Ostrowski Type Inequalities for Functions whose Derivatives are Convex

S.S. Dragomir and A. Sofo

School of Communications and Informatics, Victoria University of Technology, Victoria, Australia .

(email: sever@matilda.vu.edu.au sofo@matilda.vu.edu.au)

Abstract

An Ostrowski type inequality for absolutely continuous functions whose derivatives are convex and applications are given.

I. INTRODUCTION The following result is known in the literature as Ostrowski’s inequality [1].

Theorem 1: Let f : [a, b] → R be a differentiable mapping on (a, b) with the property that |f^′ (t)| ≤ M for all t ∈ (a, b). Then | | | | f(x)− 1 b − a ∫_b a f (t) dt | | | | ≤ [ 1 4 + ( x−^{a+b}_2 )_2

(b − a)^2 ] (b−a) M (1) for all x ∈ [a, b].

The constant^1_4 is the best possible in the sense that it cannot be replaced by a smaller constant.

A simple proof of this fact can be done by using the identity:

f (x) = 1 b − a ∫_b a f (t) dt + 1 b − a ∫_b a p (x, t) f^′ (t) dt, x ∈ [a, b] , (2) where p (x, t) := { t − a if a ≤ t ≤ x t − b if x < t ≤ b which also holds for absolutely continuous functions f : [a, b] → R. The following Ostrowski type result for absolutely continuous functions holds (see [2], [3] and [4]).

Theorem 2: Let f : [a, b] → R be absolutely continuous on [a, b]. Then, for all x ∈ [a, b], we have: | | | |f (x) − 1 b − a ∫_b a f (t) dt | | | | (3)

≤

[ 1 4 + (_{x− a+b2} b−a )_2]

(b − a) ‖f^′‖_∞ if f^′ ∈ L_∞ [a, b] ; 1 (p+1)^{1p} [( x−a b−a )_{p+1} + (_{b−x} b−a )_{p+1}]^1_p (b − a)^{1p} ‖f^′‖_q if f^′ ∈ L_q [a, b] ,^1_p +^1_q = 1, p > 1; [_1 2 + | | x−^{a+b}_{2b−a} | |] ‖f_′‖_1 ;

where ‖·‖_r (r ∈ [1, ∞]) are the usual Lebesgue norms on L_r [a, b], i.e., ‖g‖_∞ := ess sup_{t∈[a,b]} |g (t)| and ‖g‖_r := (∫_b a |g (t)|^r dt ) 1_r , r ∈ [1, ∞). The constants^1_4 ,^1_{(p+1) 1p} and^1_2 respectively are sharp in the

sense presented in Theorem 1.

The above inequalities can also be obtained from the Fink result in [5] on choosing n = 1 and performing some appropriate computations.

If one drops the condition of absolute continuity and assumes that f is Hölder continuous, then one may state the following result (see [6]):

Theorem 3: Let f : [a, b] → R be of r − H−Hölder type, i.e., |f (x) − f (y)| ≤ H |x − y|^r , for all x, y ∈ [a, b] , (4) where r ∈ (0, 1] and H > 0 are fixed. Then for all x ∈ [a, b] we have the inequality: | | | | | f (x) − 1 b − a ∫_b a f (t) dt | | | | | ≤ H r + 1 [( b − x b − a )_{r+1} + ( x − a b − a )_{r+1}] (b − a)^r . (5)

The constant^1_{r+1} is also sharp in the above sense. Note that if r = 1, i.e., f is Lipschitz continuous, then we get the following version of Ostrowski’s inequality for Lipschitzian functions (with L instead of H) (see [7]) | | | | f (x) − 1 b − a ∫_b a f (t) dt | | | | ≤ 1 4 + ( x −^{a+b}_2 b − a )_2 (b − a) L. (6)

Here the constant^1_4 is also best.

Moreover, if one drops the condition of the continuity of the function, and assumes that it is of bounded variation, then the following result may be stated (see [8]).

Theorem 4: Assume that f : [a, b] → R is of bounded variation

and denote by^b ⋁ a its total variation. Then | | | | f (x)− 1 b − a ∫_b a f (t) dt | | | | ≤ [ 1 2 + | | | | x −^{a+b}_2 b − a | | | | ]_b ⋁ a (f) (7)

for all x ∈ [a, b].

The constant^1_2 is the best possible.

If we assume more about f, i.e., f is monotonically increasing, then the inequality (7) may be improved in the following manner [9] (see also [10]).

