r+g 1 b
§ il - Jlg@w(s)ds||
= 27 (gr + 1)1 w(s) ds’ fa w(s)ds ) [la,b],p
p > ]., 5 + E = 1,
HHwH a,b oo(b_a/)r 1 b
[z’)]’ - — S, 9(s)w(s)ds
or fa w (s) ds‘ fa w (s)ds [a,b],1

The proof follows by Theorem 3 on choosing u (t) = ft w (s)ds.
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