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1 Introduction

In a companion article [1] in this volume we explored various subadditive and superadditive maps
that arise naturally from weighted geometric means considered as functions of all their parameters.
We now complement (and conclude) our study with an investigation of a more complicated but
still fairly natural combination of weighted geometric means that exhibits supermultiplicativity
properties.

We begin as before by setting

P = {I[ICN, 0<|I| <o},
JNI) = {z|p=(x)ien, v, >0Viel} (I€P),
JI) = {plp= (pi)iew, ps >0Viec I, Pr>0} (I€P),

where Pr := > ,crpi. For I € P, p e J(I) and x € J*(I), we define the geometric mean of z
with weights p to be

1/ Py
Gi(p,z) = <Hmfl> .

el

The following two lemmas will prove convenient for our analysis. The first (see [1]) expresses
the basic superadditivity and monotonicity properties of the mapping = — G(p,x). For p,q €
J(I), we write p > q whenever p; > ¢; for all i € I.
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LEMMA A. Suppose I € P andp € J(I). Then
(i) for all z,y € J*(I),

Gi(p,x+y) > Gr(p,x) + Gr(p,y) > 0;
(i1) for all x,y € J*(I) with x >y,
Gi(p,x) > Gi(p,y) > 0.

The second lemma incorporates superadditivity and monotonicity properties associated with
Jensen’s inequality (see [3]).

LEMMA B. Let f : C C X — IR be a convex function on the convex set C' of a linear space X,
and for I e P,pe J, x € CNJT*(I) define

I pafv ZP@ xz PIf( szxz>-

el el

Then
(i) the mapping 0(1,-, f,x) is superadditive, nonnegative and monotone nondecreasing;
(ii) the mapping 0(-, p, f, ) is monotone nondecreasing and superadditive as an index set mapping.

For I e P,pe J(), x,y € J*(I) we may define

G](p,x+y) Fr

Gr(p,r) + Gi(p,y)

V(I p,x,y) =
It is immediate from Lemma A that

w(LPﬁU,Z/) Z 1.

The function v is the basic object of our study and is considered in the next section. In
Section 3 we address an associated function of a real variable.

2 Supermultiplicativity

Our first result is as follows.

THEOREM 2.1. Suppose I € P and x,y € J*(I). Then (I, x,y) is supermultiplicative and
monotone nondecreasing.

Proof. For u € R, define fy(u) :=1In(1+ e*). Then

u
" o €

o(u)—m,

so that fj is convex. We have

0(1,p, fo,z) = Zpi In(1 + exp(x;)) — Prln (1 + exp ( szxl>>

el i€l

[I(1+ exp(zi))P

1€l

| +exp( zp)]

el

= In




for all z; e R (i € I).

For z,y € J*(I), define In(z/y) by (In(z/y)):

In(z/y) in the above displayed relation yields

:= In(x;/y;) (¢ € I). Then replacing = by

N\ Pi
()
B icl Yi
0(1,p, fo,In(x/y)) = In B
1+exp< Zpﬂn(xZ)ﬂ
iel
H(l‘z + )P / H%Z
— In el el
pz/PI
1+]] ( )
iel
[z + v
R icl
1/P; 1/ P
)" )
il icl
— In Gl(p7$+y) Fr
LG1(p,z) + G1(p,y)
= Iny,p,z,y),

whence

Y1, p,r,y) = expld(I,p, fo,In(x/y))].

By Lemma B, 0(1,-, fo,In(x/y)) is superadditive and monotone nondecreasing, since fy is
convex. The desired result follows at once from the properties of exp(+). O

The choice I = {1,2,---,n} provides the following.

COROLLARY 2.2. Ifp; <1, P, >0 and x;,y; > 0 for 1 <¢ <n, we have

n
H(xﬂr%)% H zi+ i) P

n n

Pn n

[T (i +y)v=rm

This leads to the following bound.

