A GRUSS RELATED INTEGRAL INEQUALITY AND
APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. A Griiss related integral inequality in the general setting of mea-
surable spaces and abstract Lebesgue integrals is proven. Some particular in-
equalities and applications for Ostrowski and generalized Trapezoid inequality
are mentioned as well.

1. INTRODUCTION

Let (Q, A, ) be a measurable space consisting of a set €2, a ¢ — algebra of parts
of Q and a countably additive and positive measure p on A with values in RU{oco} .

For a pi—measurable function w : @ — R, with w (z) > 0 for p — a.e. = € €,
assume [, w () dp (x) > 0. Consider the Lebesgue space Ly, (2, 1) == {f : @ —
R, fis p—measurable and [, w () |f (x)|dp (x) < oo}

If f,g:Q — R are p—measurable functions and f, g, fg € L, (Q, 1), then we
may consider the Cebysev functional

1
(L1) T, (f,9):= fgw(x)du(x)/sz
1

- Jow(z)dp(2)

w () f (z) g (x)dp (z)
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The following result is known in the literature as the Griiss inequality

(12) T ()| < 3 (0 =) (A~ ),
provided
(1.3) —c0<y< f(z) <T'<o0, —c0<d<g(x) <A<o0

for u —a.e. x € Q.

The constant % is sharp in the sense that it cannot be replaced by a smaller
constant.

Note that if Q@ = {1,...,n} and p is the discrete measure on €2, then we obtain
the discrete Griiss inequality

1 & R~ I 1

n
V=1
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provided v < x; < T, 6 < y; < A for each i € {1,...,n} and w; > 0 with
W, = Z?:l w; > 0.

For some Griiss type inequalities, see the papers [1] — [11] where further references
are provided.

2. SOME INTEGRAL INEQUALITIES
With the above assumption and if f € L,, (Q, 1) then we may define

(2.1) Dy, (f) == Duw,1 (f)
1
= e L@
1
f(x)— wi(y)Cm(y)/Qw(y)f(y)dﬂ(y) dp ().

The following fundamental result holds [2].

X

Theorem 1. Let w, f,g: Q — R be u—measurable functions with w > 0 pu— a.e.

on Q and fQ ,u( )>0.If f,g9,fg € Ly (Q, 1) and there exists the constants
6, A such that
(2.2) —00<d<g(x) <A<oo for p—ae x€f,

then we have the inequality

(2.3) Tw (f,9)| < 5 (A 6) Do (f) -
The constant l s sharp in the sense that it cannot be Teplaced by a smaller constant.
ForfEpr(QA,u {f Q—-R, [w ()" d ()<oo},p21we

may also define (see [2])

1
(2.4) Dy p (f) = [fgw(x)du(x)/gw(x)

1 P ’
<o - i L@ 0 i) )
N - e v )t W],
[ () dpe ()]
where ||~Hw’p is the usual p—norm on L, ., (2, A, u), i.e.,
= ([e@m@ram) . sz
Using Holder’s inequality we get
(25) Dw,l (f) < Dw,p (f) for p > 17 f S Lp,w (Q,A, :u') 5
and, in particular for p = 2
(2.6)
Jow )du() (fQ du( >)2 ’
Dy, Dy, )
,1 (f) < 2 (f) [ fQ ) fQ )

if f € LZ,w (Qa Av M) .
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For f € Loo (Q, A p) == {f:Q—>R, | fllq o0 := esssup | f ()] <oo} we also
’ ac

have

(2.7) Dup (f) < Do (f)

b 1w

(v) du (y)

The following corollary may be useful in practice.

