PROPERTIES OF SOME SEQUENCES OF MAPPINGS
ASSOCIATED TO THE HERMITE-HADAMARD INEQUALITY

S.S. DRAGOMIR

ABSTRACT. The properties of some sequences of functions defined by multiple
integrals associated with the Hermite-Hadamard integral inequality for convex
functions are studied.

1. INTRODUCTION

The following integral inequality

a b a
(1) 150 <2y [ ras KOO

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the book [5].

The main aim of this paper is to consider some natural sequences of functions
defined by multiple integrals and study their properties in relation to the Hermite-
Hadamard inequality.

2. SOME SEQUENCES OF MULTIPLE INTEGRALS

For an integrable mapping f : [a,b] — R, let us define the sequences of functionals
defined by the following multiple integrals:

L s @)

2 ;
L,(f) :Wl(l)m/ab.../ab {f <:L'1+...—|—n1;n1+b>

+f <x1 T +nxn71 + a)} dxy...dz,_q

for n > 2 and

b b
A, (f) = ﬁ/ / f (W) dxy...dx, for n > 1.

In [], the authors proved the following result which connects the functional
A, (f) to the Hermite-Hadamard inequality (1.1)).
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Theorem 1. Let f : [a,b] — R be a convex function on [a,b]. Then

b
e () st a1 [ o

foranyn e N, n > 1.

The sequence L, (f) may be also connected to the Hermite-Hadamard inequality
through the following result.

Theorem 2. Assume that f : [a,b] — R is convex on [a,b]. Then for alln > 2 one
has the inequalities:

o (45) 5 {l s
< LMﬂ
S —a/ f(z derf M
< M
N 2

Proof. Using Jensen’s inequality for multiple integrals, we have

n 1/ / <$1+ —|—.73,L 1+b)dl‘1...d$n_1

S ISy e SuES S P
(b*a) a a n
_ (n—=1)%"+b
_ f[ k
and
n 1/ / <:C1+ T 1+a) dxl...dx”_l
1+ +2Tp1+a
> dxy...dz,—
= f[(b—a)"l/a /{ n ] e 1]

F [(n—l) a'z"b—i—a

which gives, for n > 2, that

n—1)atd n—1)el 44

a+b
> .
> ()
By the convexity of f we also have (n > 2) that
(B et St ) £

n n

Y
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and
p(ottenata fle)+et @) + /(o)
n - n '
Integrating these inequalities on [a,b]"” ", we deduce
n 1/ / (w1+ T T 1+b)dx1...dxn1
n — 1
< . ) s [rwa o
and
_ n 1/ / <x1+ T Tn— 1+a)dl’1...d$n1
( . ) s [ b
giving
1|2(n—1 b 1
Lo(f) <5 [%)b_a/ f<t>dt+n<f<a>+f<b>>] .
Since

b
f(a) + f(b)
<
b—a /a f(z)dr < 2
The last part of (2.2) is also proved. I

The following lemma holds.
Lemma 1. Let f : I C R be a differentiable function on I (I is the interior of I)
and a,b €I with a < b. If f’ is integrable on [a,b], then we have the equality:

(2.3) LMﬁ

= / / (xl t- +m") (xn — a—2|—b> dxzq...dz,

for alln > 1.

Proof. For n = 1, we must prove that

fl@+rm 1 f° a+b
5 _b—a/af(x)d —a/f (m— )dm.
Indeed, by an integration by parts, we have that:
/f ( a+b)dm _ @) (m_a+b> /f
_ (b_a)(f(Q b 7/af(x)dx

and the required identity is proved.
Let us prove the equality (2.3 for n > 2.

b
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By an integration by parts, we have:

b
/ f,<x1+...+xn) (xn_a—i—b) de.
a n 2
b b
nf<x1+...+xn) (zna b> 7n/ f(x1+"'+xn>dwn
n 2 a @ n

_ n{b;a [f <x1—|—...—|—nxn_1—|—b> L (:z:1—|—...+n:c”_1—|—a)]

/bf<x1+”'+$">dxn}.
a n

If we integrate this equality on [a,b]"” ", we have that:

o) / / <x1+ +x") (a:n—a;b) day...dz,,
_ (b—a)”/a /a b;a[f(x1+...+nmn1+b>

v (x1+...+xn_1+a>} dey.dn

/ / (xl to +x”> dzy..dz,
1 1/”“-/” {f <x1+...+xn1+b>
2b—a) ' Jo s n

Ly (xl—i—...—i—acnl —&—a)} do.dn

/ / <I1+ ””)dxl..dxn
Ln(f)

and the identity ([2.3)) is proved. 1

_|_

3. COUNTERPART INEQUALITIES FOR L, (f) AND A, (f)

By the use of the lemma in the above seection, we can point out the following
estimation results for the sequences defined above.