Theorem 5: Let f : [a, b] → R be monotonic nondecreasing. Then for all x ∈ [a, b], we have the inequality: | | | | f (x) − 1 b − a ∫_b a f (t) dt | | | | (8)

≤ 1 b − a { [2x − (a + b)] f (x) + ∫_b a sgn (t − x) f (t) dt }

≤ 1 b − a {(x − a) [f (x) − f (a)] + (b − x) [f (b) − f (x)]} ≤ [ 1 2 + | | | | x −^{a+b}_2 b − a | | | | ] [f (b) − f (a)] . All the inequalities in (8) are sharp and the constant^1_2 is the best possible.

In this paper we point out a different Ostrowski type inequality assuming some special properties for the derivative of the function f on (a, b).

II. THE RESULTS In [11], S.S. Dragomir pointed out the following identity in representing an absolutely continuous function.

Lemma 6: Let f : [a, b] → R be an absolutely continuous function on [a, b] . Then for any x ∈ [a, b] , one has the equality:

f (x) = 1 b − a ∫_b a f (t) dt + 1 b − a ∫_b a (x − t) (∫_1 0 f^′ [(1 − λ) x + λt] dλ ) dt. (9) Proof: For any t, x ∈ [a, b] , x ≠ t, one has f (x) − f (t) x − t = 1 x − t ∫_x t f^′ (u) du = ∫_1 0 f^′ [(1 − λ) x + λt] dλ, showing that

f (x) = f (t) + (x − t)

∫_1 0 f^′ [(1 − λ) x + λt] dλ (10) for any t, x ∈ [a, b] . If we integrate (10) over t on [a, b] and divide by (b − a) , we deduce the desired identity (9). The following result holds.

Theorem 7: Let f : [a, b] → R be a differentiable function such that its derivative f^′ is convex on (a, b) . Then for any x ∈ (a, b) one has the inequality 1 2 · b − x b − a [ 1 b − x ∫_b x f (u) du−f (b) − 1 2 (b − x) f^′(x) ] (11)

+ 2 (x − a) b − a [ 2 x − a ∫_x a+x 2 f (u) du − f ( a + x 2 )]

≤ f (x) − 1 b − a ∫_b a f (t) dt ≤ 1 2 · x − a b − a [ 1 x − a ∫_x a f (u) du −f (a) − 1 2 (x − a) f^′ (x) ]

+ 2 (b − x) b − a [ 2 b − x ∫ x+b_2 x f (u) du − f ( x + b 2 )] . Proof: For any x ∈ (a, b) , one has the identity (see Lemma 6) f (x) − 1 b − a ∫_b a f (t) dt = 1 b − a [∫_x a (x − t) (∫_1 0 f^′ [(1 − λ) x + λt] dλ ) dt + ∫_b x (x − t) (∫_1 0 f^′ [(1 − λ) x + λt] dλ ) dt ] . (12)

Since f^′ is convex, then by the Hermite-Hadamard inequality for f^′ we have f^′ ( x + t 2 ) ≤ ∫_1 0 f^′ [(1 − λ) x + λt] dλ (13) ≤ f^′ (x) + f^′ (t) 2 for any t, x ∈ (a, b) . Assume a ≤ t ≤ x. Then by (13) we get ∫_x a (x − t) f^′ ( x + t 2 ) dt (14) ≤ ∫_x a (x − t) (∫_1 0 f^′ [(1 − λ) x + λt] dλ ) dt ≤ ∫_x a [ f^′ (x) + f^′ (t) 2 ] (x − t) dt. Assume x ≤ t ≤ b. Then by (13) we also get ∫_b x (x − t) [ f^′ (x) + f^′ (t) 2 ] dt (15) ≤ ∫_b x (x − t) (∫_1 0 f^′ [(1 − λ) x + λt] dλ ) dt ≤ ∫_b x (x − t) f^′ ( x + t 2 ) dt.

Summing (14) with (15), dividing with b−a and using the identity (12) we deduce 1 b − a [∫_x a (x − t) f^′ ( x + t 2 ) dt (16) + ∫_b x (x − t) [ f^′ (x) + f^′ (t) 2 ] dt ]

