AN APPROXIMATION OF THE HANKEL TRANSFORM FOR
ABSOLUTELY CONTINUOUS MAPPINGS

N.M. DRAGOMIR, S.S. DRAGOMIR, M. GU, X. GAN, AND R. WHITE

ABSTRACT. Using some techniques developed by Dragomir and Wang in the
recent paper [2] in connection to Ostrowski integral inequality, we point out
some approximation results for the Henkel’s transform of absolutely continuous
mapping.

1. INTRODUCTION

Two-dimensional systems may often show circular symmetry, for example optical
systems are often constructed from components that, in themselves, are circulary
symmetrical.

When circular symmetry exists, that is, when f(x,y) = f(r), 72 = 2? + y2, then
the bidimensional Fourier transform can be represented in the following way [8, p.
244 - p. 250]

(1.1) | swae e sy

oo 2m o] 2m
— / / f(r)e—i%rqrcos(e—ap)rdrde :/ f(?") l:/ e—i2ﬂq7>cos(9—<p)d9 rdr
0 0 0 0

=27 /000 f(r)Jo(2mgr)rdr

where z + iy = re??, u+ iv = ¢e'?, ¢*> = u? + v? and we have used the relation

2
(1.2) Jo(z) = %/0 etzeosByp
We refer to G(f)(q) given by
(13 G =25 [ )a(zmar)rr

as the Hankel transform (of zero order) of f(r).

The main aim of the present article is to point out some estimates of the Hankel
transform for absolutely continuous mappings defined on an finite interval [a, b] by
the use of some techniques developed by Dragomir and Wang in the recent paper [2]
in connection to Ostrowski integral inequality. Some adaptive quadrature formulae
which will allowe another approach than the classical one will be also derived.
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2. AN INTEGRAL REPRESENTATION
Let J; (+) represent the first-order Bessel functions of the first kind, that is,

1

(2.1) Ji(x) = Py

U
/ eI ETdp x e R.
—1Tr

Define the corresponding Bessel’s mean as:

zifw=z
(2.2) B (z,w) = le(z)Z qul(w if w £ 2 sw, z € R.

The following representation of Hankel transform holds.

Theorem 1. Let g : [a,b] —» K (K=C,R) be an absolutely continuous mapping
on [a,b]. Then we have the representation

b
(2.3) G@Mmzzgﬂu%wammx/g@mS

(r,s) g’ (s)rJo (2mrp) drds

for all p € [a,b],p # 0, where k (-,-) : [a,b]2 — R is given by

_Jv—aifvelau] 2
(2.4) k (u,v) .—{ v_bifve (ub (u,v) € [a,b]
and Jy () is the zeroth-order Bessel function of the first kind, that is,
1 27 )
(2.5) Jo (x) = —/ e"weosBag x € R,
21 0

Proof. Using the integration by parts formula for absolutely continuous mappings
on [a,b], we can write

x

(2.6) (f@—@@@@—@—@w@—/g@@

a

and

(2.7) /@—wy@@=w—wwm—/g@w

for all z € [a,b].
Adding (2.6) and (2.7), we end up with (see also [2])

1 b b

=) ()ds—i—L k(r,s)g’(s)ds

(2.8) g(x) = -

for all = € [a,b], which is of importance in itself, too.
Now, consider the Hankel transform of g on the interval [a, b] , that is:

b
(2.9) Glo) ()= 27 [ 9(r) o (2mrp) dr

a
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and use the representation (2.8) to get

(2100 G(9)(p)
b b b
= 27r/ [b—la / (s)ds+ b% / k(r,s)g (s) ds} rJo (2mrp) dr

= 1 /b (s)ds-2 /ero(Zwrp)dr

b — / / (r,s)g' (s)rJo (2mrp) dsdr.