/ w(y) f (y)du (y)

Q,00

Corollary 1. With the assumptions of Theorem 1, we have

28 IT(f9)
<5 (8= Du ()

< LA D) Duy () €Ly (@A) ,p>1:
1 1
<500~ s [ )

Q,00

Remark 1. The inequalities in (2.8) are in order of increasing coarseness. If we
assume that —oo < v < f(z) < T < oo for p — a.e. © € Q, then by the Griss
inequality for g = f we obviously deduce for p =2

L) )iste) _ (fyr(o) 0 11
29 [ o (e ” =
and then, by (2.8), we deduce the sequence for inequality
(2.10) Tw (f: 9)]

[\

1 1
<2(A‘5)f9w<w>du<x>/gw“”)
X‘f()—l / ()f()d()‘d()
! fgw(y)du(y) o YT G
1 Jo 0 )du() Joy0 du() gk
SQ(A“”[QIQ o (MLeae ”
< A8 —);

for f,g:Q — R, u — measurable functions and so that —oo < v < f(z) < T < o0,
—00 <0 <g(r) <A< for pw —ae x € Q. Thus, the inequality (2.4) is a
refinement of Griss’ inequality (1.2).

It is well known that if f € Lo, (2, A, 1), then the following Schwartz’s type
inequality holds:

; w T 21‘ X w T T x i
e e @ £ @dulo)> ([ @)

Using the above results, we may point out the following result.
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Proposition 1. Assume that the p—measurable function f : Q — R satisfies the
assumption:

(2.12) —0o<y< f(x) <T <o for a.e z €.

Then one has the inequality

(213  0< 1 /Q w(z) 2 (z) dp (x)

C Jqw () du(y)
<< i (r— v)2> :

The constant % s sharp.

The proof follows by the inequality (2.5) for g = f.
In [9], the author obtained the following companion of Griiss inequality.

Theorem 2. Assume that p, f,g : @ — R are Lebesgue u measurable on Q with
p;pf,p9,pfg € L(Q,pn). If p(x) >0 for p — a.e. =€ Q with [, p(x)du(x) >0
and there exists the real constants m, M,n, N with the property that

(2.14) —co<m < f(r) <M <oo,—c0o<n<g(z) <N <oo forp—ae xefd

then we have the inequality

1
(2.15) pr(SE)d,u(.’E)/Qp(x)f(x)g(x)dﬂ(l‘)
m+ M )
2 .pr(x)du(x)/Qp(x)g(:r)d,u(x)
n+ N 1 I
2 .fQP(I)d,u(x)/gzp(z)f(ﬁﬂ)du(z)+ .

<

(M —m)(N —n).

RNy

The constant i is best possible.
The following corollary is a natural consequence of this theorem.

Corollary 2. Assume that p, f : Q@ — R are Lebesque p — measurable on Q0 with

p,pfpf? € L(Qu). If p(x) >0 for p — a.e. © € Q with [, p(x)du(x) >0 and
there exists the real constants m, M with the property that

(2.16) —co<m< f(x) <M <oo, forpy —aexe€
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then we have the inequality
1
0< —7———
Jop(@)du ()

- (fgp(; i L@@ <x>)2

(2.17) /Q p (@) £2 (z) dyu ()

The constant % is best possible in (2.17).

The main aim of this paper is to establish a refinement of the inequality (2.15)
in the spirit of the refinement provided for the Griiss inequality incorporated in
Theorem 1. Applications for Ostrowski and Generalized Trapezoid inequalities will
be provided as well.

3. NEW INTEGRAL INEQUALITIES

We start to the following lemma that is interesting in itself as well.

Lemma 1. Assume that p,h,l : Q@ — R are Lebesgue u — measurable on Q with
ps ph,pl,phl € L(Q,p). If p(x) > 0 for p-a.e. x € Q with [, p(x)dpu(x) > 0 and
there exists the real constants a, A with the property that

(31) —x<a<h(z)<A<oo,—o00<b<l(x)<B<o forpu-a.e. z €
and
(3:2) [ r@i@dnt) = [ o n@du@ =0

then we have the inequality

(3.3) p (@) h (@)1 () du (z) +

at+ A b—&-B‘

1
Jor(x)du (x)/g 2 2
b+ B

1 1
SQ(A—CL)WW/QP(Z’)‘Z(%)—2 dp ().

The constant % is best possible in the sense that it can not be replaced by a smaller
one.