=t >

nooq 1 = i n o 1-p;
[I=7+11v" e+ 11w
i = i=1 i=1

i—1

n—F,
1-p; n

n 1-p; —

Hx" P —I—Hy" fn

COROLLARY 2.3. Set I ={1,2,...,n} and suppose z;,y; > 0 for i € I. Then

Pr

n
H i+ yz
sup =1 -

peJ (T ﬁ %+Hy

H(%’"Fyi)”
1:[ .

1

n

+Hyl

In the following theorem we consider ¥ as an index mapping.

n



THEOREM 2.4. Suppose [ € P, p € J(I) and x,y € J*(I). Then (-, p,z,y) is monotone
nondecreasing and supermultiplicative as an index set map.

Proof. From Lemma B the mapping 6(-,p, fo,In(z/y)) is superadditive and monotone nonde-
creasing. The desired result follows from

(I, p, fo,In(z/y)) = expl0(I, p, fo, In(x/y))].

COROLLARY 2.5. Suppose I ={1,2,...,n}, p,z,y € T*(I). Then

i Py n By Py
[T(zi+wi)™ [T (i +yi)
p | =S| = | 2
P P +L
< HxiJ +HyiJ szpn"i'HyiPn
icJ ied i=1 i=1
COROLLARY 2.6. With the above assumptions
[T (i + i) P . T 750
i=1 max (s + ya)P (x5 + y;)P7] " > 1
O IR S T R e A [ R A O N T -
[Tz +11wv™ (a2’ )7 + (i ) P
i=1 i=1

3 A function of a real variable

Suppose that I € P, z,y € J*(I), p,q € J(I). We set

G[(p,x+y)

K(I =
(L) Gi(p,z) + Gi(p,y)

and for t > 0 define
K(I7p + tq? ZE’ y) PI+tQ1
K(I7 q’ ‘,1:7 y) '

o(t) =

The properties of this mapping are embodied in the following theorem, wherein we set

Gr(p,x
H(I,p,q,x) = ng wi

THEOREM 3.1. We have that on [0, c0)
(i) ¢ is monotone nondecreasing;

(ii) ¢ is logarithmically concave;

(iii) the inequality

[Ku,p,x,y)rf
K(I7 q7 x? y)

IN

(1)

[H(I,p,q,z + y)]GI(qvx)'i‘GI(q,y)) W
[H(I,p, q,))“" ") [H(I, p, g,y)] )

is satisfied.



Proof. Let to > t; > 0. Then by Theorem 2.1,

P(t2) = ot + (t2—t1))
K(I,(p+tiq) + (t2 — t1)q, z,y) Pr+t2Qr
K(I,q,2,y)
[K(I, (p+ t1q) + (ta — t1)q, x, y)| P T0LQu+(t2—11)Qs
[K(I,q,z,y)|PrthQi[K(I, q,x,y)|tz—t)Qr
[K(I,p+tiq, z,y)| IR K (I, (ty — t1)q, 2, y)] 2 1)Q1
N [K(I,q,x,y)]Pr+0Q1[K(I,q,z,y)]tz—t)Q :

Now Gr(ap,z) = Gi(p,z) for all a > 0 and so
K(I,(ta —t1)q,z,y) = K(I,q,z,y) for all ty >t; > 0.
Hence

[K(I,p + tig,z,y)] e
[]:((I7 q7 x’ y)]PI'i'tlQI

P(t2) < = ¢(t1)

and the monotonicity of ¢ is proved.
Let a, 3 > 0 with a+ 6 =1 and t1,t2 > 0. Then by Theorem 2.1

K(I,ap+t1q) + B(p + tagq), z,y) | “Fr 1 QD+BPr-+62Q1)

P(aty + fBta) = [

K(I,q,2,y)
o KL a(p+ i),z y)]* P [K(I B(p + tag), x, )] P00
B (K (1, q,2,y)]*PrthQn) [K(I,q,z,y)]PPitQ0
[ [KLp+ tigmy) | RN [ [K(Lp + tag, z,y)] 290
N {{ K(I,q,2,y) }{[ K(I,q,2,9) }
= [p(t)]"[¢(t2)]",

which proves the logarithmic concavity of ¢.