Consider the change of variable 7' = 27rp. Then r = 5= p,dr = % and
b 2mbp r
Jo (2 dr = Ji ——dr’
/aro(ﬂrp)r /Zmp 57 (r )277 r
1 /27pr /J(/)d/
= — r'Jo (r')dr'.
(2mp)? Jorap
It is a well-known property of Bessel functions that
(2.11) / EJo (&) dE = aJy (x),x € R.
0

Consequently,

2mbp 2mbp 2map
/ ' Jo (r') dr’ / r’'Jo (r')dr’ — / ' Jo (r') dr
2map 0 0
2rbpJy (2mbp) — 2wapdy (2wap)

and
or [P 27 1
Jo (2 dr = —— ——[27bpJ1 (2wbp) — 2wapJy (2
b_a/a Py (Grrp)dr = T nbp s (2nbp) — 2maps (2rap)
_ 12wbpJy (27bp) — 2mapJi (2map)
o 2mbp — 2mwap

1
= —Bj (2nbp,2map).
p

Using (2.10), we deduce the desired representation (2.1). I
In practical applications we have a = 0 and b = 1. Consequently, we can state
the following corollary.

Corollary 2. Let g : [0,1] — K (K= C,R) be an absolutely continuous mapping
on [0,1]. Then we have the representation

(2.12) G (9) (p)

_ Ji(2mp) / §)ds + 2 / / (r,8) g (s) 1o (27rp) drds, p € (0, 1]
P

where k : [0,1] — R is given by

= _J vifve|0,4]
kwwy_{vlﬁvemﬂy
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Now let us define the mapping with real values I (g) : [a,b] — [0, 00) given by
(2.13) 1(9) (p) =G (9) (p)* . p € [a, 1]
Using the well known property of complex numbers
(2.14) |z +y|* = |z]> + 2Re (29) + |y|* for any z,y € C

we can state the following corollary:
Corollary 3. With the assumptions from Theorem 1, we have

2

1 b
@15 1)) = B rbp2man)| [ g(s)ds
+— 2" Re |B; (2bp, 27 )/b (s)ds
plo—a) TN,
/ / (rys)rg’ (s)Jo (27rrp)drds]
2
(r,s)g' (s)rJo (2mrp) drds
b—a
for all p € [a,b],p # 0.
Ifa=0,b=1, then
1 o] /1 2
216 T@) = lheml| [ g

+477r Re |:J1 (2mp) /019(3) ds

</ 1 / s rg’(s)JO(%TWdrds}

/ / k(r,s) g (s)rJo (2mrp) drds

2
+472

for all p € (0,1].

3. INTEGRAL INEQUALITIES

The main aim of this section is to point out an estimate for the remainder

(3.1) R|g] s)rJo (2mrp) drds

in formula (2.3) .
We can state the following integral inequalities.
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Theorem 4. Let g be as in Theorem 1. Then

b
(3.2) G () <p)—1Bl (2bp, 2map) x / g (s)ds

29 Sy [ el dr if g € Lo [,

Q=

2 'l [ [ = g ar]

1,1 _ 1.
zfg ELp[a,b],p>1,5—|—5—1,

IN

b
27 19'lly Jf, [l dr

for all p € [a,b], p # 0.

Proof. Using the representation (2.3), we get

b
G (9) (p) — s (2mbp,2map) [ g (5)ds

b pb
b2_7ra/ / |k (r,8)| |r|1g’ (s)||Jo (277 p)| drds =: A (p)

for all p € [a,b] \ {0} .

It is obvious that
1 27 8 27 g 1 27
- e—xcosBg —xcosflgg — ds = 1.
27r/0 6‘ - 27r/ ‘e | g 271'/0 p

In this way we can state the following inequality

b b
<2 [ [ el ©drds = B0,

|Jo (2mrp)| =

It is obvious that

(33) B(p) < Hglloo

= gl

(/ |k ( rs|ds> |r| dr
_ Hgnmf” /bM(s—wdH/f(b_s)ds}|r|dr

2m bl —a)+(b-r)?
= [( SOy ar

and the first inequality in (3.2) is obtained.
For the second inequality, we use Holder’s integral inequality for double integrals
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to get:

(34)  Bl(p)