Proof. Firstly, let observe, by the assumption (3.2), that

a0 [ @ (1@ - 50) (10 - 257 ) dute)

[ r@h@i@aute)+ 5220 [ @ dn),

On the other hand, by (3.1), we have

’h(z)a;A’<Aa

, for p —ae. z €
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Lo (1 =52 (10 - 52 ) et

and thus

< [o@pe - 52 1o - E )
< 220 [ @i - 52 .

Now, using the equality (3.4), the inequality (3.5) and dividing by [, p () du (x) >
0, we deduce the desired inequality (3.3).

To prove the sharpness of the constant %, we assume that (3.3) holds with a
constant C > 0, i.e.,

1 a+A b+ B
39 et L@@ @ s 5
1 b+ B
SO0 o @ 0= ),

If we consider the functions h,l: [a, 5] CR —= R, 1 =h and
-1 ifze [a, QTH;}
: +
1 ifze [a—Qﬁ,B} ,
then for p(z) =1, we havea=b=-1,A=B =1

/jh(:ﬂ)dx

B
/h(x)l(x)dac = 1;

ﬂia~Lﬁp<x> !

and thus, by (3.3), we deduce C' > % 1

I
T~
Y

=
&
Q.

)

Il
=

and

The above lemma gives us the opportunity to state the following companion of
Griiss inequality.

Theorem 3. Assume that p, f,g : @ — R are Lebesgue u measurable on Q with

pspfipg,pfg € L(Q,pn). If p(x) >0 for p-a.e. x € Q with [, p(x)du(x) >0 and
there exists the real constants m, M,n, N with the property that

—co<m< f(x) <M< oo,—c0o<n<g(x) <N <oo for p-a.e. x € Q
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then we have the inequality

(3.6) W | @1 @@ duta)
—mZM'pr@Sdu( [ @@ dn )
S T O @)+ B
< GO o [ oo - "5 duta).

The constant % 1s best possible.

Proof. If we choose in Lemma 1

=
—~
8
S~—"
I
~
—
8
S~—"

1
¢ = m fﬂp(y)du(y)/gp(y)f()du()
A= M s | 00 f W) ),
Q
b = n_f p(yidu(y)/ﬁp(y)g(y)du(y)
Q
1
B N_fgp(y)du(y)/np( ) 9dit ()
then a simple calculation will reveal that
W/qu)h@)z(x)du(m)
1 1
=M/gp(%)f(m)g(w)du(w)—Mép(w)f(w)du(w)
1
R NIGLIO [ @@ duta)
and
a+ A m+ M 1
5 = 2 Torwd /Qp(y)f(y)du(y)
b+ B n+ N 1
2 T 2 TG /Qp(y)gdu(y)
and since

A—a=M-m,B—b=N—n

then by (3.3) we deduce the desired inequality (2.15).
The sharpness of the constant follows from Lemma 1 and we omit the details. |
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For f € Ly, (LA p) = {f: Q=R [,p@)|f (@) du(z) <o}, p>1we
may also define the quantities
1 %
Fyp(fim, M) = [fgp(x)du(x)/gp(x) f(z) - D) d (33)}
-
oo (&) dps ()] 7

where [|-]| , , is the usual p—norm on L, , (2, A, p) , i.e

1Al 5 = (/Qp(w)lh(w)lpdu (m));7 p=L

Using Holder’s inequality we get

Fp,l (f;m,M) SFp,p(f§maM) forp > 1, fELp,p(QA,M);
For f € Loo (2, A, ) := {f =R, [ fllge i=esssup |f (x)] < oo} we also have
’ aeQ)

m+ M
2

FP:P(f;va) SFp7oo(f§m7M) = Hf_

p,00

The following corollary may be useful in practice.