≤ f (x) − 1 b − a ∫_b a f (t) dt ≤ 1 b − a [∫_x a [ f^′ (x) + f^′ (t) 2 ] (x − t) dt + ∫_b x (x − t) f^′ ( x + t 2 ) dt ] . Since ∫_x a (x − t) f^′ ( x + t 2 ) dt = 2 ∫_x a f ( x + t 2 ) dt − 2f ( x + a 2 ) (x − a) = 4 ∫_x a+x 2 f (u) du − 2f ( a + x 2 ) (x − a) , ∫_b x (x − t) [ f^′ (x) + f^′ (t) 2 ] dt = 1 2 ∫_b x f (t) dt − 1 2 (b − x) f (b) − 1 4 (b − x)^2 f^′ (x) , ∫_x a [ f^′ (x) + f^′ (t) 2 ] (x − t) dt = 1 2 ∫_x a f (t) dt − 1 2 (x − a) f (a) + 1 4 (x − a)^2 f^′ (x) , and ∫_b x (x − t) f^′ ( x + t 2 ) dt = 2 ∫_b x f ( x + t 2 ) dt − 2f ( x + b 2 ) (b − x) = 4 ∫ x+b_2 x f (u) du − 2f ( x + b 2 ) (b − x) , then by (16) we deduce the desired result. The following corollary is natural to be considered. Corollary 8: Assume that f : [a, b] → R is as in Theorem 7. Then 1 4 [ 2 b − a ∫_b a+b 2 f (u) du −f (b)− 1 4 (b−a) f^′ ( a + b 2 )] (17)

+ 4 b − a ∫ a+b_2 3a+b 4 f (u) du − f ( 3a + b 4 )

≤ f ( a + b 2 ) − 1 b − a ∫_b a f (t) dt (18)

≤ 1 4 [ 2 b − a ∫ a+b_2 a f (u) du − f (a) + 1 4 (b − a) f^′ ( a + b 2 )]

+ 4 b − a ∫ a+3b_4 a+b 2 f (u) du − f ( a + 3b 4 ) .

The proof follows from (11) at the midpoint x =^{a+b}_2 . Corollary 9: Assume that f : [a, b] → R is as in Theorem 7. Then 8 5 (b − a) ∫_b a+b 2 f (u) du − 1 5 f (b) (19) − 1 10 (b − a) f^′ (a) − 4 5 f ( a + b 2 )

≤ 4 5 [ f (a) + f (b) 2 ] − 1 b − a ∫_b a f (u) du ≤ 8 5 (b − a) ∫ a+b_2 a f (u) du − 1 5 f (a) + 1 10 (b − a) f^′ (b) − 4 5 f ( a + b 2 ) . Proof: At x = a, we have from (11) 1 2 [ 1 b − a ∫_b a f (u) du −f (b)− 1 2 (b−a) f^′ (a) ] (20)

≤ f (a) − 1 b − a ∫_b a f (u) du ≤ 2 [ 2 b − a ∫ a+b_2 a f (u) du −f ( a + b 2 )] .

At x = b,

2 [ 2 b − a ∫_b a+b 2 f (u) du − f ( a + b 2 )] (21)

≤ f (b) − 1 b − a ∫_b a f (u) du ≤ 1 2 [ 1 b − a ∫_b a f (u) du − f (a) + 1 2 (b − a) f^′ (b) ] .

Manipulating (20) and (21) we arrive at (19).

III. INEQUALITIES FOR SPECIAL MEANS

In the examples that follow below, the following definitions of special means will be utilized.

• Arithmetic mean: A = A (a, b) = a + b 2 ; a, b > 0.

• p – Logarithmic mean:

L_p (a, b) = a, if a = b [ b^{p+1} − a^{p+1} (p + 1) (b − a) ] 1_p , if a ≠ b .

• Logarithmic mean:

L (a, b) = a, if a = b b − a ln b − ln a , if a ≠ b .

1) Consider a function f with domain [a, b] ⊂ (0, ∞) , f (x) = x^p and p ∈ R, p ≥ 2 which is differentiable and its first derivative is convex. From Corollary 8, 1 b − a ∫_b a x^pdx = L^p (a, b) , notice that 3a + b 4 = A (a, b) + a 2 , a + 3b 4 = A (a, b) + b 2 and from (17) 1 2 (p + 1) (b − a) [ b^{p+1} + 7A^{p+1} (a, b) −8 ( A (a, b) + a 2 )_{p+1}] − ( A (a, b) + a 2 )_p

− p (b − a) 16 A^{p−1} (a, b) − b^p 4 ≤ A^p (a, b) − L^p (a, b) ≤ 1 2 (p + 1) (b − a) [ − a^{p+1} − 7A^{p+1} (a, b) + 8 ( A (a, b) + b 2 )_{p+1}] − ( A (a, b) + b 2 )_p

+ p (b − a) 16 A^{p−1} (a, b) − a^p 4 . In a similar fashion, from (19) we have 8 5 (p + 1) (b − a) [ b^{p+1} + A^{p+1} (a, b) ]

− b^p 5 − p (b − a) a^{p−1} 10 − 4A^p (a, b) 5 ≤ 2 5 [a^p + b^p] − L^p (a, b) ≤ 8 5 (p + 1) (b − a) [ A^{p+1} − a^p ]

− a^p 5 + p (b − a) b^{p−1} 10 − 4A^p (a, b) 5 .