([ L) ([ o)
— bQZTa (b—a)? l9'll, </ab (/(: (s —a)qu+/rb (b — S)qu> |T|qdr> 7

27 1 Ylir—a)®™ 4 (b= )Tt i
_ b_a(ba)p||9/|p</ [( P8 pyrar

and the second inequality is also proved.
Finally, we observe that

IN

b b
(35  B() < 2 swp [|k(rs) / vl dr - / 1o (s)] ds

b—a (r,5)€Ela,b]?

o’ , b , b
= g2 e=algly [ Irldr=2elgl, [ Irldr

and the theorem is proved. i

Remark 1. In practical applications a > 0, so the first bound in (3.2) becomes

or 0 [Pl —a)+(b—7)
b_agnoo/a[ : rar

_ 2n / 10 2 1t 9
= 3419 [Q/G (r—a) rdr+§/a (b—r)*rdr

— 2m / 1 3 1 3

= ol 5 00 B @)+ 5 0= o) Ga+ )]
27 , 1 3

= — (b—a)®(4b+4
gl 57 (b= @)® (4D -+ 4a)

= S ll9 e (b= ) (a+D).

The second term will be:
), | [ -0t [ ]
(b—a)(g+1)" . a

and the third term is:

mlg'll, (0+a)(b—a).
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Consequently, we can state that

b
(3.6) G@Mm—gxwmwmm/g@@

519l (a+0) (b—a)® if g € Log[a,b];

Q=

g, [ = ) e 2 (b= ) rdr
(b—a)(q+1) 4 -
ifg/GLp[aab]7p>175 6211

IA

Tllg'lly (0 +a) (b= a)
for all p € [a,b].
Remark 2. If we assume that a =0 and b > 0 in (3.6), then we get

b
G o))~ P [y

g {gM'WWUyemem
wllg'll; 02

(3.7)

The above inequality shows that

b
6 )= P [0y

when b — 0+ and the precision of approrimation is 3.

Remark 3. Let us observe that the integral

I/ab(br)Q(ra)zdr

can be written in a different form. By using the change of variable r = a (1 — t)+0bt,
t €10,1], we obtain

1
I = (bfa)/o b—1—t)a—t]"[(1 —t)a+tb—a]’dt

1
= <b—aV“+ﬂ/<1—ﬂQfm=4b—aV“+U%q+Ls+1>
0

where B (-,-) is a Beta function, that is,

1
B(g,s) = / (1= tdt; q,5>0.
0

Now, coming back to the second bound in (3.6) for a =0, we can observe that
b b p2a+2
/ ratirddr = / r2atlgr =
0 0 2q +2

b
/ (b—r)" rldr =228 (g + 2, + 1)
0

and
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Consequently, we have the inequality

J1 (27b b
(3.8) G (g) () - TL2700) / g (s) ds
P 0
< T g [ o +62q+25<q+2q+1>]3’
T ob(g+1s o Pl2a+2 ’
2rb' a1 @
= = 1[ +ﬂ(q+2,q+1)]
(g+1)7 2q+2

for all p € (0,b].
In some practical applications the upper limit of integration is b = 1, therefore
the following corollary is required.

Corollary 5. Let g : [0,1] — K (K= C,R) be an absolutely continuous mapping
on [0,1]. Then we have the inequality

(3.9) \G(g> () - 222 [ aas

Tl i 9 € Loc [a,b]

1
2 [a + 8+ 2051 g,
ifg €Lp[0,1],p>1,1+1=1;

IN

mllg'lly
for all p € (0,1].

Using the inequality (3.2) which provides upper bounds for the remainder R [g] (p) ,
we will point out the following inequality which approximates the mapping I (g) (p)
(c.f.(2.13)).

Corollary 6. Let g : [a,b] — K (K= C,R) be an absolutely continuous mapping
on [a,b]. Then we have the inequality
b 2
[ at)as

1
I(g)(p)— ? | By (27bp, 27Tap)|2

2 b
< |2 1B1 (2mbp.2700) / g(s)ds| + E(9) (0)| E(9) (0)
where
x b [ (r—a)*+(b—r)2 .
25 19 e S [0 vl dr if g € Loo [a,b);
1
T b [ (r—a)?™t4(b—r)?t?! q
B(g)(p) = { % 9/l [y [t =

ifg’ELp[a,b],p>1,%+%:1;

b
2x|lg'lly Jf, Il dr
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for all p € [a,b),p # 0.
The proof is obvious by Corollary 3 and Theorem 4.