Theorem 3. Let f : I CR — R be a convex function defined on the interval I and
a,b €l with a <b. Then we have the inequality:

(3.1) 0<a, (f)—f(“b) <0 Ln () — An (f)]

for alln > 1.

Proof. The first inequality in (3.1)) follows from Theorem
For n = 1 we have

ia/abf(l’)dxf<a;b> Sf(a);f(b)bia/abf(x)dx,
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which is Bullen’s inequality (see for example [B p. 140]).

Since any continuous convex function on [a, b] is the uniform limit of a sequence of
differentiable convex functions on (a, ), we can assume, without loss of generality,
that f is differentiable convex on I. Thus, we have the inequality

a+b Ty + ... + T, at+b 14+ ..+z, T+,
() () = () ()

for all zy,...,z, € [a,b].
Integrating on [a,b]" , we get that

IV
—~
o>
i
Q
S—
3
D\@
T~
o
A~
IS
+ oo+
S8
|
&
=
+
3
+
=2
3
~_
il
N
S
=
+
+
K
3
N—
u
K
=
a.
=
3

as

b b
/ / x1f! <M> dzy...dz,,
a a n
b b
.:/ / Tn f! (x1+'r';+xn>dx1...dxn.

(a +o an) f' (M) dxy...dz,,
2 n
)

and from the above inequality we get (3.1) . 1

Using Lemma [T} we have that

=
An (f) = Ln (f)

= n(

Another result of this type is embodied in the following theorem.

Theorem 4. Let f : I CR — R be a convex function defined on the interval I and
a,b €l with a < b. Then we have the inequality:

(3.2) 0< A4 (f) = Anra (f) <

for alln > 1.

Proof. The first inequality in (3.2]) follows from Thorem
For n = 1 we have to prove that

1 b 1 Db ety
ba/af(x)dx_(b—a)z/a/af< 2 )dwdy
1 b

f@+f0) 1
2[ : —b_a/Llf(x)dar]7

which is known (see for example [3]).

o
IN

IN
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We can assume, without loss of generality, that f is differentiable and convex on
I. Thus, we have the inequality

1+ oo+ Tpy1 1+ ... +x,
() - ()

1+ oo+ Tpga 1+ ... +xTp , ([ T1+ ...+,
> - f
n+1 n n
[ — (14 A1) r 1+ ...+,
n(n+1) n ’

for all 1, ..., Zp41 € [a,b].

Integrating on [a, bt

Ant1 (f) = An (f)

, we get:
1

b b
P A e S o 7
n — | dx;...dz,,
b—a)""nn+1) /a /anx +1f< n ) i
b
/ / 1+ e+ xn) f (W) dxl...dxnﬂl
1 + +xn
dry...dx,
(b—a)n+1n(n+1 / / ( ) '
b
—n (b—a)/ / Tn f' (ml + —l—xn) dxl...dxn]
n
(by Lemma [1)

/ / (a+b l’n> f (W) dxl...dxn]
n

= m[AnOc)_Ln(f)]a

and the inequality (3.2)) is proved. I

v

(b—a)" (n+1) n—l—l

Next, we shall point out some estimations for the difference L,, (f) — A, (f).

Theorem 5. Let f : I C R — R be a differentiable function on I and a,b el with
a<b. If |f’|2 is integrable on [a,b], then we have the inequality:

(3-3) L (f) = An (£)]
(ml +...+ xn)

V3 (-
an (b—a)"

Proof. If |f'| is integrable on [a,b], then f is integrable on [a,b] and we have the

equality (see Lemma [1)):

Ln(f)_An(f>

1 1 b b, 1+ ...+ 2y a+b
= - — _ n— dxy...dx,,.
| [ (e

2

2
dxl...dxn]

for alln > 1.
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On the other hand, it is clear that

/ / <$1+ +-Tn) <x1+"'+xn) diZ?1---dxn7
n

and thus
L, (f ) —

T+ ...+ Ty 1+ ...+x, a+b
= - dxldq:n
— a n 2

for all n 2 1.
If we apply the Cauchy-Buniakowsky-Schwartz integral inequality, we have