Corollary 3. With the assumptions of Theorem 3, we have

o L@ @@ ant)

S G e @@

S T /p<x>f<x>du<x>+m;M~";N

< 5 (M —m) F, (:m,N) if f € Ly (9, A, )

< %(M—m)FM, (g;n,N) if f €Ly, (QA 1

< 5 (M = m) Fyoc (g, N) < £ (M =) (N =) if £ € Ly (0, A )

The following corollary providing a counterpart for Schwarz’s inequality, is a
natural consequence of this theorem

Corollary 4. Assume that p, f : Q@ — R are Lebesque p measurable on Q with

pspfipf? € L(Qu). If p(x) >0 for p — a.e. x € Q with [, p(x)dp(z) >0 and
there exists the real constants m, M with the property that

—co<m< f(x) <M< oo, for p —a.e.x €
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then we have the inequality

1 2
(37 0 <,@mwmww4p“”(”@””
1 2
- (IQp(x)dM(x)/QP(x)f(x) dp (x))
1 1 m+ M
Q(Mm)fﬂp(x)du(x)./gp(x)f(z) 9
m—l—M)2

1
(kpmwmwépmf@mm@ .

The constant & is best possible in (3.7).

IN

Mmm

4. PARTICULAR INEQUALITIES

The following particular inequalities are of interest and may be used in applica-
tions.

(1) Let f,g: [a,b] — R be Lebesgue measurable functions. If f, g, fg € L{a,b],
where L [a, b] is the usual Lebsgue space, and

(41) —oco<m<fx)<M<oo,—-co<n<g(x)<N<oo

for p—ae. z€la,b],

then we have the inequalities

b b
o [ f@g@de- "R [ @

2 b—a
m+M 1 /l’ (2)d L mEM nt+ N
2 b_a) I 2 2
I n+ N
< (M- -
< 50 —m) = [ o) - s
1 1 b NP P
< QUWmJL_aL g(@) - 2E d4 o>
1 N
< — (M —m)ess sup g(:v)—n+ ‘
2 z€la,b] 2
1
< LM —m) (N ).

The constant 3 in front of (M — m) is sharp in the inequality (4.2).



10 S.S. DRAGOMIR

The following counterpart of Schwartz’s inequality holds

b
(42) ogbaﬁ(wdw—( e )
b m
<5 0r—m)= [ (@) - TL 2 do

provided —oco < m < f(z) < M < o for a.e. = € [a,b]. The constant 1 is
sharp.

2. Leta = (a1,...,a,),b=(b1,...,by), D= (p1,-.--,pn) be n—tuples of real
numbers with p; >0 (i € {1,...,n}) and > p; = 1. If

(43) a<a; <A b<b; <B, iE{l,...,n},
then one has the inequality
= b+B = = b+B a+ A
y > oma 2w ; )
b B
Sf —a sz - ‘
1
1 - b+B|P|”
<2(A—a)[§p1 bi_T p>1
1 b+ B 1
< Z(A-— - < Z(A- —b).
<5 (A-a) max |b———|< 7 (A-a)(B-b)

The constant 3 in front of (A — a) is sharp in all the above inequalities.

The following counterpart of Schwartz’s inequality also holds

(4.5) 0< Z Nex —(Zplal>
i=1
b+B‘ (ZW a+A>

3

IN

% —a sz

(gi(A—a)Q),

provided a < a; < A for each i € {1,...,n}. The constant % in front of
(A — a) is sharp in the second inequality (4.5).

5. APPLICATIONS FOR OSTROWSKI'S INEQUALITY

If ¢ : [a,b] — R is an absolutely continuous function on [a,b] such that ¢’ €
Lo [a,b], then the following inequality is known in the literature as Ostrowski’s
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inequality

(5.1)

b
so(w)—bia/ o (t)dt

1 A
<3t 5= ) [ 1€l ®—a), zelab],

where ||¢'||, :=ess sup |¢' (z)|. The constant 1 is best possible.
a€la,b]

A simple proof of this fact, may be accomplished by the use of the identity

I I
2 = t)dt K (z,t) ¢’ (t)dt
(52 @ =50 [ e®at = [ Ka@nd o
where the kernel K : [a,b]* — R is defined by
t—a if a<t<zx
(5.3) K (z,t) :=
t—b if a<z<t<b.