4. A QUADRATURE FORMULA

In this section we point out a quadrature formula for the Hankel’s transform

1
Glo)(p) =27 [ g(s)ru(2mrp) dr
0
where g is assumed to be absolutely continuous on [0,1].

Firstly, let us assume that in formula (3.6) we have 0 < a < b < 1. Then we have
the coarser upper bound

b
(4.1) G (9) (p)—%BI (2mbp, 2map) x / g (s) ds

%9 lloo (0 —a)? if ' € Loc [a,b];

2 arg|

IN

2
b—a)e if¢g € L,la,bl,p>1,++1=1;
et G g e Lylablp> 154

2 |lg'lly (b —a).

Indeed, from (3.6) we have

b
G (9) <p>—%31 (2mbp, 2map) x / 9(s) ds

gl (a+b) (b—a)*;

Q=

IN

T S— [ brfaq+17’qd7‘+ (b — )it pagp|
— g, [} (= 2= ,

mllg'lly (0+a) (b —a).

As 0 <a<b<1,then a+ b <2 and hence:

T 27
gl (a8 (0= @) < 2 g/l (b= a)?
and
mllg'll; (b+a) (b—a) < 2mlg'l|; (b—a).
On the other hand,
b b q+2
h—
/ (r—a)"™ ridr < / (r—a)™tdr = (b—a)”
a a q+2

and

b b q+2
b—a)

b )it pag </ b q+1d:( .
/a( 'f') e a( 7”) g q+2
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Consequently, we get

Q=

27 ’ ’ q+1 ’ q+1 ]
- r—a ridr b—r ridr
PEEYAY: lg'll, [/a ( ) +/a( )

o , 2(b—a)q+2r
oo+ ””[ a+2

2 i g/, (b— )t

[(q+1) (g +2)]7

IN

and the second inequality in (4.1) is also proved.

Now, consider I, : 0 =29 < 21 < ... < x,_1 < &, = 1 a division of the interval
[0,1]. Put h; :== 2441 — a4, (1=0,....,n—1) and v (h) := max {h;[i =0,...,n — 1}
the norm of the division. Construct the sums

(4.2) H (g, In,p)
1 n—1 Tig1
= 5 Z B (27xiq1p, 2mmip) X / g(s)ds
i=0 Ti
1 n—1 1 Tit1
= - 7 [Zip1J1 (272i401p) — @i J1 (2w2p)] X / g (s)ds.
i=0 " i

We can state the following theorem concerning the approximation of Hankel’s trans-
form in terms of the quadrature formula (4.2).

Theorem 7. Let g : [0,1] - K (K=C,R) be an absolutely continuous mapping
on [0,1]. Then we have

(4.3) G (9)(p) = H(g,1n,p) + R(g,1n,p),p € (0,1]

where H (g, I, p) is as given by the formula (4.2) and the remainder R (g, I,,p)
satisfies the estimate

T n—1 .
Fllg'lloe 270 1F if ' € Lo [a,b]

21+%7T , ( n—1 2)§
— T " he
(4.4) IR(9, T )| <3 Tarnyaras l9'll,, (22i=0 P
ifg € Lyla,b],p>1,2+ 1 =1

2mv () (|9l

for all p € (0,1].
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Proof. Apply formula (4.1) on the subintervals [x;, x;11] (¢ =0,...,n — 1) to get