2) Consider the function f (x) = −^1_x , x ≠ 0 then f^′ is convex on (a, b) ⊂ (0, ∞) and 1 b − a ∫_b a ( − 1 x ) dx = −L^{−1} (a, b) . From (17) and (19) respectively, we have that 3A (a, b) + 7b 4b (a + A(a, b)) − ( b − a 16 ) A^{−2} (a, b) + 1 2 (b − a) ln [( (a + A(a, b)) 2 )_8 1 bA^7 (a, b) ]

≤ L^{−1} (a, b) − A^{−1} (a, b) (22) ≤ 3A (a, b) + 7a 4a (a + A(a, b)) + ( b − a 16 ) A^{−2} (a, b) + 1 2 (b − a) ln [ aA^7 (a, b) ( 2 (b + A(a, b)) )_8] , and A (a, b) 5a^2b (4A (a, b) − 3b) + 4 5 A^{−1} (a, b) − 8 5 (b − a) ln [ bA^{−1} (a, b) ]

≤ L^{−1} (a, b) − 4A (a, b) 5ab ≤ A (a, b) 5a^2b (4A (a, b) − 3a) + 4 5 A^{−1} (a, b) − 8 5 (b − a) ln [ A (a, b) a ] . IV. TWO PLOTS In this section we produce two – three dimensional plots that demonstrate the validity of the inequality (22). Let m (a, b) = 3A (a, b) + 7b 4b (a + A (a, b)) − ( b − a 16 ) A^{−2} (a, b) + 1 2 (b − a) ln [( a + A (a, b) 2 )_8 1 bA^7 (a, b) ] , h (a, b) = L^{−1} (a, b) − A^{−1} (a, b) and M (a, b) = 3A (a, b) + 7a 4a (a + A (a, b)) + ( b − a 16 ) A^{−2} (a, b) + 1 2 (b − a) ln [ aA^7 (a, b) ( 2 b + A (a, b) )_8] ; then Figure 1 represents the plot of h (a, b) − m (a, b) and Figure 2 represents the plot of M (a, b) − h (a, b) indicating their positivity over the region (a, b) = (0, 1) × (0, 2) .

Figure 1: Plot of h (a, b) − m (a, b).

Figure 2: Plot of M (a, b) − h (a, b).

REFERENCES

[1] A. OSTROWSKI, Uber die Absolutabweichung einer differentienbaren Funktionen von ihren Integralmittelwert, Comment. Math. Hel, 10 (1938), 226-227.

[2] S.S. DRAGOMIR and S. WANG, A new inequality of Ostrowski’s type in L_1−norm and applications to some special means and to some numerical quadrature rules, Tamkang J. of Math., 28 (1997), 239-244.

[3] S.S. DRAGOMIR and S. WANG, Applications of Ostrowski’s inequality to the estimation of error bounds for some special means and some numerical quadrature rules, Appl. Math. Lett., 11 (1998), 105-109.

[4] S.S. DRAGOMIR and S. WANG, A new inequality of Ostrowski’s type in L_p−norm and applications to some special means and to some numerical quadrature rules, Indian J. of Math., 40(3) (1998), 245-304.

[5] A.M. FINK, Bounds on the derivation of a function from its averages, Czech. Math. J., 42(117) (1992), 289-310.

[6] S.S. DRAGOMIR, P. CERONE, J. ROUMELIOTIS and S. WANG, A weighted version of Osatrowski inequality for mappings of Hölder type and applications in numerical analysis, Bull. Math. Soc. Sci. Math. Roumanie, 42(90)(4) (1992), 301-314.

[7] S.S. DRAGOMIR, The Ostrowski’s integral inequality for Lipschitzian mappings and applications, Comp. and Math. with Appl., 38 (1999), 33- 37. [8] S.S. DRAGOMIR, On the Ostrowski’s inequality for mappings of bounded variation and applications, Math. Ineq. & Appl., 4(1)(2001), 33- 40. [9] S.S. DRAGOMIR, Ostrowski’s inequality for monotonous mappings and applications, J. KSIAM, 3(1) (1999), 127-135.

[10] P. CERONE and S.S. DRAGOMIR, Midpoint type rules from an inequalities point of view, in Analytic-Computational Methods in Applied Mathematics, G.A. Anastassiou (Ed), CRC Press, New York, 2000, 135-200.

[11] S.S. DRAGOMIR, Ostrowski type inequalities for isotonic linear functionals, J. Ineq. Pure & Appl. Math., 3(4) (2002), Article 4. [ONLINE]:

http://jipam.vu.edu.au/v3n4.html