(3.4) |Ly (f) = An (f )| 1
(“”14’ +x">’2da:1...dmn>2

1 (
S —
n
) b b 2 H
1 b b/ +..4+z, a+bd 2
We have

Let us compute
1 b
U = W/ / 3 a:?—!—...—&—xfb—&—Z Z ;T dxq...dx,

1<i<j<n

a+b 1 b b 1+ ... + 2y a+b 2
) —— | dz;...d2,
2 (b—a)"/a /< n R

However, a simple calculation shows us that

1 1 b b
ﬁm/a /a R Z z;x; | dxy...dzy

1<i<j<n

2
1 1 b, nin—=1)( 1 [°

= —_— . 2.
3 n (b—a)/a rodx + 5 b—a/a xdx

_ % [Sbf(fb_a;) . 2(n2— 1) (a;rb>2

e
bfa

a+b
- (b—a)/a vdr = —

1+ ...+x, a-+b
n

and
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Thus,
1 | a® + ab+ b2 a+b 2 a+b 2
= _V—_— 71 _
v e () - ()
B l a2+ab+b27 a+b 2
T oon 3 2
1 2

Using inequality (3.4]) with U as above, we easily obtain inequality (3.3]). We shall
omit the details. i

Corollary 1. Let f: I CR — R be a differentiable function on I and a,b el with
a <b. If M :=sup,¢(q 4 |f' (z)| < o0, then we have the inequality:

V3 (b—a)M
(3'5) ‘Ln (f)_An (f)| < W
for alln > 1.

The above corollary allows us to state the following estimation result for convex
mappings.
Theorem 6. Let f : I C R — R be a differentiable convex function on I and a,b el
with a <b. If M 1= sup,epe ) |f' (2)| < 00, then we have the inequalities:

a+b\ _V3(b—a)M
(36) 0,01 (%50) < LTI s
and
V3(b—a)M
(3.7) OSAn(f)—An+1(f)§m,”21-
Moreover, we have that:
a+b

2

nan;OnP{An(f)—f< )]:0f0r0§p<;

and 5
lim n?[A, (f) — Any1 (f)] =0 for 0 < g < 5

n—oo
4. COUNTERPART INEQUALITIES FOR A, (f)

Next, we shall point out some estimation results for the weighted sequence

b b
A, (f» Q) = (b—la)n/ / f (Chxl +Qn+ qnxn) dzy...dx,

for all n > 1, where ¢; >0, i =1,n and Q,, := Y ", ¢;.
This sequence is connected to the Hermite-Hadamard inequality through the
following result obtained in [IJ.

Theorem 7. Let f : [a,b] — R be a convex function on [a,b]. Then for any g; > 0
(i =1,n) one has the inequalities:

f(a) + f(b)
> :

(4.1) f(a;b) <A (f) < An(fig) <
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In what follows we point out other results for this sequence.

Theorem 8. Let f : I C R — R be a differentiable convex function on I and a,b el
with a < b. If |f’|2 is integrable on [a,b], then we have the inequality

an o < aa-f("5)

x@(Zﬁqﬁ)Wb—@

[b_a

Proof. The first inequality in (4.2)) is obvious by (4.1)).
By the convexity of f, we can write that

Q111+---+Qn$n a+b
() ()

(qlan + ot @, a+ b) I (qlxl + .+ qnxn>

Qn S22 Qn

1
2 2

forn > 1.

<

for all 1, ..., 2, € [a,b].
If we integrate over [a,b]" , we obtain

(43) A (fo) - f(‘”b)

/ / <q1x1+ -t T a+b>
b—a)

“ f' ( iCz s q”””") dzy...dz,
Qn

1 b b g1+ ...+ g, a+b 2
< —_— — dxy...dx,
B [(b_ a)n/a /a < Qn 2 ) et

2 3
l (lhzl ot Qn$n> ‘ da:l...d:rn]
b—a)"

n
on using the Cauchy-Buniakowsky-Schwartz inequality for the last inequality.
Now, denote

1 boob o G b\?
B = 771/ / QLA ¥ T 2 dxy...dx,, n > 1.
(b_ (l) a a Q’ﬂ 2

N
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Then we have

1 1
B = T
/ / q1m1+ +qnﬂcn+2 Z ;%:q;x;5 | doy...dx,
1<i<j<n
b 1 bbb o
(e
2 (b_a’) a a Qn
a+b 2
(%)
However,