Tit1 1 Ti41
27r/ g (ryrdo (2mrp) dr — =By (27x,11p, 2mx;p) X / g(s)ds
xr p x

ZSUD, e (r 00,4] 19 (1) 17

141

2 Tag it+1 p % %
—2tr ([ ()" ds)

[(g+1)(a+2)] 7

IN

2 (24" g/ (5)] ds ) b

Summing over ¢ from 0 to n — 1 and using the generalized triangle inequality, we
get

|R (g, In, p)]
n—1 4 -
< / (r)rdo (27rp) dr — ;Bl (27241 p, 27X p) X / g(s)ds
=0 Tq z;
27T Z Sup"‘e[mb7wb+l] ‘g ( |h2
i (g (o) ds) b
< { Tt e ([T g ()P ds)” B
[<q+1><q+2 ) ; Je

n—1

o 3 ([ 1o/ (9] ds) b

1=

Now, observe that

n—1

n—1
sup g/ (M) hE < lg' o D 3
1=0

i—0 TElziTit1]

and then the first inequality in (4.4) is proved.
Using Holder’s discrete inequality, we deduce

Q=

Il IA
/\:/\S
LN O RS O 1

/N /N
e
¥
S
B

B

IS

5y
~__
~— —

k]

X

3
LML

>

=N
~

=]



12 N.M. DRAGOMIR, S.S. DRAGOMIR, M. GU, X. GAN, AND R. WHITE

Finally, let us observe that

m{j(/f“ )|ds> < 2 (h i(/+ )|ds)

= 2mv(h) llg'lly

A

and the theorem is completely proved.

Remark 4. It is obvious that

n—1 n—1
S <vn¥n
i=0 i=0
and then by (4.4) we deduce the coarser upper bound
Tl Nl v (h);

141 1

4.5 R(g, I,,p)| <{ —2—=|dl, [v(h)]e;

(45) Rlg:np) < 4 2z llgl, I ()]
2mv (h) (9]l -

Now, observe that if v (h) — 0, then every branch on the right hand side of (4.5)
goes to 0, which proves that H (g, L, p) approzimates the Hankel’s transform with
any accuracy.

In practical problems the interval [0, 1] is devided in equidistant subintervals by

the division I, : z; = £,1 =0, ...,n.

If we consider the sum
(4.6) Hy (g, p)

Z 27 (i + 1) p 2mip
" n
i+1

_ ;g i+ <2w”nlp> —in <2wip>} x / " g(s)ds,

then we can state the following corollary.

n

Corollary 8. Let g be as in Theorem 7. Then we have

(4.7) G (9)(p) = Hn (g,p) + Ru(g,p),p € (0,1]

where Hy, (g, p) is as given in (4.6) and the remainder Ry, (g, p) satisfies the estimate
29’ llo i 9" € Loo [0,1]5

1

141
) - <{ —2 1T "e L,[0,1 L,i4+1=1;
(48)  |Bulg.p)l =y (o o W, g€ Lo 0.1 p> 1+ g = 1

gl -
Remark 5. Supposing that we know ||¢'|| ., and would like to approzimate G (g) (p)
with o given error € > 0, then we have to divide the interval [0,1] into at least

ne € N* points, where
2T
ne = | —lg'llc| +1

3e
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where [z] is the integer part of v € R.

Using the tools provided in papers [1], [3]-[7] the authors are going to point out
other quadrature formulae for Hankel transform for mappings of bounded variation,
monotonic, of r-Hoélder’s type etc..

5. A NUMERICAL EXAMPLE

An example of the approximation of the Hankel Transform is shown below. The
quadrature formula developed for the Hankel Transform was applied to the function
f(x)=e~*. The graphs displayed in fig 1 and fig 2 show the input function and the
Hankel Transform quadrature formula output function.

FIGURE 1. Input function f(r) =e™".

1.5

L on
ra = [y}

FIGURE 2. Hankel transform of f(r) =e™".
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The two dimensional representation of the Hankel Transform in fig 3 shows the
exact Hankel Transform and the Hankel Transform approximation calculated using
the quadrature formula developed above for 200 iterations.

0.8+
0.6+
0.4+

0.2+

u 50 100 e a0
FiGure 3. Comparison of Hankel transform and approximation.
Step number = 200.

The graph shown in fig 4 demonstrates the maximum error of the Hankel Trans-
form approximation as a function the number of steps used in the approximation.

0.03

0.025 5

0.02
0.015

0.01 \\
0.005 \\\

0 T T
100 200 500 1000 2000

No. of Steps

Maximum Error

FIGURE 4. Error vs. step size
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