The first inequality in (iii) follows from the monotonicity of ¢ and

o= [

Observe that for u > 0,

1/(Pr+2 Qi)
1 i+Lg; "
Gl<p+uq’;1;> = [H (p+uq)]
el
’lL u/(uP[—i-Q])
— [ upz+Q1 ]
el
= Gi(up+q,x).

Hence

| ' Gr(p +tg,z +y) ]
lim K(I,p+tq,z,y) = lim {
Jlim K(I,p+tq,2,y) i—oo | Gr(p + tq,z) + Gr(p + tq,y)



= lim N 1
=0 G (p+ La2) +Gr(p+ La.y)
i Grup+q,z+y)
11m
u—0+ Grlup+ q,z) + Gr(up + ¢, y)
Gl(q7x+y)

GI(Qv l’) + Gf(pay)
= K(Iaqvxay)'

Put
K(Iap—l_tanay) _K(-LQwIay)

K(I,q,2,y)

p(t) ==

Then ltlim p(t) = 0 and thus
Jim ¢(t) = lim [(1+p(t) /PO P — exp [ Tim [p(t) (P + Q)]

To determine lim; .~ ¢(t), we have to compute

. . K(I,up—i—q,x,y)—K(I,q,x,y) UPI+EI
1 P, = 1 .
Jim [p(t)(Pr +1Qr)] = lim KT q,7.9) " }
_ QI . lim K([aup+Q7may)_K(I7Q7x7y):|
K(I,q,z,y) u—0+ U
Qr dg
K(I,q,z,y) dul,—g’

where

B - Gi(up + g,z + )

The calculation is conveniently performed in terms of

h(u,z) = Grlup+gq,z)

1/(uP[+E[)
= exp |In (Hz?pﬁqi)

il

1
_ ) N 1n 2
exp P 1 By ;e](um + €) nzz]

We have

1
uPr +Qr

_r > (upi + ¢i) In 2 9

Oh(u, z)
ou

= exp

> (upi + ¢;) In Zz]

el

(Zpi In Zi) (uPr+Qr) — Pry _(upi + ¢i)Inz
icl icl
(uPr + Qr)?

uPr+Qr Pr
In (H zfi> —In <H Z?p#qi)

el i€l
(uP] + Q1)2

= Gr(up+q,z2)

= Gr(up+q,2)
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’U,P[-‘rQ[ 1/(UPI+QI)2
Di

Pr
HZPPiJrqz')
el
Hence
1/Qr
oh(0,z) il B Py
90 =Gi(g,2) - In VNG =Gi(q,2) @ln[H(Lquz)]'
16
el

‘We now have

On(0,z +y)
i) g [1(0.2) £ h(0.9)] ~ (0.2 +y)

Oh(0,x) N Oh(0,y)
ou ou

Gr(q,z+y) CIZ In[H(I,p,q,z +y)| (G1(q,z) + G1(q,y)) — Gr(g, = +y)A
(Gr(g,2) + Gr(q,v))? ’

where

A - G1<q,x>gln[Hu,p,q.m)HGf(q,y)gjlnwu,p,q,yﬂ

= o [0 { [ (L, p. ¢, )19 [H(L,p,q, )] )]

dg(0) _ b Gr(qg,x +y) " [H(I,p,q,z+ y)]GI(q,wHGz(q,y) |
du  Qr (Gi(q,2) +Gi(q,y))?

| ([H(,p, q,2)] """ [H(I, p, q,9)] 7))

Accordingly

Jim [p(t)(Pr + Q1))

P
I H(I,p,q,x +y) !
= (H(L.p.q, x)](GJ(Q,I))/(GI(Q,I)-i-GJ(q,y)) [H(I,p, q, y)](GI(q,y))/(cj(q,x)m,(q,y))

Finally, we obtain

lim ¢(t) =

t—o0

{ [H(I,p,q,z + y)]Gl(q7x)+Gl(q,y)

Pr/(G1(g:x)+G1(a,y))
[H(I, p,q, m)]Gl(q@) [H(.L b, q, y)]GI((Ly) }

and the theorem is proved.
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