1 n
Qi' b—a) / / Z 2z2+2 Z ¢ix;qjx; | doy...dx,

2
n 1<i<j<n
b 2
1 2
= @ qu . / dr + 2 Z q,qj< — /xdx)
n L 1<i<j<n a
1 b2+ab+a2 n a+b\2
| nt X (s
"L j=1 1<i<j<n

and

1 Lot oot Gy
b a

1 +b
pr— d: .
bfa/axm 2

1 - b% + ab+ a? a+b 2 a+b 2
P g X () X ow(F) |- ()

j=1

Then we have

[ V)

1 "L, (b +ab+ a? a+b\° 9 fa+b
- e S (Y e s () e (4
o=t 1<i<j<n
As
qu+2 Z 445,
1<i<j<n
then

n

1
B:@Z

n 7j=1
2
(b—a) Zj:l (Ij
1202 '
Using inequality (4.3)) , we deduce the desired inequality (4.2)).

b2 +ab+a 3 <a+b>2
2
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Corollary 2. With the above assumptions, given that M := sup ¢, [f' ()] < o0,
we have the inequality:

arpy  V30—a)(Tia)”
an  osadre -1 (5 < Y
forn > 1.

Remark 1. Note that if lim, ZJQZI @ = 0, then, from (4 , we recapture the
result from [1].

The following result also holds:

Theorem 9. Let f : I C R — R be a differentiable convexr function on I and
a,b €l with a < b. If |f'|* is integrable on [a,b] and q; > 0 (i > 1), then one has
the estimation:

(4.5) 0 < A.(f,q)—An(f)

[l

for all n > 1, where Q,, := E?:l -

IA
P
o=
|
2
Nk
VRS
Ol=
|
S|
N———
[\)

1
2 2
<Q1x1+ +qnxn)‘ dml...dxn]

n

Proof. The first inequality follows by Theorem
Using the convexity of f, we have that

s (qlxl —|—...+qnxn> iy (:El +...+xn>

Qn n
(qlxl + ...+ gnTn o 1 +...+ xn) f/ <Q1x1 + ...+ qnxn>
Qn n Q@n

for all 1, ..., 2, € [a,b].
Integrating on [a, b]" , we obtain

(46)  An(f,q)—A

n (f)
1 b b QT+ ...+ T, T+ ...+,
o [ [ (G )

x f (Q1$1 ot qnxn> dzy...dz,
Qn
1

1 b b QT+ ...+ Ty, T+ ...+ Ty 2 :
[ ( 171 + .. +qnxn>
—a)" Qn

by applying the Cauchy-Buniakowsky-Schwartz integral inequality for the last in-
equality.

IN

2

2
dmldmn‘| s
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Let us define

1 b b o G etz \?
Cim o [ [ (DB T T
(b_a) a a Q’Vl n

Then we have:
1 1

Qin? (b—a)”
b b
X / / [(ng1 — Qn) 1+ ... + (Ngn — Qn) xn]2dx1...dxn

1 1 b b & 5
- n2Q%'(bfa)"/a /a LZ_;(”%_Q") z

+ 2 Z n% Qn nqj — Qn) xza:J] dxq...dx,

1<i<j<n

C:

1 " 1 b
= W Z (ng; — Qn)2 m/ 22dx
n J::l a

b
+ 2 (ng; — Qn) (ng; — Qn) <bi / xdac)

2

<i ] n
1 " 2a2+ab—|—b2
= 3202 Z ng; —
n?Q? = 3
a+b 2
2 3 (a- )<nqj—c2n>( )
<i ]Sn
1 ~ a® 4+ ab+ b2 (a+b)2
= 302 Z ng; — -
n?Q? L=1 3 2
+ n

+(a2b) 2 (g =Qu)*+2 3 (ngi = Q) (ng; ~ Qu)

j=1 1<i<j<n

However, it is easy to see that

n

(ng; —Qn)>+2 > (ngi — Qn) (ng; — Qn)
1 1<i<j<n
2

= Z (ng; — =0.

Jj=1

<.
I

Hence,
E;‘l:1 (Qn — an)Q (b— a)2
Q2n2 12
Finally, by using inequality 7 we deduce the desired inequality N |

C:
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Corollary 3. With the above assumptions, given that M := sup ¢, [f' ()] < o0,
we have the inequality:

(4.7) OgAn(f,q)—An(f)SM Zn:(qj_1>2

6

Jj=1

foralln > 1.
Remark 2. If we assume that ¢; > 0 (i > 1) are such that

T (Qu—ng)’

n—00 Q%n2

:0’

then we have

(1]
2]

(3]

(4]

(5]

lim [An (fa (]> - An (f)] = 0.

n—oo
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