We will now use the following inequality

b b
e [T @@ [ @

m+ M 1 b m+M n+ N
T2 'b—a/ag(x)dg“r 2 2 ‘

1 1P N
< f(M—m)—/ nt dz
2 b—a/,

2
provided —oo <m < g(x) < M < oco,—c0o <n < g(z) < N < oo for a.e. x € [a,b]
and f € Lu [a,b], to obtain the next result concerning a perturbed version of
Ostrowski’s inequality.

g(z)—

Theorem 4. Assume that ¢ : [a,b] — R is an absolutely continuous function on
[a,b] such that ¢’ : [a,b] — R satisfies the condition

(5.4) —0<y< ¢ (z) <T <o for ae. z€[a,b].
Then we have the inequality

1 b a+b
sﬂ(x)—m @(t)dt—(l’—

(5.5)

)feratl| < g 0-a) (0 —)

for any x € [a,b], where [p;a,b] = w is the divided difference. The constant

% 18 best possible in the sense that it cannot be replaced by a smaller one.
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Proof. We apply inequality (5.4) for the choices f (t) = K (z,t) defined by (5.3),
g(t) =y (t)v te [a7b] to get

AT 1/”
Y a /th t)dt 5 " a aK(:mt)dt

a+b\ 1 [, y+T a+b
—<x— 5 >b—a/a<'0(t)dt+ > T-—

K (x,) — (:c—a;b)‘dt

(5.6)

since, obviously,

We obviously have:

Also (see [2])

6.7) I(z) = bia/ab
- bia [/:
B bia V:

1 3 o
I(x):b_a[/l+b |u|du+/ e v|dv]
I
b—a/ |u|dU—7/ udu-

Substitution of the above into (5.7) produces (5.5). I

K (z,t) — (x—a;b>’dt

b
t—a—x+% dt+/

b
b
t—b—x—l—a+

— dt] .
b—a
2

i

b

b_
t—:c—l—a’dt—f—/
2 xr

Remark 2. The above inequality was firstly proved in a different manner in [3].

6. APPLICATION FOR GENERALISED TRAPEZOID INEQUALITY

If ¢ : [a,b] — R is an absolutely continuous function on [a,b] so that ¢’ €
Lo [a,b], then the following inequality is known as the generalised trapezoid in-
equality

b
01 |@-ae@+b-2e®) - [ e

< |fll(b—a)2+<x—a—2|—b>2

for any x € [a,b] . The constant % is best possible.

10"l oo
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A simple proof of this fact may be done by using the identity
b

b
(6.2) /<p(t)dt:(x—a)cp(a)+(b—x)<p(b)+/ (x— )¢ (1) dt.

Utilising the inequality (5.4) we may point out the following perturbed version of
(6.1).

Theorem 5. Assume that ¢ : [a,b] — R is an absolutely continuous function on
[a,b] so that ¢ : [a,b] — R satisfies the condition (5.4). Then we have the inequality

(6.3)

for any x € [a,b]. The constant % 18 best possible in the sense that it cannot be
replaced by a smaller one.

Proof. We apply inequality (5.4) for the choices f (t) = x—t, g (t) = ¢’ (t),t € [a,b],
to get

1P y4+T 1
(6.4) m/ (x—t)ga’(t)dt—Tb_a/ (x —t)dt
a+b\ 1 [t y+T a+b
(x 5 >b_a/a<p(t)dt+ > T-—
1 1P a+b
Since
b
a+b
b_a/a(ac—t)dt—< - ),
1 b 1t
[ i = [ ma
and
1 /b( o AP /" P L
b—a J, “ 2 Cb—al, . “ 2
1 b a+b
_b_a/a t+ = ‘dt
_b-a
=~

from (6.4) we deduce the desired inequality (6.3). B

Remark 3. The above inequality (6.3) was firstly proved in [2] by a different ar-
gument. In the same paper the authors have shown that the constant % is sharp in
the sense that it cannot be replaced by a smaller constant.
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